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1. INTRODUCTION

Let C be a smooth, projective and geometrically connected curve, defined
over the quotient field K of a complete discrete valuation ring R. In
the literature, one finds many numerical invariants attached to C', which
measure various properties of C' connected to degeneration. In this paper,
we investigate the relationship between two such invariants, the base change
conductor, which is defined in terms of the Néron model of the Jacobian
variety of C', and the Artin conductor, which can be defined for any regular
model of C.

The base change conductor was introduced for tori by Chai and Yu [CY01]
and in general for semi-abelian varieties by Chai [Ch00]. If A/K is a semi-
abelian variety with semi-abelian reduction after a finite extension L/K, the
base change conductor ¢(A) € Q yields a measure of how the Lie algebra
of the Néron model &7 /R of A differs from the Lie algebra of @71, /R of
A xg L. In fact, it is known that ¢(A) is zero if and only if A has semi-
abelian reduction over R. Thus, for a curve C, one can view c¢(Jac(C)) as
an obstruction for C' to have semi-stable reduction over R.

On the other hand, given a proper regular model 2°/R of C, the
Artin conductor Arty /g is defined as the difference of the f-adic Euler
characteristics of the generic and special fibers, with a correction term
provided by the so called Swan conductor. The definition goes back at
least to Bloch.

It is easy to see from the definitions that if C' has semi-stable reduction
over R, but not good reduction, the Artin conductor is non-zero for every
regular model of C. Thus, one should expect some kind of correction
term when comparing the base change conductor with the Artin conductor
of a regular model of C'. In the main result of this paper, Theorem
5.1.4, we compute explicitly this correction term when £ /R is a strict
normal crossings model of C, under a certain tameness assumption of C.
In fact, Theorem 5.1.4 yields a closed formula for the difference between
the two invariants under consideration, expressed entirely in terms of the
combinatorial data associated with the special fiber 25 of %, i.e., the
intersection graph, and the genus and multiplicity of each component.

1.1. Notation. Throughout the paper, we will let R denote a complete
discrete valuation ring, with quotient field K and residue field k. We will
assume that k is algebraically closed, with characteristic exponent p > 1.
We fix a separable closure K*P of K. For any integer d € N prime to
p, we let K(d) denote the unique tamely ramified extension of K in K*P
1
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of degree d. We let R(d) be the integral closure of R in K(d), it is again a
complete discrete valuation ring with residue field k.

We will denote by C' a smooth, proper and geometrically connected K-
curve of genus g > 0. We also assume that C has index 1. The Jacobian
variety of C is denoted J.

For any flat scheme 2 over S = Spec(R), we denote by 25 := & xpk
the special fiber of 2. We moreover denote by 25, = 2 xr K the generic
fibre, and by 25 = 2 x g K°P the geometric generic fiber.

2. PRELIMINARIES ON MODELS OF CURVES AND JACOBIANS

2.1. Regular models of curves. A model of C/K is a flat and proper
R-scheme 27, endowed with an isomorphism of K-schemes

%XRKgC.

Of particular importance is the minimal regular model i, which is
characterized by the property that there does not exist any smooth rational
curve E in the special fiber with E? = —1. In many situations however, it
is more convenient to work with the so called minimal regular model with
strict normal crossings Zsncq- It is minimal among all regular models 2 of
C such that Z; is a divisor with strict normal crossings (for short, we shall
call any such model an sncd-model of C').

For the applications in this paper, it is crucial to be able to compare
regular models of C' with regular models of C' x i K/, where K'/K is a finite
separable field extension. If K'/K is a tame extension, we shall frequently
use the following procedure (for details and proofs we refer to [HalOa)).

Let € be an sncd-model of C, and let S” = Spec(R'), with R’ the integral
closure of R in K’'. We denote by % the normalization of € xgS’. Then €
has at most tame cyclic quotient singularities, whose local analytic structure
can be determined purely in terms of the combinatorial properties of the
special fiber €, together with the degree e(K'/K). Now let

p:(g/—>%2

be the minimal desingularization of . Then %” is in fact an sncd-model of
C x g K’ with strict normal crossings.

No such ”explicit” procedure is known in case K'/K is wild, a fact which
often complicates matters substantially.

2.2. Logarithmic differential forms. If %" is a model of C, we will denote
by weg/p(log €s) the sheaf of logarithmic differential forms on ¢ over R.
More precisely, if we denote by 4T the scheme ¢ endowed with the log
structure induced by %, and by ST the scheme S = Spec R with the log
structure induced by the closed point s, then

wep(log €s) = chgur/g+~
This is a coherent sheaf on the scheme %', whose restriction to C' is naturally
isomorphic to the canonical bundle we /.
Now assume that ¢ is log smooth over ST (this is the case, for instance,

if € is an sncd-model of C' and all the multiplicities of the components of
@ are prime to p). Then wg ) p(log €s) is a line bundle. Let K’ be a finite
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extension of K. We denote by R’ the integral closure of R in K’ and we set
S’ = Spec (R') and

@+ — cng X g+ (S/>+

where the product is taken in the category of fine and saturated (fs) log
schemes. Let 2 be the underlying scheme of 2. Then the log structure on
97 is the divisorial log structure induced by %s. Moreover, Z is canonically
equipped with a finite morphism

92— € xp R

which is an isomorphism on the generic fibers since there the log structure
is trivial. We also know that 27T is log smooth over the log regular scheme
(S”)T, because log smoothness is preserved by base change in the category
of fs log schemes. Thus 27 is itself log regular [Ka94, 8.2], which implies
that the underlying scheme 2 is normal [Ka94, 4.1]. Therefore,

.@—)%XRR/

must be a normalization map. Since the sheaves of log differentials are stable
under fs base change, we find that

w@/R’(log -@s)

is canonically isomorphic to the pullback of

w%/R(log C@ﬂs)

to the normalization 2 of € xgr R'.

If € is any regular model of C', then we can also consider the canonical
sheaf we /g, which is a line bundle on ¢ that extends the canonical
bundle we /. Its relation with wg /g (log @) is explained in the following
proposition.

Proposition 2.2.1. If € is a reqular model of C such that €™ is log smooth
over ST, then

w(’bﬂ/R(log cgs) = w‘ﬁ/R(((gS)red - (gs)

as subsheaves of jxwci, where j denotes the open immersion j: C — €.

Proof. The statement is local for the étale topology. By Kato’s toroidal
description of log smooth morphisms [Ka94, 3.5], we know that étale-locally
at every double point of (% )ieq, the model % is of the form

2 = Spec Rz, y]/(x — 2"

where 7 is a uniformizer in R and a,b are non-negative integers such that
a is prime to p (see also [St05, 5.2]). The standard computation of the
relative canonical sheaf (see for instance [Li02, 6.4.14]) shows that wy-/p is
generated by 2!~ %y~tdy at every point of Z,. On the other hand, the sheaf
of logarithmic differentials w4/ g(log Z5) is generated by dy/y. O
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2.3. Néron models of Jacobians. Let 42 be a regular model of C, let
7 be the Néron model of J and let _#° be its identity component. Since
C, by assumption, has index 1, there is a natural isomorphism

0~ g0
Picy g =7
(cf. [BLR90]). Via this description of #°, it is possible to reduce many
computations concerning Néron models to computations on regular models

of curves, something which is often very useful. In particular, this is true in
the case of base change conductors of Jacobians.

2.4. Let
f:Z — S =Spec(R)
be a regular model of C' with relative dualizing sheaf wy-/s. Let e 5 : 5 —

7 be the unit section of the Néron model of J = Jac(C'). Recall that the
module of invariant differentials

% 1
is a locally free sheaf on S of rank equal to g, the relative dimension of #/S.
Let now .# denote either of # and Picy,g. Following [LLRO2], let

Lie(F) be the fppf Lie algebra sheaf on S associated to .#. We can
similarly speak of Lie(.#°) and since the natural map

Lie(F°) — Lie(F)

is an isomorphism by [LLR02, Prop. 1.1 (d)], these two sheaves will in what
follows be identified. Finally, we write Lie(.#°) for the restriction of Lie(.%#°)
to the (usual) Zariski topology on S. By [LLR02, Prop. 1.1(b)] there is a
canonical Og-module isomorphism

Lie(#%) = wY /-
Proposition 2.4.1. There is an Og-module isomorphism
Qg 1w g5 = fuwgys.
Proof. By [LLR02, Prop. 1.3], there exists a canonical isomorphism
R'f.0y — Lie(PicYy /)
of fppf-sheaves of Og-modules. Restricting to the Zariski topology on S we
find an isomorphism
R' .09 — Lie(Pic%- q).
Composing with the isomorphisms
Lie(Pich- /) 2 Lie( #°) = w'
and dualizing, yields an isomorphism
W g5 = Hom@S(le*Ogg', Og).

Here we have identified w »,5 with its double dual. On the other hand,
Grothendieck duality provides an isomorphism

%OmOS (le*oﬁﬁfa OS) — f*w%'/S)
so by composition we get the desired map

Qg W g/9 — f*wy[/s.



BASE CHANGE CONDUCTOR FOR JACOBIANS 5

3. THE BASE CHANGE CONDUCTOR

3.1. Definition of the base change conductor. Let A be an abelian
K-variety and let .7 denote its Néron model over R. Let moreover K'/K
be a finite separable field extension of ramification index e(K'/K). We let
/" denote the Néron model of A xx K’ over R/, the integral closure of R
in K’. Since &/ xr R’ is smooth and &’ is a Néron model, there exists a
unique morphism

hA,K’ :JZ%XRR,%JZ{/

extending the canonical isomorphism of the generic fibers. We shall refer to
this morphism as the base change morphism. For simplicity, we will usually
denote it simply by h.

On the level of Lie algebras, the base change morphism induces an
injective homorphism

Lie(h) : Lie(«) ®r R’ — Lie(&’)
of free R'-modules of rank g = dim(A).

Definition 3.1.1. We call the rational number

1
C(A, K/) = W . lengthR/ (COkerLie(h))
the K'-base change conductor associated to A.
If A xi K' has semi-abelian reduction over R', we simply write c(A) :=
c¢(A,K'), and call this value the base change conductor of A.

It is easily checked that the definition of ¢(A) is independent of choice of
extension K'/K over which A has semi-abelian reduction. For our purposes,
it is important to also discuss an alternative way in which one can compute
the base change conductor.

Let K'/K be a finite separable extension as above. Then, pulling back
the canonical map

1 1
Qyryp = Qg Or B
through the unit section e, of &/, one obtains an injective homomorphism
K We /R — We//R DR R

Then we can also compute the base change conductor as

c(A,K') = e(K’l/K) - length g (coker(k)).

3.2. Edixhoven’s filtration and ciame(A). Edixhoven [Ed92] constructed
a descending filtration F*o, for a € Zg, N [0, 1, where FOof, = o, and
Fa, is a smooth connected k-group for each o > 0. This filtration jumps
at finitely many values j € [0, 1], by the multiplicity m(j) we mean the drop
in dimension at the jump j.
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Definition 3.2.1. The tame base change conductor of A is the value

Ctame(A) = Z ’I?’L(]) “Js

JETA
where J4 denotes the (finite) set of jumps.
We will use the following key properties of ¢tame(A) in this paper.

Fact 1: If A acquires semi-abelian reduction over a tamely ramified
extension of K, then the equality ¢(A) = ctame(A) holds.

Fact 2: If Aisthe Jacobian of a curve C, the jumps and their multiplicities
only depend on the combinatorial data of the special fiber of the minimal
sned-model of C. In particular, one finds that j € QNJ0, 1] for every j € Ja.

4. BASE CHANGE CONDUCTOR AND RIEMANN-ROCH THEOREM WITH
SUPPORTS

4.1. Let h : M — M’ be an injective homomorphism of free R-modules,
which is an isomorphism when tensored with K. Then there is an induced
map det M C det M’, and the length n of coker(h) is the same as the k-
dimension of the cokernel det M’/ det M. Alternatively, det M = 7™ det M.
It seems reasonable to introduce the additive notation

det M’ +n = det M.

Hence, to understand the base change conductor for the Jacobian of a
curve C/K, it suffices to understand the difference between det R .04
and det R' f,O 4, where 27, resp. 2", is a regular model of C, resp. C' =
C x g K', and where K'/K is chosen such that C’ has semi-stable reduction
over R/, the integral closure of R in K’. Recall that the last condition is
equivalent to Jac(C’) having semi-abelian reduction over R'.

For a relative curve f : ¥ — S and a line bundle .Z on %, denote
by M.Z) = det Rf..Z the determinant of the perfect complex Rf..Z (cf.
[?]). It has the property that for any point s € S, the restriction A\(.¥)s =
(det f+.l)%,) ® (det R f..%]%,)V. In the particular case when .# = Oy and
f+Og = Og, then

MOg) = (det f,Ox) ® (det R f,04)" = (det R f,O4)".

We recall the following well known result.

Lemma 4.1.1 (SGA 7, Exp. X, Théoreme 1.13). Suppose that the fibers of
f € — S are geometrically connected, and that the greatest common divisor
of the lengths of the local rings of the closed points of the geometric fibers
is 1. This is in particular satisfied if C/K admits a zero-cycle of degree 1.
Then the natural morphism Og — f.O¢ is an isomorphism and commutes
with arbitrary base change.

For two line bundles .Z,.# on %, denote by
(&, M) (€]S)
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the Deligne brackets. This is a line bundle on S, and is locally generated
by symbols (¢, m) (modulo some relations), where ¢ (resp. m) is a rational
section of .Z (resp. .#), such that their divisors have disjoint support. It
defines a bimultiplicative functor from the category of line bundles on %,
to the category of line bundles on S [?]. The interest in this formulation
comes from [?], which states that if the family ¥ — S is smooth, there is
an isomorphism
AMOg)"? ~ (wy /g, we/s),

and if the family is only generically smooth and % is regular, then

MO¢)"? = (wg/s,wigys) — Artgg
(see Proposition 4.2, [Er13], for the formulation for non-regular models %).

Theorem 4.1.2. Let K'/K be a finite extension of fields, and let Z be a
reqular model over R of a curve C, and Z'/S’ be a regular model of C’,
dominating 2 xg S'. Denote by m : ' — 2 the natural morphism, and
byl =wgr /g —T*wy s the discrepancy. Then the following formula holds:

12 ()\(Ogg'/) — R ®g )\(O%)) =
F2 + 2T ﬂ*w%/s — Artgg//sx —I—[K/ : K] Artgg/‘g .

Proof. 1t is immediate that the difference 12 (A\(Og/) — R' @r AM(Og)) is
given by

<w%//sz,w%//sz> — R KR <OJ3{/'/S,(.L)Q;/S> — Art%'//sl —{—[K, : K] Artgg'/s.

By functoriality of base change of the Deligne brackets, and the proof of
Theorem 4.1, [Er13],

R ®r (wa/s,wa s/ (X /8) = (T"wy g, T war ) (Z7/5").

By [Er13], if D is a Cartier divisor supported on the special fiber of 2", and
% is any line bundle on 2", then the order of the trivialization of the line
bundle

(O(D), £)(2/S)

determined O(D)|2, ~ Og; is given by D - £ := degp(Z|p). The result
follows. 0

The above theorem reduces the problem of computing the base change
conductor for Jacobians to that of understanding the Artin conductors and
discrepancies, for some well chosen models.

Proposition 4.1.3. Suppose that € /S is a regular normal crossings model
of C/K, with no components in the special fiber with multiplicities divisible
by p. Let K'/K be an arbitrary finite separable field extension, with integer
ring S’. Denote by € the normalization of € xs S', and by p: € — € the
induced morphism. Then

W g p*w(g/s = p*cﬁs,red — G5 red-
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Proof. Under the assumption, the relative cotangent bundle of logarithmic
differentials Qg /g(log /log) is locally free. By [?], it is isomorphic
to wey/s(Csrea — €s).  The sheaf Qg g(log/log) commutes with base
change, followed by normalization, to the effect that p*Qg¢ /g(log/log) =

Q%/S, (log /log). The sheaf €2~

%, 5) for similar reasons.

75 (log /log) is isomorphic to ch/g/((gs,red _

O

Proposition 4.1.4. Keep the assumptions of the previous proposition.
Then €/S" has only canonical singularities. In particular, if

p:%’—)‘g

denotes the minimal desingularization, then p*wcg/s, = wyr/gr, and

Wegr)sr — 7I'*(4‘)‘6)/57 = 71'*(gs,red - p*%s,red'
Proof. Omitted. (]

5. RELATING THE BASE CHANGE CONDUCTOR AND THE ARTIN
CONDUCTOR

Let us denote by 27/S a regular model of C' such that 2 = >,/ n:E;
is a divisor with strict normal crossings. Recall that we have

X(22) = X(Zagea) = > X(E:) — #2508 =3 " x(B) - > E; Ej.
1<j
We use the notation Ef = E; \ UjxE; for the open part of E; that does

not meet the rest of the special fiber. The f-adic Euler characteristic of the
generic fiber can be computed by the formula

i) = 3 mix(ED):

This is a general fact for degenerations over discrete valuation rings,
with normal crossing special fiber, and is essentially a consequence of the
Lefschetz trace formula. Hence, the ”tame” part of the Artin conductor

Arttame(27) = X(‘%ﬁ) - x(Z5)

can be computed entirely in terms of the special fiber.

5.1.

Proposition 5.1.1. Let C' and Z/S be as at the start of this section, and
assume in addition that (p,n;) = 1 for alli € I. Then the following formula
holds

c(Jac(C)) =
nzg + TL? + (ni7nj)2

ninj

1
Artx/s T Y (Ei- E))

1<j
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Proof. By the assumptions made, C' is tamely ramified. We fix an extension
K'/K (of sufficiently large degree) that realizes semi-stable reduction of C.

By the above proposition, I' = (%2} reqa — Zs), since (%)red = ;“z,i It
follows that
[ = (7" Zipea)” = [K': K120
and
[ mwg /g = (K" : K| %5 red - Wa /s + (K" : K]x(%2%)-

Since the component E; of % eq is smooth, by adjunction (cf. [?], Exp.
X, Proposition 1.11) the ¢-adic Euler characteristic satisfies x(E;) = —E; -
(Bi +was) = —E} — Ei-wy s, s0

ggs,red WS = Z (_X(Ei) - E??) .
i
It follows that
[K': K" (I*+2T -7 wf/s) =
23 BBy Y -2 x(E) ()
1<J
It is not difficult to see that
s
E? = — Z n—JE . Ej
i#j
so that
n? +n?

ZE?I—Z inmiji'Ej.

1<j

Now we compute Artg . In order to do this, we use the explicit
description provided in [HalOa] of the natural map p : 2" — 2" and the

minimal desingularization p : 2"’ - Z.

For each F;, let us denote by E the inverse image of E under p. Then
the induced map

EO—>E§

is étale of degree n;, hence

—~o0
X(E; ) = nix(E7).

Consider now a point x € E; N Ej, where ¢ # j. The inverse image of x
under p consists of (n;,n;) distinct points, each of them being a transversal
intersection of distinct branches of 2. Moreover, the formal structure of
Z" at any of these points is that of an A,,, singularity, where
[K/ : K](”%”’J)

nin; '

Ng =

The exceptional locus of this singularity consists of a chain of n, — 1 smooth
rational curves Fj. In particular, we find that x(F}) = 0 and that each of
the (n;,n;) preimages of x give rise to n, singular points in the special fiber
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of Z”. Then, using the additivity of the Euler characteristic with respect
to disjoint unions, we compute that

= S AED) (7)™ =

S VE Sy K

nin;
7 1<j
K : K
ZnZX(EzO) +Z(Ez E])[ ](nzynj)
i i<j it

Here E!, denotes the components of 3&7;’ . This finally allows us to conclude

that ( 2
Art o/ = — ! : P " ] M
tyr/s (K K]Z(Ez EJ) nin;
1<)
Now we use Theorem 4.1.2. After dividing by [K’ : K], we find that

—12 - ¢(Jac(C)) =

2N B Ej - ZE2—2ZX ) + 2x(Z)+

1<J
)2
S5 Ej)w F(2) — X(25) =
i<j 1in

n n= n:;.n 2
3 (W) — x(2) + B ) M ()

nin;

1<J
which easily yields the desired formula.
(]

Remark 5.1.2. Observe that if C' has good reduction over R, both sides
of the equation are zero. Moreover, the correction term is now expressed in
terms of the singular points only, which is what one would expect in case C
has semi-stable reduction over R, but not good reduction.

We will now show that the above formula in fact holds for any curve
C/K and any strict normal crossings model 2" /S of C, provided that we
replace c(Jac(C')) and Art 4-/g by their tame counterparts crame(Jac(C)) and
Artiame(27). We would like to point out that, already in the case where C'is
tamely ramified, this does not follow directly from Proposition 5.1.1, because
it may very well happen that p divides n; for some i. (In fact, it can happen
that this is the case for every sncd-model of C!) Instead, we will show that
the formula can be ”transported” from characteristic zero.

Definition 5.1.3. For any curve C and any regular model 2" /S such that
the special fiber Zs is a normal crossings divisor, we define the virtual
number of nodes to be the value

1 n2 +n'2 + (ng,n,)?
RZ)=7- Y, ( )

nynt,

)

ZEG:ZSlng

s,red

where n, and n), denote the multiplicities of the two formal branches of the
special fiber crossing transversally at x.
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There are several reasons why one should think of R(:Z") as a virtual
number of nodes. First, R(Z") in fact frequently coincides with the number
of nodes, one obvious case being the semi-stable case. However, it turns out
to also be true in less obvious cases; we show in 5.2 that this property holds
when C' has potential purely multiplicative reduction. On the other hand,
it is not hard to give examples R(Z") is not the number of nodes, or even
an integer. We provide several examples of this in Example 5.2.4.

Second, R(Z") behaves like the number of nodes with respects to blow
ups. More precisely, if 2”7 — 2" is the blow up of 2 in a point in z € 25,
it is straightforward to check that R(Z”) = R(Z") + 1.

Theorem 5.1.4. Let C'/K be a curve, and let Z°/S be a model of C' such
that Z5 = ZZ n; F; 1s divisor with strict normal crossings. Then

ctame(Jac(C)) = —i (Artiame(2) + R(2)).

Proof. Let I'(Z") be the dual graph of the special fiber 2, and denote by
b (Z27) the labelled dual graph, where each vertex [E;] has been labelled
by the numerical data (g(E;),n;). By [HalOb] and [HN11], ctame(Jac(C))
only depends on I'i,p(Z27), and we have already observed that the same is
true for Artgame(Z).

By a result of Winters [Wi74], we can find a smooth geometrically
connected curve B/C((t)) and a regular model % of B with %; a strict
normal crossings divisor, such that

Flab(%) = Flab(@>'

This implies that ctame(Jac(C)) = crame(Jac(B)) = c(Jac(B)), and that
Artiame(Z7) = Artiame(%) = Arty e Obviously, we also have that
R(Z) = R(%). By Proposition 5.1.1, we have that

1
c(Jac(B)) = 1 (Artgy/c[[tﬂ +R(@)) ,
and the theorem follows immediately from this. O

It may also be interesting to note the following alternative version of the
formula.

Corollary 5.1.5. Let u denote the unipotent rank of Jac(C'). Then
Ctame (Jac(C)) =

Lo(a x 22 E; - gy o)’
=Th Ittame(2) — 4u — s,red+Z( i j)v
i<j v

5.2. Curves with potentially purely multiplicative reduction. It
is natural to ask if the formula in Theorem 5.1.4 can be established also
between the base change conductor c(Jac(C)) and the Artin conductor
Arty /g in the wildly ramified case. Next we show that this is indeed the
case, when we assume that C has potentially purely multiplicative reduction.

As a corollary, we obtain an interesting interpretation of the correction term
R(Z).
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Throughout this section, C'/K denotes a curve with potentially purely
multiplicative reduction, and 2" /S denotes an sncd-model of C, with special
fiber 25 = >, n;E;. For simplicity, we write J = Jac(C). We denote by
Ty(J) the £-adic Tate module associated to J, and we put Vy(J) = Ty(J)@Qy.
The inertia group I = Gal(K*?/K) acts on V;(J), we write V for the semi-
simplification of this representation.

Theorem 5.2.1. Let C and Z be as above. Then
1
c(Jac(C)) = 1 (Arty /s +R(Z)) .

Proof. The Artin conductor of the Galois representation V' can be written
Art(V) = dim(V) — dim (V) 4+ Sw(V).

Since C' has potentially multiplicative reduction, Chai’s formula (add ref.)

states that ]
c(J) = 1 Art(V).

Rewriting slightly, we find that

o(J) = i (29— (20 + 2t) + Sw(H(C x5 K*,Qy)).

(In fact, a = 0 under our assumptions.) Moreover, since the toric rank ¢
only depends on the combinatorial data, it is immediate that

Ctame(J) = i : (29 - (2a + Qt))’

so that ¢(J) = ciame(J) + - SW(H(C x g K>, Qy)). On the other hand,
our formula above states that

Ctame(J) = _% (Arttame(27) + R(27)),

and we arrive at the desired formula, since

Art g /g = Artiame(27) — Sw(H(C x ¢ K, Qy)).

Corollary 5.2.2. Let C and Z be as above. Then

1 sin
e(Jac(C)) = — - (Arty s +| 205))-

In particular, R(2') = | 258

s,red!”
Proof. We will once again use Chai’s formula. Observe first that, since ¢
equals the first Betti number of I'(Z5), we have an equality
t=—I|+> (E-Ej)+1.
1<j
We can write
X(23) = D x(E) = D (B~ Ej) = 21| = Y (E;i- Ej),
i i<j i<j
since g(E;) = 0 for all i € I, by our assumption of potential multiplicative
reduction.
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Now Chai’s formula yields
1
1 (2g—2(=lI+ Y (Ei-Ej)+1) =

1<j

1
—1 (220 QU= _(Bi B)) + R(Z)
i<j
After performing some cancellations, this expression reduces to
2008 =Y (Bi- EBj) = R(Z),
1<j
and the formula in the assertion is established.
O

Note that Corollary 5.2.2 yields an interesting necessary condition for a
curve C' to have potential purely multiplicative reduction: For any sncd-
model 27, R(Z") should equal the number of nodes of £ yeq.

Remark 5.2.3. If we also assume that C' is tamely ramified in the above
corollary, it is not hard to see that the formula implies that ¢(J) = u/2,
with u being the unipotent rank of J.

The following example shows that, even in the tamely ramified case, one
should not expect that the formula in Corollary 5.2.2 holds without the
assumption that C' has potentially purely multiplicative reduction.

Example 5.2.4. In this example, we assume that C is a tamely ramified
elliptic curve, and that we are in one of the following cases: C' has reduction
type (a) II*, resp. (b) I1I*, resp. (¢) IV*. In each of these cases, the
minimal regular model is an sncd-model, we denote it by 2. Then it is
straightforward to compute thgt (a) R(Z) = 6+ 2/3 and \5&”:?;% = 8,
resp. (b) R(Z) = 6 and |25 = 7, resp. (¢) R(Z) = 5+ 1/3 and
|2 es] = 6.

In all these examples, we see that R(Z") does not equal the number of
nodes in the special fiber, moreover, it need not even be an integer.

5.3. Relation to Saito’s minimal discriminant. Let C//K be a curve,
and denote by ¢'/S its minimal regular model. Following Saito [Sa88], the
correct notion of minimal discriminant for C' is

A(C)min = — Artcg/s .

Our results allow us compare the base change conductor and the minimal
discriminant, at least in the case where ¢/S is a model with normal
crossings.

Corollary 5.3.1. Assume that the minimal regular model € /S of C has
normal crossings. Assume moreover that either C is tamely ramified, or
that C has potential purely multiplicative reduction. Then

C(J) = - (A(C)min - R(Cg))



14 DENNIS ERIKSSON, LARS HALVARD HALLE AND JOHANNES NICAISE

Proof. Let 2 the minimal sncd-model of C, and consider the unique
morphism 2~ — % which blows up the ”internal” nodes in the special fiber
of ¢ (i.e., nodes belonging to a unique irreducible component). Denote the
number of internal nodes by §. Then R(2Z") = R(%) + ¢, and since the base
change conductor is invariant with respect to the choice of regular model, it
only remains to compute the difference Arty g5 — Art 9/ g, or, what amounts
to the same, the difference x(Z5) — x(%5). It is easily checked that this
value equals §.

O

5.4. Curves with potential good reduction. Throughout this section
we assume that C'is a tamely ramified curve with potential good reduction.

5.4.1. The quotient construction. Let L/K be a tame extension such that
C xg L has good reduction over R;. Then G = Gal(L/K) acts on the
smooth model % /Ry, and the quotient 2 := # /G is a normal R-model of
C'. Moreover, Z has tame cyclic quotient singularities at each of its (finitely
many) singular points, which we denote by Q1,...,Q,. These singularities
can be resolved explicitly. Let

p:f—%ﬁf

denote the minimal desingularization. Then % is an sned-model of C,
and the special fiber can be described as follows. Let Fjy denote the

strict transform of 25 (which is irreducible). For each @);, the exceptional
locus p~1(Q;) is a chain F; of smooth rational curves Flj, . FIJ]7 with Ff
intersecting Fy transversely in a unique point.

In combinatorial terms, one can formulate this by saying that F(% is star
shaped, i.e. it has a unique node, corresponding to the irreducible component
Fjy, and otherwise terminal chains attached to that node.

We make a simple observation:

Lemma 5.4.2. Let us assume that g = g(C) > 0. Then Z coincides with
the minimal sncd-model 2 of C.

Proof. By minimality of p, all exceptional components have self intersection
< —2, hence are not contractible. By the assumption that g = g(C) > 0,
Fy must be a principal component [HalOal, i.e., either g(Fp) > 0 or r > 2.
In the former case, Fp can never be contracted, and in the latter case, if Fj
is contractible on 2, the contracted scheme is not an sncd-model. O

Let us write 25 = >_..;niE; for the special fiber of 27 (= .,@A;), and let
2" be the normalization of 2~ x g Ry. Previously, we computed that

2
- Mgy 15
L K] Artyyp, = - SO(B: - By M)l

n;n;
i<j v

Under the assumption of tame potential good reduction, we will now provide
another interpretation of this formula, in terms of intersection theory on 2 .



BASE CHANGE CONDUCTOR FOR JACOBIANS 15

5.4.3. Let us fix one of the chains F;. For simplicity, we drop reference to

the index j. The chain has components F1, ..., F;, we’ll denote by m; the

multiplicity of F;. It is easy to check that (m,_1,m,) =m; forall 1 <n <|I.
For each 1 <n <1 we put

- 1

ty = E e
— mi—1m;
=1

and define a divisor (with rational coefficients)

1
my
D]—' == mio . ZmntnFn.
n=1
By the results in [BLO02] (there is a sign error in their paper), computing the
self intersection of this element, we find that

1 1
Dr-Dy=—m? tj = —m? (—— 4 —L ),
momq mp—1my
For notational reasons, we put tr = t;, so that Dy - Dr = —ml2 -tr.

5.4.4. Let Z!l be the free module with generators corresponding to the

irreducible components E; of Z;. Let M = (E; - Ej) be the intersection

matrix, and let RY = (..., n;,...) be the multiplicity vector. In particular,
®(J) = Ker(R")/ITm(M).

For each chain F, consider the vector

—m

—20,...,0),

my

where the first non-zero coefficient is in the position corresponding to Fp,

and the second in the position corresponding to F;. Then E(Fy, F}) belongs

to the kernel of multiplication by R, and descends to give an element in the

component group ®(J). We denote this element by vz. We also denote by

<> () x @(J) — Q/Z

Grothendieck’s canonical pairing. It is proved in [BL02, Prop. 5.1] that,
modulo Z, the equality

E(Fy,F) = (0,...,1,0,...,0,

2
<AFVF >=—my - tF

holds (note that there is a sign error in their paper).

Combined with our previous results, this discussion gives an interesting
relation between the base change conductor and data concerning the
component group. Before we state our result, a word on notation. We
write v; instead of vz;.

Proposition 5.4.5. With notation as above, the formula
12¢(J) = (my; /mo)® < 5375 >
J
holds modulo Z. Here j runs over the number of terminal chains.

Proof. This is clear when one combines the discussion above with the
formula in Corollary 5.1.5. (]
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5.4.6. Now let’s return to the the divisors D;rj we constructed above. Since
every two distinct chains F; and Fj are disjoint, we find that

-D]:j . -D]:j/ = 0

whenever j # j'. Therefore, if we define D := Dz, + ...+ Dg,, it follows
that

2

Ny Ny
D-D= —§ (E,--Ej)i( ;n?) :
i<j v

Using the formula in Corollary 5.1.5, we find that

1
o)) =-15- (Arty g —4u— 22— D D).

5.4.7. We make one further assumption, called (x), in order to reduce
somewhat the complexity of our problem. (Hopefully this assumption can
be removed or weakened at a later point.)

(x) We assume that all exceptional components E of the minimal
desingularization p have self intersection E? = —2.

Lemma 5.4.8. Assume that (x) holds. Then F coincides also with the
minimal reqular model Zmin of C.

Proof. Let £ be one of the exceptional chains, with components Fy, ..., Fy,
where Fj intersects F'. We denote by N; the multiplicity of E;, and to get
easy notation, we put Fjq := F. Let us first observe the easy fact that the
sequence of multiplicities Ny, ..., N;, Njy1 is strictly increasing. Indeed, if
we put b; = —Ei2 for 1 <i <, we first find that by N; = Ny (recall also that
b; = 2 for all j by assumption). This gives N;y; = b;N; — N;_1 > Nj, since,
by induction N; > N;_;.

In particular, let us write N for the multiplicity of F'. Then, for every
1 < j <r, we observe that the bound

Nlj <N = Nlj+1 < 2Nlj

holds. Intersecting F' with the special fiber yields the formula

1 r
2 _ E
—F — N Nl]..
j=1

Let us choose jg so that Ny := Nljo is minimal. Then we find that

1 1 3No 3
—F%> _rNy> —=3Ny > — ==,
=y 2 o> on =
Consequently, —F? > 2, and thus F is not contractible. This finishes the
proof. O
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5.4.9. The correction term. We will now compute the correction term

Err = ZE2+ZE - E)) ”n:::)

1<j

In fact, we will compute a contribution £rr(€;) for each chain &£;, so that

'
Err=—F% 4 ZSTT(EJ)
j=1
Let £ be a chain, with components Fy,..., E;, and write Ej1 = F. In
this situation, we put
l !

(Ni, Nit1)
g E.2 2y LVt
() == Fi+ Z A
Observe that — Zi:l EZ2 = 2[, so the difficult part is to compute the other
term. For this, we heave the following lemma.

Lemma 5.4.10. The error term associated to £ equals
l
Err(€) =24+ —
rr(€) =20+ R

Proof. 1t is easily seen that (N;, N;11) = Nj for all 1 < i <. Moreover, one
also checks easily that N; = ¢Nj. It then follows that

l [
Dy Nigr) 22 -
NiN;11 iN1(i+1 P

=1
Then use

DR
Zzlzz—i-l SN

Proposition 5.4.11. The correction term equals

Err = —2F% 42| S‘;;ﬁ

Proof. For each 1 < j < r, we write El(jj ) for the component of £; intersecting

F and we denote by Nl(jj ) its multiplicity. By what we have seen, we can
then write 0
J
N lj +1
Now, intersecting F' with the special fiber yields the equality

1 — ;
_F2 — 7ZNI(])’
szl J

hence we get that
.
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Summing up everything, we find
L
l;+1

Err:—F2+Z(2lj+ )=
j=1

2 i 2
—F +2‘£fss,lrrég|7F )
which gives the formula we are after. O

Combining everything, we arrive at the following result.

Theorem 5.4.12. Let C' be a curve with potential good reduction, and
assume that (%) holds. Then the base change conductor and the Artin
conductor are related by the formula

1 2 sin;
c(J) = =7 (Artgys +§(|36;,re§| - F?)).
REFERENCES

[BLO2] S. Bosch, D. Lorenzini. Grothendieck’s pairing on component groups of jacobians.
Invent. Math., 148 (2002), 353-396.

[BLR90] S. Bosch, W. Liitkebohmert, and M. Raynaud. Néron models. Volume 21 of
Ergebnisse der Mathematik und ihrer Grenzgebiete. Springer-Verlag, 1990.

[Ch00] C.-L. Chai. Néron models for semiabelian varieties: congruence and change of base
field. Asian J. Math., 4(4):715-736, 2000.

[CY01] C.-L. Chai and J.-K. Yu. Congruences of Néron models for tori and the Artin
conductor (with an appendix by E. de Shalit). Ann. Math. (2), 154:347-382, 2001.

[Ed92] B. Edixhoven. Néron models and tame ramification. Compos. Math., 81:291-306,
1992.

[Er13] D.  ERIKSSON: Discriminants and  Artin  conductors, preprint,
http://www.math.chalmers.se/ dener/Multiplicity-of-discriminants.pdf

[HalOa] L.H. Halle. Stable reduction of curves and tame ramification. Math. Zeit., 265(3):
529-550, 2010.

[HalOb] L.H. Halle. Galois actions on Néron models of Jacobians. Ann. Inst. Fourier,
60(3):853-903, 2010.

[HN11] L.H. Halle and J. Nicaise. Motivic zeta functions of abelian varieties, and the
monodromy conjecture. Adv. Math., 227:610-653, 2011.

[Ka94] K. Kato. Toric singularities. Am. J. Math., 116(5):1073-1099, 1994.

[Li02] Q. Liu. Algebraic geometry and arithmetic curves. Volume 6 of Ozford Graduate
Texts in Mathematics. Oxford University Press, 2002.

[LLRO2] Q. Liu, D. Lorenzini, and M. Raynaud. Néron models, Lie algebras, and reduction
of curves of genus one. Invent. Math., 157(3):455-518, 2004.

[Lo00] D. Lorenzini. Reduction of points in the group of components of the Néron model
of a jacobian. J. reine angew. Math., 527:117-149, 2000.

[Sa88] T. Saito. Conductor, discriminant, and the Noether formula of arithmetic surfaces.
Duke Math. J., 57(1):151-173, 1988.

[St05] J. Stix. A logarithmic view towards semistable reduction. J. Algebraic Geom.,
14(1):119-136, 2005.

[Wi74] G. B. Winters. On the existence of certain families of curves. Am. J. Math., 96:215-
228, 1974.



