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Preface

Two important methods in analysis is differentiation and Fourier transforma-
tion. Unfortunally not all functions are differentiable or has a Fourier transform.
The theory of distribution tries to remedy this by imbedding classical functions
in a larger class of objects, the so called distributions (or general functions). The
basic idea is not to think of functions as pointwise defined but rather as a "mean
value”. A locally integrable function f is identified with the map

w%/ﬁp,

where ¢ belongs to a space of "nice” test functions, for instance C§°.

As an extension of this we let a distribution be a linear functional on the space
of test functions. When extending operations such as differentiation and Fourier
transformation, we do this by transfering the operations to the test functions,
where they are well defined.

Let us for instance see how to define the derivative of a locally integrable
function f on R. If f is continuously differentiable, an integration by parts implies

that
/fsoz —/fso"

Now we use this formula to define the differential of f, when f is not classically
differentiable. f’ is the map
p = / fe'.

In these lectures we will study how differential calculus and Fourier analysis
can be extended to distributions and study some applications mainly in the theory
of partial differential equations.

The presentation is rather short and for a deeper study I recommend the fol-
lowing books:

Laurent Schwartz. Théorie des Distributions I, II. Hermann, Paris, 1950-51.

Lars Hormander. The Analysis of Linear Partial Differential Operators I, 2nd
ed. Springer, Berlin, 1990.






CHAPTER 1

A primer on C§°-functions

When we shall extend differential calculus to distributions, it is suitable to use
infintely differentiable functions with compact support as test functions. In this
chapter we will show that there is "a lot of” C§°-functions.

1.1. Notation

Let 2 be a domain in R™. C*(Q) denotes the k times continuously differentiable
functions on . (k may be +00.) C¥(€) are those functions in C*(£2) with compact
support. We denote points in R" with z = (z1,...,2,) and dx = dz;...dz,
denotes the Lebesgue measure. For a vector v = (o, ... ) € N we let

ol =1+ ...+ a,, al=a!...a,), =2 ..

Qn
n

and

o f o™ o
0°f = = .
/ Oz Ox{'  Oxon
ExAMPEL 1.1. With these notations the Taylorpolynomial of f of degree N
can be written as
Z aaf<a) @
x®.
a!

la|<N

f

O

1

1o, We will associate the map

As described in the preface, to a function f € L
Ay, given by

© fodx, ¢eCy.
R
PROBLEM 1.2. Does the map Ay determine f?

1
loc

fgpdx:/ gpdr, e Cy°,
Rn n

does this imply that f = g a.e.? O

More precisely, if f,g € L; . and

To be able to solve this problem we need to construct functions ¢ € Cg°. We
start with



8 1. A PRIMER ON C§°-FUNCTIONS

EXAMPEL 1.3. There are functions f € C*°(R) with f(x) = 0 when < 0 and
f(z) > 0 when = > 0.

REMARK 1.4. There is no such real analytic function. O

PROOF. Such a function must satisfy f((0) = 0 for all n. Thus f(z) =
0(z™),z — 0, for all n. Guided by this, we put

eV x>0

0, x<0.

fz) =

We have to prove that f € C*. By induction we have
Po(Y)e s, >0
0, <0

£(@) =

for some polynomials P,. This is clear when x # 0. But at the origin we have if
h >0,

=

— 0, h—0.

SO )~ F0) 1, (1Y
n =i (5)

EXAMPEL 1.5. There are non-trivial functions in C§°(R").

PROOF. Let f be the function in Example 2 and put ¢(z) = f(1 — |z|?). O

1.2. Approximate identities

Pick a function ¢ € Cg°(R") with [¢ = 1 and ¢ > 0. For 6 > 0 we let
@s(x) = 6 "p(x/d). Then s € C(R") and [ @5 = 1. {gs;0 > 0} is called an

approximate identity.
A

>

77()06 _> 577



1.3. REGULARIZATION BY CONVOLUTION 9

1.3. Regularization by convolution

The convolution of two functions f and ¢ is defined by

fro@)= [ fl—y)ey)dy.

R'Il
The convolution is defined for instance if f € LL_ and ¢ € C5°. Then f * ¢ =
exf, fxpeC®and 0*(f*xp)=f=*0%.
EXERCISE 1.1. Verify this.

THEOREM 1.6.

a) If f € Cy, then fx@s — f, § — 0, uniformly.
b) If f is continuous in x, then f * ps(x) — f(x), § — 0.
c)If felP,1<p<+oo, frxps— filP (and a.e.).

REMARK 1.7. a) implies that C§°(Q2) is dense in Cyp(€2) (in the supremum
norm).

EXERCISE 1.2. Verify this.

PROOF.
a) Take R so that supp ¢ C {z;|z| < R}. We have

|f * ps(x) — fx)] < /| . |f(z —vy) — f(x)|gs(y)dy < uniform continuity
y|<

< e/ ws(y)dy = €, if § is small enough.

b) This is left as

EXERCISE 1.3.

¢) Jensen’s inequality implies
7w eu@) = S@P < ([ V=) = F@lesty)y)
< | 1=y = @) Pestudy = [ 1f( =60 = F)lelt)in
Using Fubini’s theorem and the notation f%(z) = f(x — dt), we get
£ ps= 1< [ oo [ 15— fapas

= [ 1" = fl5 e()dt — 0,
Rn

That the limit is zero follows by dominated convergence and that translation is
continuous on LP. This in turn follows since Cj is dense in LP, 1 < p < +o0:



10 1. A PRIMER ON C§°-FUNCTIONS

If g € Cy, then

l° — glz = / lg(z — 8) — g(a)Pdz — 0,6 — 0,
K

by dominated convergence. Now approximate f € L with g € Co, [|f — g, < .
Minkowski’s inequality (the triangle inequality) implies

£ = fllp <110 =9 llp + lg° = gllp + llg = fllp < 2¢ + llg° — gl < 3e,
if 9 is small enough. 0

EXERCISE 1.4. a) Let B, = {z;|z| < r}. Construct a function ¢s € C§°(R™) such that 0 < ¢5 <
1, %5 = 1 on B, and supp ¢s C B,1s. How big must ||0%s]|eo be?

b) Let K C Q where K is compact and € is open in R™. Construct ¢ € C§°(2) with ¢ =1
on a neighborhood of K and 0 <+ < 1. How big must [|0%*%||~ be?

Now we are able to answer yes to the problem on page 7.

THEOREM 1.8. A locally integrable function that is zero as a distribution is
zero a.e.

PROOF. We assume that [ fo = 0 for all ¢ € C5°. According to Theorem 1a),
we have [ f® =0 for all ® € Cj, and thus f = 0 a.e. (for instance by the Riesz
representation theorem.)

Alternatively we can argue as follows: Take v, € C§° with ¢, (x) = 1 when
|z| <n. Then f1, € L' and

fibn = ps(x) = . FW)n(y)ps(x —y)dy = 0,

since y — Uy, (y)ps(z—y) is C5°. But fi),xps — fib, in L' according to Theorem 1
c¢). Hence fi), =0 a.e., and thus f =0 a.e. O



CHAPTER 2

Definition of distributions

DEFINITION 2.1. Let Q be an open domain in R™. A distribution u in € is
a linear functional on C§°(§2), such that for every compact set K C ) there are
constants C' and k such that

P <C Y 10%¢llees (2.1)

lo| <k
for all p € C§° with supp p C K. O

We denote the distributions on 2 by 2'(Q2). If the same k can be used for all
K, we say that u has order < k. These distributions are denoted Z;(2). The
smallest £ that can be used is called the order of the distribution. Z;, = U, %, are
the distributions of finite order.

EXAMPEL 2.2.

(a) A function f € Li _ is a distribution of order 0.

loc
(b) A measure is a distribution of order 0.

(c) u(p) = 0%p(xo) defines a distribution of order |o].
(d)

Let x; be a sequence without limit point in {2 and let

u(p) =Y 0%p(x;).

Then wu is a distribution. u has finite order if and only if
sup |oj| < oo and then the order is sup |ay. O

We will use the notation Z(2) to denote the set C§°(€2), in particular when we
consider Z(Q2) with a topology that corresponds to the the following convergence
of test functions.

DEFINITION 2.3. ¢; — 0 in Z(Q) if, for all j, supp @; are contained in a fic
compact set and ||0%p;l|o — 0, j — 00, for all c. a

THEOREM 2.4. A linear functional u on 2(Q2) is a distribution if and only if
u(pj) = 0 when p; — 0 in 2(Q).

PROOF. =): Trivial.
<): Assume that (1) doesn’t hold. We have to prove that u(y;) 4 0, although
©; — 0in 2(2). That (1) doesn’t hold implies that there is a compact set K and

11



12 2. DEFINITION OF DISTRIBUTIONS
a function ¢; € 2(), with ¢; C K, u(p;) =1 and
[u(ps)l > 7 Y 110°05loc-
|laf<j
This implies [|[0%¢;]|c < % if 7 > |a|. Thus ¢; — 0in 2(Q). O

THEOREM 2.5. A distribution u € Z,(S2) can uniquely be extended to a linear
functional on CE(Q). For every compact set K C ) there is a constant C = Ck

such that
(@) < C > [07¢lloos (2.2)

la|<k
for all ¢ € CE(Q) with support in K.
COROLLARY 2.6. Measures and distributions of order 0 coincides.

PROOF OF THEOREM 5. Let ¢ be a fix function in C§(2). Let ®5 € Cg° be
an approximate identity and put ¢, = p*x ®1, n > N. Then all ¢, are supported

in a fix compact set K in 2 and if |a] < k then
10%(e = en)lloc = 0% — (0%¢) * P1][c — 0, n — 00 (2.3)

Hence, if u has an extension satisfying (2), then u(¢) = lim,, o, u(v,). This proves
the uniqueness of the extension and makes it natural to define

u(p) = lim ufpy) .
The limit exists since u(y,) is a Cauchy sequence:

[u(pn) = u(om)| = [ulpn = om)] < C > 10%(0n — em)]| = 0,

o<k
as n,m — 0o.
It is easy to see, by taking limits in (1), that u satisfies (2). O
EXERCISE 2.1. Verify this.
THEOREM 2.7. A positive distribution is a positive measure.
DEFINITION 2.8. A distribution u is positive if ¢ > 0 implies u(yp) >0 a

Proor. By Corollary 6 it is enough to show that u € Z.

Assume first that ¢ is real valued. Let K CC 2 and take xy € C5°(Q2), 0 < x
1 with x = 1on K. If suppy C K, then x||¢|lotp > 0. Hence u(x||¢||cc£p) >
or

<
0,

u(@)] < ulxlelleo) = u(X)l[ @l
So (1) holds with £ = 0, C' = u(x).
If o = f +ig is complex valued,we get

[u(@)] < Ju(H)] + [u(g)] < ub) [ fllse +11gllee) < 2u0)l#lloe-
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THEOREM 2.9. A distribution is determined by its local behavior.

More precisely: Assume that 2 = US); and that u; € 9'(8;). Furthermore we
assume that u; = uj on Q; Ny, i.e. if p € CF(NQ,) then u;(¢) = u;(p). Then
there is a unique distribution v on Q with v = u; on ;.

To prove this we need a C§° partition of unity.

PROPOSITION 2.10. Let K be a compact set with K C UYQ;. Then there are
0; € C(),0<¢; <1 and Xp; =1 on K.

PROOF OF THEOREM 9. Assume that u = u; on €2;. Let suppy = K and ;
be a partition of unity as above. By linearity, since ¢ = . ¢y,

u(yp) = Z u(pp;) = Z ui(pp:) (2.4)

3 (2

This shows the uniqueness.
To prove the existence, we need to show that (4) gives a well defined distribution
u. But if ¢, is another partition of unity, then ¢ = >, v;¢r on K and thus

D uk(pPr) = D24 2 un(PPripi) = 225 D2y wilp@rpi) = 2 uilippi), so (4) defines
u uniquely.
It is easy to show that u satisfies (1), and the theorem is proved. U

EXERCISE 2.2. Do it!
PrROOF OF PROPOSITION 10. We shall show the following
CLAIM 2.11. There are open sets V; with V; C Q, and K C udv;.
Assuming this take ¢; € C§°(€%), 0 < @; < 1 with ¢; = 1 on V;. Then £3; > 0
on a neighborhood U of K. Take x with x =1 on K and suppx C U. Put
Pi
E@;
It is clear that ; satisfy the conditions in the proposition. -
To prove the claim, take to € K a neighborhood V, with z € V, C V', C )

for some j. Then K C |JV,. By compactness we get K C J) V,,. Let V; =

U Ve O

mG cQ;

Yi =X

2.1. The support of a distribution

If f € C then supp f = {x; f(x) # 0}. This implies that [ fo = 0 for all
¢ € C§° whose support doesn’t intersect the support of f.

DEFINITION 2.12. If u € 2'(Q) then suppu = {x € Q; There is no neighbor-
hood of x with uw = 0 in this neighborhood.}

EXERCISE 2.3. Show that supp u is closed.
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THEOREM 2.13. If suppu Nsupp ¢ = 0, then u(p) = 0.

PrOOF. This follows directly from Theorem 9, since u = 0 locally on
Q\ supp u. O

An important extension of Theorem 12 is the following theorem and its corol-

lary.

THEOREM 2.14. Assume that u € Z;(Q) and ¢ € C¥(Q) with 0%p(x) = 0 if
la| <k and x € suppu. Then u(p) = 0.

COROLLARY 2.15. Ifu € 2'(Q) and suppu = {xo} C Q, then u is of the form
u(p) = Y aadp(xp).
<k

PROOF OF THEOREM 13. Let K = suppu N suppy. If K = ), the result
follow from Theorem 5. But K can be non-empty. Then, let K, = {z;d(z, K) < €}
and take x. € C3°(K,) with x. = 1 in a neighborhood of K. Then, by Theorem 5,

u(p) = ulxep + (1 = xe)e) = ulxep).
If £ = 0 this implies
u(@)] < Clixeplls = 0, € = 0.
If £ > 0 we get
(@) <C D 10" (Xep)loe <C D [0%0" ¢ |-

o<k e+ BI<k

We can choose y, such that [|0%x.[|s < Ce 1ol To estimate ||0%¢||o we consider
the Taylor expansion of ¢ at a point x € K. Let y € K, and take x € K with
|z —y| <e Put

g(t) = Pz +t(y — 2)).
By the Taylorexpansion of g at t = 0 of order k — || — 1, we get

@ (0
g
el =l =| Y D a)|
i<k—|gl-1
Now ¢@(0) = 0 and

[R(y)| < C sup 0" Vlg(s)] < O Y [107]
O=est 18l=k

Ke-

This implies

() <C Y N 0Pyl

laf+[B1<k 181=k

k. — 0, e—0.
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PROOF OF THE COROLLARY. w is of finite order k for some k. Fix xy € C5°(Q2)
with y = 1 near zy and put

Y(x) = p(x) = x(x) Y (& = w0)"

lal<k

Then 0% (xy) = 0 if |a| < k. By Theorem 13, u(y)) = 0 or

_ Z 6%(9:@11(%)((?6)) = Z aa0%p(x0).

0%p(0)

ol

|| <k oo <k
0
EXERCISE 2.4. H 2.2
EXERCISE 2.5. H 3.1.7.
EXERCISE 2.6. Show that u(yp) = 21 (gp(%) ¢(—1)) is a distribution of order < 1 if v < 0.
Also show that suppu = {0, 1, i ...}, but if K is a closed set with

k
|<|<0§}wmw\weqﬂm,
1=0

then either @ < —1 or else K contains a neighborhood of the origin. (In particular we can not
choose K = suppu.)

EXERCISE 2.7. Assume that v € Z(R) and suppu C I where I is a compact interval. Show
that

[u(p)| <C > sup|0%¢l, ¢ € CF(R).
lor| <k
(Hint. Theorem 13.)

EXERCISE 2.8. Is there a linear functional v on C§° that isn’t a distribution?






CHAPTER 3

Operations on distributions

3.1. The derivative of distributions

If u is a continuously differentiable function in R™, an integration by parts gives

/ ou - pdr = —/ u-Oppdr, peD,
as  has compact support. This motivates the following definition.
DEFINITION 3.1. If u € 2'(R2), we define Oyu € 2'(2) by
Ohulp) = —u(Okp).
That 0,u defines a distribution follows since
D)) = (D)) < C D [0%(Okp)lloo < C Y [10%¢lloo-
lo| <k || <k+1
If u € C! the distribution derivative coincides with the classsical derivative.

EXAMPEL 3.2. Let the Heaviside function H be defined by

1, >0
Hz) = 0 <0
, I .

Then -
H'(p) = ~H(¢) = — / o/ (2)dx = (0).

The Dirac measure d,, at o € R™ is given by d,,(¢) = ¢(zg). So we have
showed that H' = §,. The derivatives of the Dirac measure are given by 9%, () =
(—1)lelg, (0%p) = (—1)1*19%p(xy). With this notation, by Corollary 2.14, a distri-
bution supported at xy can be written as

A generalization of Exampel 2 is given by

PROPOSITION 3.3. Let u be a function in 2 C R, which is continuously differ-
entiable for x # xo. Assume that the derivative v is integrable near xy. Then

u' = v+ (u(zo+0) — ul(zog — 0))ds-
17
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Proor. We start by showing that the limits exist. Let g < z < y. Then

(@) = uly) — / T oty

Since v is integrable we obtain as z | xg

u(zo 4+ 0) = u(y) — /yv(t)dt.

o

By the same argument also u(zy — 0) exists. We get

Wlg) = =uly') = = [ do = lim - s
=t { = o]~ [wme@])” [ et}
— (u(wo + 0) — uao — 0))p(x0) + /R o(2)p(x)da.

O

THEOREM 3.4. Let u be a distribution on an interval I C R. Ifu' =0, then u
15 constant.

ProoF. That ' = 0 as a distribution means that u'(¢) = 0 or u(¢’) = 0 for
all p € 2. To compute u(¢), we want to decide if ¢ = 9’ for some ¢ € Z. This
is the case exactly when [¢ = 0 and then ¢(2) = [*_ @(t)dt. Thus, if [¢ =0,
then u(¢) = 0. We shall reduce the general case to this special case. Fix 1)y €

with [10g = 1. Put ¢ = ¢ — 1 [ ¢. Then [ ¢ =050 0 = u(d) = u(¢) — u(th) [ ¢
or u(¢) = u(1) [ ¢. Thus w is the constant u(vy). O
3.2. Multiplication by functions

2(9Q) is a linear space, since we can add distributions and multiply a distribu-
tion with a scalar in a natural way. We also want to multiply a distribution with
a function f. If u is a locally integrable function, then

fut) = [ (Gwpdo = [ (o) ds = u(se)
To be able to use this to define fu when u is a distribution we need that fo € C*°.
DEFINITION 3.5. If f € C* we define fu by
fulp) = ulfe).

EXERCISE 3.1. Show that fu € 2'(Q).

REMARK 3.6. If u is of order k, it is enough to demand that f € C*. 0
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PRroroOSITION 3.7.
(a) 838ku = ak(‘?]u
(b) Ok(fu) = (Opf)u + fOru.

EXERCISE 3.2. Prove Proposition 3.

REMARK 3.8. By (a), the distributional derivatives commutes and we can use
the notation 9%u, 9%u(p) = (—1)lu(9%p) where a is a multiindex. O

THEOREM 3.9. Assume that u € 2'(Q2), Q@ C R, and v’ + au = f where f € C
and a € C*®. Then u € C' and the equation holds classically.

PROOF. Assume first that a = 0. Let F' be a (classsical) primitive function of
f. Then F € C' and (u— F) =u' — F' = f — f = 0 as a distribution. Theorem 1
implies that v = F + C, and thus v € C! and v/ = F' = f classically.

If @ # 0, we multiply the equation with its integrating factor. Let A be a
primitive function of a. Then A and e are C™ functions. Furthermore, we have

() = et + etau = e (v + au)
in the distributional sense. Therefore, the equation is equivalent to
(etu) = e,
and we can use the case a = 0. O
EXERCISE 3.3. H 3.1.1
EXERCISE 3.4. H 3.1.5
EXERCISE 3.5. H 3.1.14
EXERCISE 3.6. H 3.1.21
EXERCISE 3.7. H 3.1.22.

EXERCISE 3.8. Assume that u € 2'(Q), Q C R, satisfies u("™) + a,, 1u™ Y + ... +aou = f,
where f € C and a; € C*. Show that u € C"™, and that the equation holds classically.






CHAPTER 4
Finite parts

In this chapter we will extend Proposition 3.3 to the case where the derivative
is not locally integrable.

d 1
ExXAMPEL 4.1. What is — ( )?
dr \ /2Tt

We will use the notation (u, ) = u(p) for the action of a distribution u on a
testfunction ¢. We have

(o (-
“ig- [ e =i (- [ew] -5 [ SRw)
=g ([ et =)

DEFINITION 4.2.
1 L > p(x) 2¢0(0)
<fpﬁ,30>—ll_r>%{/e x3/2dm— 7|
Thus we have shown that

d (1 \_ 11
de \ /Ty ) 2pxi/2'

A version of the definition that is easier to remember is

1 > p(x) — »(0)
fp—=,0 ) = / ———dx.

by

ExXAMPEL 4.3. We define fp| 572

<fp|x+5/2’“0> _ /R p(z) — ﬁ?s)/; z¢'(0)

21




22 4. FINITE PARTS

The order of fp———= is 2. To show this we split the integral into two pieces,

1
| |5/2

— 9(0) — z¢'(0)
, dr = I+1L.
< iFRE > /|x<1 /|x>1 |17|5/2

To estimate the first integral we use that

ole) — 9(0) — ¢/ (0)] < 520"

This implies

1 1
I < ”OO/ ——dz < O)¢" || -
<300 [ e < €l

For the second integral we have

2Aglse + loll¢ o
< [ = 4 < gl + 19N
|z|>1 |CL’|

Thus the order is at most two.
To show that the order can not be smaller, we let ¢ € C3°, 0 < ¢ < 1,
supp ¢ C (0,3) and ¢ = 1 on [1,2] and put ¢.(z) = ¢(x/€). Then

1 () 2e 1
‘<fp|$’5/2’906>' :/]R 2572 dx Z/E 5_/2d$ Canz

Furthermore ||¢c||s + ||¢L]|coc < C/e. Thus if the order were less than 2, we would

have ¢/e¥/? < ‘<fp < C/e, a contradiction. 0

1
is well defined

Since the order of fp—— is 2 and |z[>? € C?, |z|*/*fp

| |5/2

1
5/2 5/2
(1) = (gl

:/ﬂ{%dx:/ﬂf(x)dx:@y@%

Here we have used that |z|>/?p(z) and its derivative vanishes at o = 0.

|z[5/2
and

Thus fp‘m'Lw2 solves the division problem |z[*/%u = 1. O
/
1 3 1

The above examples can be generahzed to to define fp 217, fp |z|~* and (for
certain a) fp 2~ etc. when a is not an integer, for instance

<f | 1|a”‘)> [
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where P is the Taylorpolynomial of ¢ at the origin of order [a] - 1. Then

h 1\ ¢ sgn x ¢ 1 ¢ 1
=—a =a —
p]m|“ lO|x|"”rl prl Poet

and

Another important property of fp| @ —1,—2,..., is that it is homoge-

neous of degree —a. As we shall see later this fact simplifies the computation of
its Fourier transform.

1
To show that pr is homogeneous we first must define what it means. If u(z)
€T a
is a function on R™, then u is homogeneous of degree « if u(tx) = t*u(x), t > 0.
This can be reformulated in a way that is meaningful for distributions. For a

function u, we have

(u(tz), o) = / w(tx)p(a)de = [y = ta] = / uly) 2

But if u is homogeneous of degree o, we also have

(u(ta). ) = [ altapta)ds = [ euteyplards = ug).

Therefore we make the following definition.

oDy = (u.p0)

DEFINITION 4.4. u € Z'(R") is homogeneous of degree a if
(u, ) =t*(u, ), t > 0.

O

1 1
PROPOSITION 4.5. pr och fp— are homogeneous of degree —a if a #
+
1,2,3,...

5 1 1
PROOF WHEN a = —. We have ¢;(0) = ;gp(O) and ¢;(0) = t—2g0'(0). Thus

(o) = [ mw o (7) 320 - )iz = [y=7]

1 1
— / —t5/2|x|5/2<90<x) — ©(0) — ¢/ (0))dz = 5 <fp|x|—5/2, g0> .
0
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ExXAMPEL 4.6. Compute (log|z|)".
We have

((log |z, ¢)) = — (log |zl, ¢') = —/Rs@'(ff) log |z|dx

= —lim ¢'(x) log |x|dz = hH(l) —{ [30(3:) log ‘:L‘@
€E—

e—0

|z|>€
00 dx
+ [ete)toglel] "= [ o))
€ || >e x
: dx
—tim{ [ @)=+ (ple) — p(=e)) loge
e—0 ‘I|>€ X
= lim gp(x)d—x = pv/ @da@ ,
=0 |z|>e T R L
where the last equality is a definition.
DEFINITION 4.7. <pV 1, <p> = lim @dx.
T e—0 ‘Z‘|>€ €T

If we instead differentiate log x, , we get

(logxy, ) = hH(l) — / ¢'(x)log xdx =
€E— €

=iy (~[ptoosa] "+ [ ar) <

-t ([ o) iy ([ e |

_ /“ plr) — X(:c)@(o)d%

X

where x = x[-1,1], as in the rest of this chapter.
Thus with the following

DEFINITION 4.8. <fp L,(p> :/ p(r) — X(flf)@(o)dx
0

Tt

1
we have proved that (logz,) = fp—.
Tt

1
EXERCISE 4.2. Show that fp— solves the division problem zu = H.
T

The above examples can be generalized to the following

)

©(0)

T

—€
—00

) -
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DEFINITION 4.9.

<f 1 ,¢> /°° () = P(x) — &0 D (0)x () h

ER —o0 |z
ifn=1,2,3,... and P is the Taylorpolynomial of ¢ of degree n — 2. O
1Y 11
EXAMPEL 4.10. (fp— | = —2fp— + ;0'7. a
ry e 2
PROOF.

<(fp%>' | 90> _ <fp%7 90’> _ /0°° ¥'(z) - @’(0)352— " (O)x() ,
B 1%{/6‘” 90’(17)3; 70, /61 w:;;(())dx} '

As ¢(z) — p(0) — x2¢’(0) is a primitive function of ¢'(x) — ¢’(0), an integration by
parts in the first integral implies that

() - (P,

2/°° 90(93)—90(03)—56@ / w

N iy [P0 22200 L)
and
iy > [T DA Oy, [0
5 /0 > p(x) —¢(0) - w’g) — 377" (Ox()
Hence
(10y.0) = oy - [T A=A /O b2 O,

1 1
— {( —ofp— + =5@ )
< pxi + 5 P
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1
ExXAMPEL 4.11. fp—-= is not homogeneous of degree —3 since

|z[?
X X .1’2
1 [ e(§) = 49(0) = 5E(0) = 359" (0)x(2)
P53 %t) = 3 dx
|| R ||
w1 @) —e(0) —a¢'(0) - %x%”(o)x(xt)d
I A A EE !
R
1 1 1 dx
= (If we assume that t > 1) = — <fp—, gp> + —go”(O)/ —
t3 |z[3 2t3 1<jal<t 7]
1 1 logt
= —(fp— "(0)——.
3 < p|x|3,so> +¢"(0)—3
(Il
EXERCISE 4.3. What happens if ¢t < 17
EXERCISE 4.4. Is fpz—lg, homogeneous of degree —37
N-1
EXERCISE 4.5. Show that the equation 2V u = 0 has the solution u = Z cn 6.
n=0
Since 2V fprN = 1, Exercise 4.5 implies that the equation 2V« = 1 has the gen-
N-1
eral solution u = fp— + Z ¢,0 . In the same way the equation (z — a)Nu = 1
x
n=0
1 — 1
has the solution u = fp @—a)V + HZ:O cn0y" . where fp @ —a)" is defined in the

same way as fp—.
x

Now we can solve the division problem Pu = 1, where P is a polynomial of
one variable. In a neighborhood where P # 0, u = 1/P is a nice function. So the
the only problem is to understand 1/P near a real zero a of P. But there we have
P(z) = (r—a)"Q(x) where Q(a) # 0. Hence, near x = a, we have (z—a)"Q(z)u =

1
1. This is satisfied if Qu fp(x ) Hence u Q@)fp(x — o)
near x = a. By Theorem 2.9, u is a well defined distribution on R that solves
Pu=1.

EXERCISE 4.6. H 3.1.14
EXERCISE 4.7. H 3.1.20

solves Pu =1

EXERCISE 4.8. Let u be a continuous function on R™ \ {0} that is homogeneous of degree —n.
Show that we can define a distribution pvu by

(pvu, p) = lim u(x)p(z)dz,

e—0 ‘CE|>E
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if and only if [, _, u(z)do(z) = 0.

z|=1

EXERCISE 4.9. An alternative method to define fp 29 is by analytic continuation. If ¢ € Z and
Rea > —1 the map

Fola) = [ avpla)ds

is analytic. Show that this map can be continued to a meromophic function in C, whose only
singularities are simple poles in —1, -2, —3,.... Compute the residues R_ of F, and show that
if we for k =1,2,3,... extend the definition of F, by

L R_y

we have
Fy(a) = (fpa,¢).
This approach gives an alternative proof that
zifpr*=H, acC
and
(fpx%) =afpz$™", a#0,-1,-2,-3,...






CHAPTER 5

Fundamental solutions of the Laplace and heat equations

DEFINITION 5.1. Let P(D) be a differential operator. A distribution E with
P(D)E =4, is called a fundamental solution of P.
O

In Example 3.2, we saw that the Heaviside function H is a fundamental solu-
tion of d/dx. A little more general, H(zy)--- H(z,) is a fundamental solution of
O1...0y.

In this chapter we will treat the Laplace operator

" 9%u

27
i=1 O;

0 U = 0%u

To accomplish this we need to be able to integrate by parts in R", and we remind
the reader about

Au =

and the heat operator

Green’s identity.

ov ou
/Q (uAv — vAu) dx = /69 (u% - Ua_n) do

where 0/0n is the exterior normal derivative.
THEOREM 5.2.

1
— log ||, n=2,
Blx)=4¢ "

Cwp(n = 2)]z[2

1s a fundamental solution of the Laplace operator in R™.

n >3,

(wy, is the surface measure of the unit sphere in R™.)

EXERCISE 5.1. Compute w, in terms of the I" function,
o]
T'(s) :/ t*"te~tdt, Res > —1.
0

EXERCISE 5.2. Visa att AE(z) =0 om z # 0.
29
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PRroOOF.

(AE,p) = (E, Ap) = lim EApdx

e—0 |$|>E

= Exercise 2 = lim (EAp — ¢AE)dz = Green’s identity =

e—0 |IE|>E
. dp oF .

We only consider the case n > 3, and leave the case n = 2 as

EXERCISE 5.3.

We have
1
|]|<C‘g@ 2wnen_1—>0,e—>0,
Nl €'
and as 0/0n = —0/0r,
oE 1 —(n—2)
11, = / —do = — / T do(x
|z|—e(pa7" (n —2)wn Jig) (@) ||t (@)
©(0) / do(z) 1 / do(x)
= — 0
o [ @ e
— ¢(0),e = 0
O
THEOREM 5.3.
1 |z[*
—_ ——), t>0
Blat) = 4 ey ") 170
0, t <0,

is a fundamental solution of the heat equation in R™1.
EXERCISE 5.4. Show that (& — A,)E(t,z) = 0if t # 0.

PROOF. Let ¢(x) = E(z,3). When n = 1, this is the density of a N(0,1)
distributed stochastic variable and, when n > 1 the product of n such densities.
Furthermore, E(x,t) = ¢ g(x) and thus [, F(z,t)de = 1 for all ¢ > 0 and
E € Li (R"1). Now

<8—E,gp> = — <E > hm / dx/ &Odt
at n t>e
= lim{/ E(x,e)p(x, e dw+/ / go—da:dt}
=0 n Rn Jt>e
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and

(ALE, ) = (E, Ayp) —hm/ / EAxgpdxdt—hm/ / A,Epdxdt .

Thus
(Gimar)2e)
_lii%{/nE(xE xedx+/n/ ( AE)dxdt}_

= Exercise 4 =lim [ E(z,¢€)p(x,€)dx.

e—0 R™

Since E(x,t) = ¢ () is an approximate identity, we ought to have

I = / E(x,e)p(x,e)dx — ¢(0), € — 0.

This does not follow directly from Theorem 1.3.1 since the support of E(x,¢) is
not compact and ¢(z, €) depend on e. But the change of variables 2 = v/2e y gives

o(x)p(V2ex, €)da .
Rn
Since ¢ € L' and |¢(v2ez,€)| < ||¢|s, we get by dominated convergence
lim I, = o(z) lir% o(V2ex,€)dr = é(x)e(0,0)dz = ¢(0) .
Rn €— R

e—0

1
EXERCISE 5.5. Show that — is a fundamental solution to ; in C.
Tz Z

0
EXERCISE 5.6. Compute %log |z| and Alog|z| in C.

EXERCISE 5.7. H 3.3.9
EXERCISE 5.8. H 3.3.11
EXERCISE 5.9. H 3.3.12






CHAPTER 6

Distributions with compact support

THEOREM 6.1. Assume that w € 2'(2) has compact support. Then u has
a unique extension to C(QQ) that satisfies u(v) = 0 if suppu and supp ¢ are
disjoint.
If K is a compact set that contains a neighborhood of supp u, then there is a k
so that
u(@)] < C Y 0%l » € C™(9Q). (6.1)

laf <k

PRrOOF. Take x € C3°(K) with x = 1 in a neighborhood of suppu. If ¢ € Cg°,
then according to Theorem 2.12

u(p) = ulxe + (1 = x)¢) = ulxe) + u((l = x)¢) = ulxp).
Thus
u(p) =u(xyp), ¢ € C™
defines an extension of u. (1) follows by Leibnitz’ rule.
Assume on the other hand that u; is an extension to C*°. The condition on the
support implies that u;((1 — x)¢) = 0, and consequently u;(¢) = ui(xp) = u(xp)

and thus the extension is unique.
O

REMARK 6.2. Exercise 2.6 shows that it is not always possible to take K =
suppu in (1). O
EXERCISE 6.1. State and prove a converse of Theorem 1.

Thus by Theorem 1 we can identify distributions with compact support with
the linear functionals on C'*°(2) that satisfies (1). These distributions are denoted
&'(Q).

33






CHAPTER 7

Convergence of distributions

DEFINITION 7.1. A sequence u; € 2'(Q2) converges to uw € 2'(2) if

ui(p) = u(p),j — oo,
for every test function ¢ € 2(2). We denote this by u; — u in 7' O

If uj = win &', we also have 0%u; — 0%u in 2’ for every multiindex . We

write uw = ) u; in &' if the partial sums converges in &’. If the series converges,
it is differentiable and we have 0%(> u;) = > 0%u;.

REMARK 7.2. Convergence in &’ is a "weak” condition, if for instance f; — f
in L? then f; — f1 2. O

EXERCISE 7.1. Prove that.

DEFINITION 7.3. u; € 2'(2) is a Cauchy sequence in 2'(Q) if uij(p) is a
Cauchy sequence in C for every ¢ € 2(Q).

THEOREM 7.4. 2'(Q) is complete.
Since u;(¢p) is a Cauchy sequence in C, the following limit exist
u(ep) = lim u;(p),
j—o0

and defines a linear functional on Z(£2). The difficulty is to show that u is a distri-
bution, i.e. that u satisfies the norm inequality (2.1), or the equivalent formulation
in Theorem 2.4. This is a consequence of the Banach-Steinhaus theorem. The
Banach-Steinhaus theorem is a standard result in functional analysis. But for the
readers benefit(?), we prove it here.

Let K be a compact set in 2. We shall study the space X = Xg =
{p € C*(Q);supp ¢ C K}. We introduce a metric on X by

(o1, _ o~k o1 — @2llk 7
o) =2 2 T

where [[o][x = 3, < SuPk [0%¢| and put [l¢| = d(p,0).
Observe that if € > 0, and we take N = N, so that Y5, ;27" < £, then

N N
_ € _ € €
lell < § 27 el + 5 S E 27 lellw + 3 S ol + 5 <€
k=1 k=1

35
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if [olln < 5.

EXERCISE 7.2. Show that d is a metric on X.
EXERCISE 7.3. Show that X is complete.
EXERCISE 7.4. Show that ¢; — 0 in Z(K) if and only if ||¢;|| — 0.

EXERCISE 7.5. Show that if ||p;]| — 0 in Z(K), there are positive numbers ¢; with ¢; — oo but
lejeill = 0.

The Banach-Steinhaus theorem. Let A, be a family of linear functionals on
X with |Aop| < Collell. Then, either
1) there are r > 0 and C' < oo with

sup [Aqp| < C
for all p € X with ||p|| <71,
or

2)  sup, |Aap| = 00 for some p € X.

Now we can complete the proof of Theorem 4. Take ¢ with support in K.
Since u;(p) converges, 2) can not hold. Thus 1) holds, ie.

[u()] < sup |u(p)] < Cif [lof| <.
J

Hence if ¢, — 0in Z(K), k — oo, Exercise 7.5 implies that there are ¢, — oo and
|u(crpr)| < Cif k is large enough. Thus |u(py)| < % — 0,k —o00,ie. ue 7.
O
The Banach-Steinhaus theorem is a consequence of

Baire’s theorem. Assume that X is a complete metric space. Let Vi, Va, ... be
open dense sets in X. Then N;V; is non-empty.

PROOF. Let B,(¢) = {¢ € X:;d(p,¢) < r}. Since V; are open and dense

we can successivly choose ¢; and r; with r; < % such that B, (¢1) C Vi and

B, (¢;)) CViNB,, (¢i1),1=1,2,3,....
If i,5 > n, then ¢;,¢; € B,, (¢,), and therefore d(¢y, ¢;) < % Thus ¢, is a
Cauchy sequence, and ¢, — ¢ for some ¢y € X. But ¢; € B, (¢,) if i > n.

Hence ¢g € B,, (¢,) C Vyfor all n and ¢y € NV;. O
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PROOF OF THE BANACH-STEINHAUS THEOREM. Let ¢(¢) = sup [Aqp|. ¢ is
lower semi-continuous, and hence V,, = {¢;¢(¢) > n} is open. If some Vi isn’t
dense, then there are oo, r with B,.(yg) C V ie.

(@ llp = ol <r} C Vi
Thus if ||¢|| < 7, then |Ay(po + ¢)| < N. This implies
[Aatp] < [Aalp 4+ @0)l + [Aapo] < 2N = Cif [lgf| <.

On the other hand if all V,, are dense, then there are ¢ € NV,,, ie. ¢p(p) = oo
or sup,, |Ayp| = co. O

THEOREM 7.5. Assume that u; — ug in 2'(Q) and that u; > 0. Then u;
converges weakly to a positive measure uy.

PROOF. Since ug is the limit of positive distributions, ug is a positve distribu-
tion. By Theorem 2.7, w is a positive measure. If x € C§° is equal to 1 on K, the
proof of Theorem 2.7 gave the estimate

[u; ()] < 2u;00) [ @l
when ¢ € C§° is supported in K.
Since u;(x) — uo(x), we have sup; |u;(x)| < C, and we obtain
[uj ()] < Cllglloo, v € C5° 15 =0,1,2,...

By taking limits, compare Theorem 2.5, this also holds when ¢ € Cj.
Now let ¢ € Cp. We have to prove that u;(¢) — ug(p), j — 0o. Take ¢, € C§°
whit ¢,, — ¢ uniformly. Then

|1 (@) = uo(@)] < Ju;(p) = ui(pn)] + [uj(@n) — uolen)| + [uo(pn) — uo(p)|
= [u;( = @n)| + [u;(n) = uo(en)| + [uo(en — ©)|
< 2C¢ = @nll + [u;(pn) = uo(n)l -
Hence
Iim Ju;(ip) = uo(p)] < 2Clp = pullos <€
if n is large enough.
O

EXERCISE 7.6. Assume that f is analytic in Q = I x (0,9) C C, where I is an open interval.
Show that if [f(z)| < C|Imz|™N, then f(z + 0) = limy_o f(z + iy) exists in the distribution
sense and f(x +1i0) € Py, ,(1).

EXERCISE 7.7. Compute

1 1
a) 7wt o
and
) 1 1
710  7+i0°

EXERCISE 7.8. H 2.5
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EXERCISE 7.9. H 2.6

EXERCISE 7.10. H 2.7
EXERCISE 7.11. H 2.9
EXERCISE 7.12. H 2.16

7. CONVERGENCE OF DISTRIBUTIONS



CHAPTER 8

Convolution of distributions

Ifue L, and ¢ € C§°, then ux ¢(x) = [u(y)e(z — y)dy. This motivates the
following

DEFINITION 8.1. Ifu € Z'(R™) and ¢ € Z(R"), then

u* () = (uy, p(x —y)).
O

The notation (u,,p(r — y)) means that the distribution u acts on the test
function y — ¢(x — y). Sometimes we also write (u, (x — -)).

REMARK 8.2. This definition can also be used in the case where u € &'(R"),
p € C*(R"™). O

THEOREM 8.3. Ifu € Z'(R") and ¢ € Z(R"), then
a) uxgp e C*(R")

b) supp(u * ¢) C supp u + supp ¢

c) 0%(u* ) =ux*d% = (0%) * ¢

PRrROOF. We first show that u * ¢ is continuous. Let © — xq. If |z — x| < 1,
then y — p(z — y) has support in a fixed compact set. Furthermore
Ig(p(r —y) — ¢(ro —y)) = 0, ¥ — 20, uniformly. Hence ¢(x —y) = ¢(r0 — ¥),
in 9 when © — 1z, and we get u * p(x) = (uy, p(x — y)) = (uy, p(xo —y)) =
u* o(zg), T — Xg.

Since u * ¢ is continuous, to prove b) it is enough to show that if x ¢ suppu +
supp ¢, then u x ¢(x) = 0. But if 2 ¢ suppu + supp ¢, there are no y € suppu
with  — y € suppg. So there is no y with y € suppu and y € supp p(x — ).
Hence supp u N supp p(xz — ) = 0 och u * ¢(z) = 0.

The proof of the second equality in ¢) is simple.

0wk p(x) = (0%, oz — y)) = (=1)1"uy, O p(z — y)) =
= (uy, ' (z — 1)) = ux (9%)(x).

The first equality follows by induction if we can prove it in the special case
a = (1,0,...,0). Thus it is enough to show that

lim l(u * p(x + hey) —ux* p(x)) = uxip(x).
h—0 h

39
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Let ¢pp(y) = %(SO(erhel—y)—go(x—y)). Then %(u*gp(qj—i—hel)—u*gp(x)) = u(da).
But ¢, x(y) — %(x —y) 1 2. Hence 0%(u * ¢)(z) = limp_0 (¢ ) = uy(g_;’;( _
y)) = u* op(x).

Since a) follows from c) the theorem is proved. O

EXERCISE 8.1. Show that ¢, 5(y) — %(x -y)ig.

EXERCISE 8.2. Show that the convolution of functions is associative.
THEOREM 8.4. Ifu € Z'(R™) and ¢, € Z(R™), then (ux@)*1) = ux(p*1).

REMARK 8.5. If u € &'(R™), it is enough that one of ¢, has compact
support. O

Proor. We have
)

wr (< 0)e) = (g 9 0 = ) = (. [ ol =y = Dole)a) £

n

2

L[ twto—y - )00t = [ wrple - oo
— (ux ) * o).

To prove that - holds, we approximate the integral with its Riemann sum. By

Lemma 6 below the Riemann sum converges to the convolution in ¢ and thus =
holds. 0

LEMMA 8.6. If ¢ € CJ(R") and ¢ € Co(R"), then

> oo — kh)yp(kh)h" — @ = (x) i CY,

kezn

as h — 0.

PrOOF OF LEMMA 6. The sum is supported in supp ¢ +supp . The function
(z,y) — o(x —y)(y) is uniformly continuous. Hence the Riemann sum converges
uniformly to ¢ * ¢ (z). Since 0%(¢ * ¢) = 0%p * 1 om |a| < j, this also holds for
the derivatives. O

THEOREM 8.7 (Regularisation of distributions.). Let u € Z'(R"™) and ¢s be an
approzimate identity. Then u* ps — u in P'(R™),0 — 0 .

PROOF. Define @7) by 1vﬁ () = ¢Y(—x). Then u(y)) = ux @7) (0). By Theorem 2,

this implies

us(1) = wx ps(t) = (wx ps)x & (0) =

\%

=u* (psx 1 (0) .
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But, since s is an approximate identity, ps* p—1 in Z(R"), § — 0. Hence

lim s (1) = lim s (5% ) (0) = ws 1 (0) = ()
OJ

EXERCISE 8.3. Let u € 2'(Q2). Show that there are C§° functions u,, with u,, — u in 2'(Q), n —
0.

EXAMPEL 8.8. An alternative proof that u is constant if v’ = 0.

Let us = u* ps € C*. Then uf = v’ * ps = 0% ps = 0. Hence us = Cs. But
us — uwin ', and Cs5 — C for some constant C' and u = C. O
EXERCISE 8.4. Let u € 2'(R). Show that

a) If &' > 0, then wu is an increasing function.
b) If u” > 0, then u is a convex function.

ExXAMPEL 8.9. Harmonic functions.
If u € C?*(R") satisfies Au = 0, we say that u is a harmonic function. Harmonic
functions satisfies the mean value property.

1
") =15 @ s

In R?, this follows from the Cauchy integral formula since a harmonic function
locally is the real part of a holomorphic function. The general case follows from

u(y)do(y).

EXERCISE 8.5. Prove the mean value property.

Hint. We may assume that z = 0. First apply Green’s identity to the functions v and 1 on
B, = {|z| <r}, and then on v and E (E is the fundamental solution of A) on Q. = {e < |z| < 1}.
Let € — 0. (A different proof is given in Section 17.2.)

THEOREM 8.10 (Weyl’s lemma). Ifu € 2'(R") and Au = 0, then u € C*> and
Au = 0 classically.

PROOF. Let @5 be an approximate identity, p(z) = ¢(|z|), ¢ > 0 and [ ¢ = 1.
Put us = u* ps. Then us € C*° and Aus = (Au) * ps = 0% ps = 0. So us satisfies
the mean value property. Hence

ugs * p(x) = /000 " Lo(r)dr /Sn1 us(x — rw)do(w)

= wus(a) / () dr = us(e) / pl)dy = us(a)

Thus us = us * . Now let 0 — 0. We get u =uxp € C® and Au = Au*x ¢ =
0% =0. U

Next we will define the convolution of two distributions. We want to do it in
such a way that the associativity is preserved. To be able to do that we assume
that at least one of the distributions has compact support.
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DEFINITION 8.11. Assume that u,v € Z'(R"), and at least one of them has
compact support. Then uxv is the (uniquely determined) distribution that satisfies

(uxv)xp=ux(vrp), ¢eIR").
O

Is this a definition?

We first observe that u x (v * ) is well-defined. If v has compact support, then
vxp € P and u* (v ) is well-defined by Definition 1.1. On the other hand, if u
has compact support, then vxp € C and u*(v*y) is well-defined by Remark 1.2.

That there is at most one U = u * v is also clear. Namely, if there were two
such distribution U and [7, then Uk =ux* (vxp) = U * p and U(yp) = Ux @ (0)
= Ux ¢ (0) = U().

To show the existence we will study the map ¢ — u * .

PROPOSITION 8.12. Let T'w = u * . Then we have
a) If u € Z'(R™), then T is a continuous linear map Z(R™) — C>*(R").
b) If u € &'(R™), then T is a continuous linear map Z(R") — Z(R™) and
C>®(R") — C>(R").
PROOF. We prove a) and leave b) as an exercise. Thus we assume that ¢; — 0
i Z(R™) and shall prove that 0%(u * ¢;) — 0 uniformly on compact sets. Since
0%; — 0in Z2(R") if p; — 0 in Z(R"), and 0%(u * ¢;) = u * 0%p;, we may
assume that o = 0. If = is contained in a compact set and if all ; are supported

in another compact set, then also y — ¢;(x —y) is supported in a fix compact set.
Thus

[u ()] = [ulps(e =) < C Y 0%z =)o — 0, j = o0,

|| <k
OJ
EXERCISE 8.6. Prove Proposition 10b).

Let 73, be the translation operator, 7,¢(x) = ¢(x — h). Then we have

PRrROPOSITION 8.13. Conwvolution and translation commutes.

PROOF.

wx Tho(x) = (uy, Tp(x — y)) = (uy, p(x — h —y))
= uxp(x — h) = 7h(uxp)(z).

OJ

An important converse of this is

THEOREM 8.14. Assume that T is a continuous linear map from Z(R™) into
C*>®(R™) that commutes with translations. Then there is a distribution u € Z'(R™)
with

Teo=uxp, ¢ecPR").
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\%

PROOF. If T = u * ¢, then in particular u(yp) = ux @ (0) = T ¢ (0). We
therefore define u by
u(p) =T ¥ (0).
The continuity assumption implies that u is a distribution. Furthermore we have

w p(h) = (u,o(h — 2)) = (u, 7 ¢) = T((7, ¥)")(0)
= T(r_40)(0) = 7 T()(0) = Tip(h) .
[l

The above results implies that Definition 11 is a definition. Proposition 12
shows that ¢ +— wx* (v * ) satisfies the conditions in Theorem 14 and, u v is this
distribution. a

REMARK 8.15.

a) If v e Z(R"), Definitions 1 and 2 coincides.
b) If both u and v have compact support, then (u % v) * ¢ = u* (v * ) for
all p € C*(R"™).

EXAMPEL 8.16. u*J = u since (u*0) x ¢ = ux (0 * ) = u * . O
THEOREM 8.17.
a) ukv=0v*u
b) supp (u*v) C suppu + suppv
c) ux (vkw)=(uxv)*xw
if at least two of the distributions have compact support.

PROOF. a) To show that two distributions U and V' coincides, it is enough
to show that U x (o x¢) = V x (¢ x¢), if p, € P(R"). Namely, in that case,
Usxp)xp =Ux(p*x1) =V x(px1p) = (V %) *1, according to Theorem 2.
This implies U x o =V x ¢, and U = V.

Now

(uxv)* (px1) =ux (Vs (@x)) =ux((vxp)*)
=ux (¥ * (V@) = (uxy)* (vxp).
If v has compact support, the last equality follows by Theorem 8.2. If v does not

have compact support it follows from the next exercise.
We also have

(vru)* (px1) = (vru)* (Vxp) = (Vxp)x(uxp) = (uxp)* (vxp),
and a) is proved.

b) By the commutativity we may assume that v has compact support. Define
v by (v,p) = <v,sv0>. If € supp (u * v), there is to every ¢ > 0 a function
¢ € DR, suppp C {y;|z —y| < €} = O, with 0 # u * v(p) = u* vz ¢ (0)
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= u((vx QVD)V) — u(v *p). So E = suppu Nsupp (v @) # 0. Let y € E. Then
y € suppu och y € supp v xg, or y = —z + x + 6, where z € suppv and |§| < .
Thus x =y + 2z — 9 € suppu + suppv + O.. Now let € — 0.
c¢) Assume first that w has compact support. Then w * ¢ € &, and we get
(uxv)*xw)x@=(uxv)*(w*p)=ux*v*(wep)).
But also,
(usx (v*xw))xp=ux((vxw)x*p)=ux*(v*(w*ep))
and hence u * (v *w) = (u*v) * w.
If w does not have compact support, both v and v have, and a) implies

ux(Vxw)=(vxw)xu=0v*(w*u)=(w*u)*v
=wx* (uxv) = (u*xv)*w.
U
EXERCISE 8.7. Show that ux (Y * @) = (uxy) xpifue & ¢ € P and p € C°.
THEOREM 8.18. 0%(uxv) = 0%u*xv = ux0* if at least one of the distributions
have compact support.
PROOF. If u € 2'(R"), we have 0%u = 9“0 * u, since
uxp=ux0% =ux* (§%x0%) =ux* (00 * ) = (ux0%0) * .
Using this we get
O(uxv)=0% * (u*xv) = (0% *xu) *v = 0% *v.
The second equality follows from Theorem 15a). U

THEOREM 8.19. Assume that u € 9}, and v € C¥ (oru € &, v € C*). Then
u v is the continuous function x — (u,,v(r —y)).

PROOF. If z — z¢, then v(x — ) — v(xo — -) in CF. But u is continuous on
Ck, and we get (u,,v(r —y)) — (uy,, v(xg — y)). Thus h(z) = (uy,v(z —y)) is a
continuous function.

According to Definition 9, (u*v)*1 = ux (v*1). As in the proof of Theorem 2
one can show that h 1 = u* (v*1). Hence h = u x v.

O

EXERCISE 8.8. Let u,v € 2'(R) with support in {x > 0}. Define u * v.
EXERCISE 8.9. H 4.2.1

EXERCISE 8.10. H 4.2.2

EXERCISE 8.11. H 4.2.3

EXERCISE 8.12. H 4.24



CHAPTER 9

Fundamental solutions

Let

P = Z a0

la|<N
be a differential operator with constant coefficients and E a fundamental solution
to P,ie. E € 2'(R") and PE = §. Then

P(Exf)=f, [fed&R"), (9.1)
and

ExPu=u, wuedé&'(R"). (9.2)
Thus E is both a left and a right invers to P on &”. (But on different domains,
so it does not imply that P is bijective.) So (1) gives a solution u = E x f of the

equation Pu = f if f has compact support. (2) can be used to study regularity of
solutions of Pu = f.

REMARK 9.1. In Chapter 14 we will show that every differential operator with
constant coefficients has a fundamental solution. O

In Chapter 5, we obtained fundamental solutions to the Laplace and heat
equations. Another example is that

(zy...2,)k /(K" all z; >0
0 otherwise,
is a fundamental solution to Py, = OFF! .. 9%+, Using this we can prove
THEOREM 9.2. Ifu € &) (R"), there is a continuous function f with
Ot O f =,

PrROOF. E,, .1 is a fundamental solution to P,,,o. Thus f = E,, 1 * u satisfies
Piof = u. By Theorem 8.17, f is continuous. U

A corollary of Theorem 2 is the following representation theorem for distri-
butions.

THEOREM 9.3. If u € 2'(Y), there are functions f, € C(Q2) with
u=y 0fs
in 9'. The sum is locally finite, and if u has finite order the sum is finite.

45
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PROOF. Choose a partition of unity ¢; € Cg° and x; € C5° with x; = 1 on
supp ;. This can be done in such a way that ¥y; is locally finite. We get

u(p) = Z%U(@) = ZXW(%@-

The distribution y,;u has compact support, and hence finite order. Theorem 2
implies that x;u = 0% f;, f; € C'. Hence

u(p) = Zaaifi(wiSO) = Z(—l)‘ai| - fi0% (i) dx .

If we compute 0% (¢;), we get

RS WEILY IETEES 3 SLINOE

Finally, we let fo, =, fia- O

To study the regularity of solutions of the equation Pu = f, we want to study
the set where u is not C*°.

DEFINITION 9.4. The singular support of a distribution u € 2'(Q) is denoted

sing supp u, and consists of those points in € that have no neighborhood where u
15 C°. O
sing supp u is the smallest closed set such that u is C*° in its complement. It

is clear that sing suppu C supp u.

THEOREM 9.5. Ifu,v € 2'(R™), and at least one of them have compact support,
then

sing supp(u * v) C sing supp u + sing supp v. (9.3)

PRrROOF. Put u; = w and us = v. Let us first assume that both distributions
have compact support. Let K; = singsupp u;, and €2; a neighborhood of K, and
take ¢; € C§°(€);) with ¢; =1 on K;. Then

uy % ug = (Prug + (1 —r)ur) * (Paug + (1 — tho)ug)
= Yruy * Poug + Yrug * (1 — o)uy
+ (1 — ’lb1>ul * 'leUQ + (1 — wl)ul x (1 — ¢2)u2.
Since (1 — v¥;)u; € C§°, Theorem 8.1 implies that the last three terms are C°.
Thus
sing supp(uy * ug) = sing supp(¥1u; * Yous)
C supp(Y1u1 * puz) C supp ¥y + supp ¥y C Q + (2.
If we let ©; | K;, we obtain ((9.3).
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If only one of the distributions have compact support, we can by Theorem 8.15
asssume that v € &”.
To show that sing suppu * v C sing supp u + sing supp v, it is enough to show
that singsupp u * v N By(z) C (singsupp u + sing supp v) N By (z) for each € R™.
Take R > 1 so large that suppv C Bg(0) and |z| < R, and choose x €
C°(Ber(0)) with x = 1 on Bsg(0). Put uy = xu and uy = (1 — x)u. Thus
u = uy + uy where u; has compact support and supp us C BSr(0). Then supp us *
v C BE,(0) + Br(0) € B$R(0) and By (z) C Byr(0). Hence up x v = 0 on By(x).
Since both u; and v have compact support, we get
sing supp (u * v) N By(z) = singsupp (uy * v) N By(z)
C (sing supp uy + singsuppv) N By (z),
and the theorem is proved. O
THEOREM 9.6. If P has a fundamental solution with supp E = {0}, then
sing supp u = sing supp Pu, u € &'.

REMARK 9.7. The converse is also true. Thus if there is a fundamental solution

with singular support at the origin, then this is true for all fundamental solutions.
O

PROOF. sing supp Pu C sing supp v allways holds since Pu is C* if u is.
For the other inclusion, we first observe that if u has compact support, then
u = E % Pu and by Theorem 5
sing supp v C sing supp £ + sing supp Pu = sing supp Pu.
If w is not compactly supported, take ¢» € C§° with ¢ = 1 on an open set (2. Then

sing supp Yu C sing supp P(¢u).

But on ) we have P(¢u) = Pu and ©¥u = u, and the result follows. O

A differential operator P is called hypoelliptic if every solution u of Pu = f is
C* if f is. Theorem 6 thus implies that P is hypoelliptic if P has a fundamental
solution E with singsupp £ = {0}.

The Laplace and the heat operators are hypoelliptic. In Chapter 12, we will
show that all elliptic operators are hypoelliptic. The Laplace operator is elliptic
but not the heat operator.

EXERCISE 9.1. Let P be a polynomial of one variable. Show that P(%) has a fundamental
solution.

EXERCISE 9.2. H 4.4.3
EXERCISE 9.3. H4.44
EXERCISE 9.4. H 4.4.5
EXERCISE 9.5. H 4.4.6
EXERCISE 9.6. H 4.4.9






CHAPTER 10

The Fourier transform

If u is a "nice” periodic function with period T', u can be written as

= Z cpe?mimel/T (10.1)
Then

U( 727rwx/T E :C eZTrzm V)CC/T

and integration over [—Z, Z] gives formally that

Tec,

2 )
/ u(x)e—sz/m/de

_ / 727riu:v/le,
T
2

¢, are the Fourier coefficients of u. (1) is the inversion theorem. We also have
Parseval’s identity

1
>l = o-lull

How can this be generalised to R"? Let us first consider the case n = 1. Let
u € C§°(R) and choose T' so that suppu C (—%,%). Let ur be the periodic
extension of wu,

Zu(w — kT).

kEZ

or

up(z)

Then we have

!

!

1 )
cr(v) = —/ u(x)e 2 /T gy,
T )
Thus for |z| < £

5, (1) implies

u( — uT § :CT 27m/:1:/T.

Define
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We observe that cr(v) = %u(%2%), and we can write

T TO\T
B L 270 orier 1 2m_ 2Ty o 2mw
“(x)_VT“<T)e T L 7T
This is a Riemann sum of the integral
1 .
i -~ zﬁmd
So, if we let T' — oo, we obtain
1 )
= — [ u(¢)e de. 10.2
) = o= [ ) (10.2)

With some care, the above argument can be used to prove (2) when w is a nice
function. We will not do this, but instead prove (2) (and its generalization to R")
directly. The theory for Fourier series will then be a corollary of the theory of the
Fourier transform.

DEFINITION 10.1. Assume that f € L'(R"™). The Fourier transform of f is
defined by

o~

&)= | fla)e ™ da,
R™

where x&§ =Y ) ;& We sometimes write F f instead of f

We will prove the following important properties of the Fourier transform.
I. The inversion formula. If f and f € L!, then
1 ~ .
f(z) = GE3
(2m)" Jgn
1. Parseval’s identity. If f € L' 1 L2, then f € L2 and ||f[|> = 25| fll2-
1L If f,g € L', then (f % g)" = f §.

~

IV. F(P(D)f)() = P(§)F(€) where D; = —id);.

EXERCISE 10.1. Prove the Riemann-Lebesgue lemma: If f € L', then f is continuous and
f(&) — 0 when [¢] — oc.

EXERCISE 10.2. Prove III and IV.

To solve the constant coefficient differential equation P(D)u = f, we can use

I and IV. By Fourier transformation, we get P(§)u(§) = J?(é) Thus u(§) =
f(g)/P(f) and u = f‘l(f/P). To be able to use this method "often”, we want to
extend the Fourier transform to distributions. As a motivation for the definition,
we observe that, by Fubini’s theorem we have
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PROPOSITION 10.2. If f,g € L', then fgdr = fg dzx.
R” R

EXERCISE 10.3. Prove Proposition 2.

Hence for a L' function we have

(f,o)=[ fede= [ fpdx={(f D)
Rn Rn
It is therefore natural to try to define & when u € 2’ by
(U, ) = (u, ®). (10.3)

But if ¢ € 2, # 0, then » can not have compact support and hence @ ¢ 2. So
we can not define u by (3).

So what to do? Well, we will consider a different class of test functions, that is
preserved by the Fourier transform. This is the Schwartz space ., that consists
of C*° rapidly decreasing functions.

DEFINITION 10.3.

(a) ¢ € L (R™) if o € C™ and sup,epn (1 + |2]?)*|0%p(x)| < 0o for all k and
a.
(b) ¢; = 0 in 7 (R") if

sup (1 + [2[*)*10%p;(2)] — 0
TER™

for all k and . a
DEFINITION 10.4.

(a) A tempered distribution on R™ is a linear functional on ., such that
u(pj) = 0 when p; = 0 in 7. We writeu € .
(b) A sequence u; € /" converges to u € " if

ui(p) = u(ep),
for every testfunction p € 7.

O

To show that (3) works as a definition of the Fourier transform if u € .’ we
need to study the Fourier transform on .. We start with the following

ProrosiTION 10.5. If f,g € .7, then
a) Fla®f(x)) = i*0"f

—

(b) (0°F)\(€) = (i€)° [ ()
(©) f)1(6) = 119
(@) Fle f(2)) = ]

(©) (M) = Jlag)

(1) (f(ax))" = (Fa
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(2) /nfg— N fg

(h) xg) \=f37
and N

(i) e

EXERCISE 10.4. Prove Proposition 5.

THEOREM 10.6 (The inversion theorem). If f € .7, then

_ 1 7 7
@) = e | e Fiepde (10.9

To prove this we need to find one function that satisfies (4). Then (4) follows
in general by Proposition 5. We make the choice G(z) = e~ 1#*/2,

LEMMA 10.7. G = (27)"/2G.

ProOF. By Fubinin’s theorem it is enough to consider the case n = 1. G
satisfies the differential equation

G'(z) + 2G(x) =

If we take the Fourier transform of this equation, Proposition 5 (a) and (b) implies
i6G(§) +iG'(€) =

or
G'(€) +£G(e) =

Hence G(€) = CG(€). If we let € = 0, we get

C=G(0) = / e Pdr = \/2r.
R

O
EXERCISE 10.5.
a) Prove Lemma 7 using the Cauchy theorem.
b) Prove Lemma 7, letting £ = ¢ € C, and compute G(in).
PROOF OF THEOREM 6. @ ) (G)5 is an approximate identity (but without

compact support). Proposition 5 f) and g) implies that

o [ f@@tarts = o [ TG

Letting 0 — 0, we get

EXERCISE 10.6. Prove this.
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If we apply this to 7_, f, we get

=T _ o f)) _ F(&)eE
Fa) = a0 = o [ (a0 = o [ Fgemag

REMARK 10.8. If we only assume that f € L', then

! )s(x) = G _ ! B o) in€ —B2IEP
(27r)nf * (G)s(x) = o) o fx +vy)Gs(y)dy = L. F(&)e e 24¢.
This implies
iy P I
o) =i o [ Flegete e g

with convergence in L.
In particular, if f € L', then

@) = G [ T ae
O
THEOREM 10.9 (Plancherel). If ¢,¢ € .7, then
[ oidr= o [ e
COROLLARY 10.10 (Parseval). If ¢ € .7, then
16]]2 = e )n/2||¢||2
PROOF. Proposition 2 g) implies
plode = | Gvoda .
R™ R™
Let 2,/0\0 = 1). By the inversion theorem,
o 1 i€ 1 €
(@) = o [ el = o [ e
1 i 1=
Thus oY = ! ;5 1? The corollary follows by taking ¢ = ¢ U
R (2m)" Jrn
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REMARK 10.11. The Parseval formula also holds if ¢,v € L?. We will prove
this in the next chapter. O

To prove that @, defined by u(p) = u(@), is a tempered distribution we need
the following

LEMMA 10.12. F : ¥ = . continuously, i.e., if p; — 0 in .7, then p; — 0
in .

PROOF. Proposition 5 a) and b) implies £°0°9;(€) = ¢F(9°(z*p;(x)))(€) .
Hence

[ ey @)

sup 1£°0°3;(¢)| < esup

<c [ 10°(2p;(x))ldz — 0,
R’ﬂ

as p; — 0in .&7. O
We are now ready to make the following definition.

DEFINITION 10.13. Ifu € ., then u is the tempered distribution given by

~

u(p) = u(@).
(]

REMARK 10.14. We observe that the two definitions of fwhen f € L' coin-
cides.
O

THEOREM 10.15. The Fourier transform is a continuous linear bijection from
S to S with U = (2m)" w.

PROOF. We remind the reader that u is defined by u(p) = u(SVD) and SVO(x) =
(=), and that u; — w in ./ means that u;(p) — u(yp) for all ¢ € .. The
theorem is an easy consequence of the corresponding properties on .7

U(p) = () = u(@) = 2m)"u(¥)

and

lfuj—>U1¢5ﬁ/ ]

EXAMPEL 10.16. a) A measure p with [5,(1 + |z[*)"*du(x) < oo for some k
is a tempered distribution.

b) If f e LP,1 <p < oo, then f €. .. (Proof. Holder’s inequality.)

c) S=1and1= (2m)"0.

d) e” is not a tempered distribution. O
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PROPOSITION 10.17. If u € .¥’, then
a) (xju) = —Dju

b) (Dyu) = &

&) () (€) = exp(—ih€)(€)

and

d) F(exp(ixh)u) = m.

55

PROOF. It is easy to see that Dju,z;u,... are tempered distributions. Then

the formulas follows from Proposition 5. (Remember that D; = —i0;.)
EXERCISE 10.7. Show that e” cos(e®) € ..

EXERCISE 10.8. Show that u € .’ if and only if

(@) <C > sup(l+ [zf*)*|0%p(x)|
k+|al<N

for some N.
EXERCISE 10.9. H 7.1.10

EXERCISE 10.10. H 7.1.19
EXERCISE 10.11. H 7.1.20
ExXERrcIsE 10.12. H 7.1.21
EXERCISE 10.13. H 7.1.22
EXERCISE 10.14. H 7.6.1

O






CHAPTER 11

The Fourier transform on L2

According to Exempel 10.16 b), a function f € L? has a Fourier transform
defined as a tempered distribution. In fact we have the following result.

THEOREM 11.1. If f € L*(R?), then f € L*(R") and
fll2 = 0 )meHz

Furthermore f s given by

f(&) = lim e f(x)dx

with convergence in L?.

PROOF. Take f, € C°, f,, — f in L2 Then f, is a Cauchy sequence in L2
By the Plancherel theorem, we have
an - JEmH2 = Can - me2 — 0, n,m — oo,

Hence fn is a Cauchy sequence in L?. By the completeness of L?, we have fn — g
in L? for some g € L?. This implies that f, — ¢ in .%’. Furthermore f,, — f in
", and since the Fourier transform is continuous on ., we have f, — f in &
Hence f = g € L? and we get
1
||f||2 - hm ||fnl|2 ( )n/2 ”anQ ( )n/QHfHQ )

and the first part is proved.
Put fy = fX{«<n}- Then fy — fin L? and fy € L'. Hence

fe) = [ e
|lz|<N
and by the Plancherel theorem, we obtain

||f_fNH2:c||f_fNH2—>OJ N—>OO,

and the proof is complete.
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CHAPTER 12

The Fourier transform and convolutions

We shall show that under suitable conditions (u * v)" = u .

First we observe that ¥ C . C C*°. The inclusions are continuous, i.e. if
w; =+ 019, then p; — 0in %, and this in turn implies that ¢; — 0 in C*°.
Furthermore, & is dense in ., and . is dense in C'*°. (Show that!) Hence

&'(R") c ' (R") C Z'(R™).

DEFINITION 12.1. If u € . and ¢ € .7, we define the convolution u * ¢ by
ux ¢(x) = (uy, p(x — y)). =
THEOREM 12.2. Ifu € . and ¢ € .7, then
(a) u*x ¢ € C™ och 0*(u* @) = 0*u*x p =u* 0%
(b) ux¢ is bounded by a polynomial (and hence ux¢p € '), and (uxp)" = ¢ .
() ux(oxv)=(uxg)*xv (Y €.)

and

(d) @ ¢ = (2m)"(gu)".

SKETCH OF PROOF. (a) We assume that n = 1. The second equality is proved
in the same way as in Theorem 8.1. As in the proof of Theorem 8.1, the first
equality folows if we can prove that

¢(z +h) — ¢(x)

- — ¢/(x)inZ.

To do this is elementary but tedious. The simplest way is (probably) to use the

Fourier transform.
(b) By Exercise 10.8, we have

| ¢(z)| = [{uy, oz —y))|
<Csuwp Y (L+[y)M9% sz —y)

Y ktlal<N

<Csup Y (L+[a)o 1+ e =y 0%0(z —y)|
Y ktlal<N

< O(1+ |zH)Y.
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If ¢ € &, we also have

-~ Vv

(105 6)°(0) = (u O)(D) = (20" (ux )() = 21" [ we dla)(-a)da

= (2n)" /K(uy, Y(—x)p(r —y))dxr = Approximate with a Riemann sum =
— )", [ o(-a)oo — i) = @), [ ooy - 2)de)

= (2m) (uy, (6 0)")) = (g, (&% V)Y = A6 %)) = A(GD) = SU(D).

But 2 is dense in ., and (b) follows.
(¢) From the proof of (b), we get

Vv

ux p(v) = ul(¢x)”),
first for 1) € 2, and by continuity also for ¢ € .. This can be written
(uk @) (0) = ux (¢ ¥)(0).

The general case follows if we replace ¥ with 7_,.

(d) By (b), we have (@ )" =7 = (2m)*" pu= (2r)>"(¢u)’ = (2m)"(du).
L]

Thus, by the inversion theorem we get u * ¢ = (2m)"(¢u)
THEOREM 12.3. Ifu € &' (R™), then € C*° and U(€) = uy(e %),

PROOF. Let 1) € C§° be 1 on a neighborhood of supp u. Then v = ¥u and by
Theorem 2(d) we get 4 = (Yu) = (27) U * 1p € C=. Thus

(8) = (2m) T x (&) = (2m) (e, (€ — 7)) = (27) (¥ (z — )
= (2m) (U, e F ()
) = Uo(e7EY()) = ug(e7).
O

REMARK 12.4. In the next chapter we will prove the Paley-Wiener theorem
that gives much more precise information of u when u € &”. a

EXAMPEL 12.5. Determine the Fourier transform of pv %
Method 1. Let u = pv % Then u is the sum of a distribution in &’ and an L?
function. Thus

~ we d
u(§) = lim e
1\?380 e<|z|<N L
If £ > 0, the change of variables y = x£ implies,
—’Ly o0 .
a(¢) = lim € dy=—i / Y gy = —ir.
0 Je<lal<N Y -~ Y

N—oo
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When £ < 0, we instead get u(§) = im. Hence
u(§) = —msgné.

EXERCISE 12.1. Prove that [ S2¥dy — .

Method 2. We have Jcpvl = 1. This implies iu’ = 270, @ = —27id and
u = —2mi(H + ¢). Since u is odﬁ, so is 4. Hence ¢ = —1 och
u(§) = —imsgné.
O

In the last argument we used that if a distribution u is odd, then u is also odd.
This is clear if u € L' (a simple change of variables).

DEFINITION 12.6. A distribution u is even if u= u, and odd if u= —u. a

PROPOSITION 12.7. Ifu is an odd tempered distribution, then its Fourier trans-
form s also odd.

Proor. By Theorem 10.15

\%

2 A D R
u= (2r)"u = <(27r)’" ﬂ) =u=(uisodd) = —u.
0

In the same way we see that the Fourier transform of an even distribution is
even.

1
REMARK 12.8. The map Hp = pv — * ¢, is called the the Hilbert transform.
x

The Hilbert transform is an important example of a so called singular integral
operator. The Hilbert transform is bounded on L”, 1 < p < oo, and of weak-type

(1,1).
When p = 2, this follows from Exampel 5 and the Plancherel theorem. O

Next we will study invariance properties of the Fourier transform. Let F' :
R™ — R" be a diffecomorphism (i.e. a C'*° bijection). If u is a function, we have

/ uo F(x)p(x)dx :/ u(y) |}0/’ o F~Y(y)dy.
Therefore, if u € ', we define u o F' by
(uo F,p) = (u, 1d o 71

In particular, if F' = A is linear, then
(uo A ) = |det A|"{u,p 0 A7)



62 12. THE FOURIER TRANSFORM AND CONVOLUTIONS

DEFINITION 12.9. A distribution u is radial if wo O = w for all orthogonal
maps O.

THEOREM 12.10. If u is a radial tempered distribution, then u is radial.

PROOF. First, we observe that if ¢ € ., then

0 0(€) = 3(0€) = / e i%0% o ()i

n

.- =O*
—/ e 0" p(x)dr = Y !

n x =0y

_ / e p(Oy)dy = (¢ 0 0)\(€).

This implies
(W0 0,¢) = (U,po07") = (u,(p00")")
= <ua$00*> = <u7@ooil> = <u007(1/5> = <ua§/0\> = <aa 90>
OJ

THEOREM 12.11. If u is a tempered distribution that is homogeneous of degree
«, then u is homogeneous of degree —n — a.

PROOF. By Definition 4.4, u € .’ is homogeneous of degree « if (u,p;) =
t*(u, ¢). Therefore,

(U, 1) = (u, &r) = (ug, P(tE)) = 7" (u, (P)1)
=t (u, @) = 7T, ).
0

EXAMPEL 12.12. A fundamental solution of the Laplace operator when n > 3.

By Fourier transformation of

Au =0,

we get

—l¢lfa(e) = 1.
One solution is )

©(E) = — .

€17

Observe that @ € LL.(R") if n > 3, and that # is radial and homogeneous of
degree—2. Hence u is radial and homogeneous of degree 2 — n. This implies

u(r) = Cn

=
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Argument. 1If n = 3, then # € L' + L?, and thus u is a function. If n > 4,

then mi,Q € L' + L2, and we can argue as above using the inversion theorem.

When n = 4, we have u, = — € L' + L?, and thus its Fourier transform is a

W

constant times F and the statement follows by letting ¢ — 0.
An alternative way is to use Exercise 4 below.

EXERCISE 12.2. What is ¢,

EXERCISE 12.3. What happens if n = 27

EXERCISE 12.4. Determine all radial distributions in R™ that are homogeneous of degree «.
Hint. Consider first n = 1. Compute the derivate of (u, ¢:) = t*(u, ¢) with respect to t.
Warning. Be careful when —a=n,n+2,n+4,....

EXERCISE 12.5. What is the Fourier transform of fp |z|* in R?
EXERCISE 12.6. What is a reasonably definition of fp [z|* in R™? What is its Fourier transform?

EXERCISE 12.7. Determine a fundamental solution to the heat equation.
Hint. Determine FE(x,t), where F is the Fourier transform with respect to x € R™.

THEOREM 12.13. Ifu € . and v € &', then uxv € " and
(uxv)" =01
Proor. If ¢ € C§°, then
wkv(p) = (wxv)x @ (0) = wx (v 2 (0) = u((vx 9)") = (v #p).

To see that ux v € ., we need to show that v xp; — 0 in . when ¢; — 0 in
. Let K be a compact neigborhood of av supp v and k the order of v. Then

10° (v 50;) ()] = [{vy, 0y — )| < C D sup [0 (x — y).
ly|<k Y€
Thus
(L+ [z 0% (0 %) ()| < C > (1 + |2 Sup 07 pj(x —y)| =0, j— oo
Iy|<k Y

To compute the Fourier transform, we observe that

EXERCISE 12.8. Compute (14_112)*n and (e’IQ)*”.
EXERCISE 12.9. H 7.1.6

EXERCISE 12.10. H 7.1.7
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EXERCISE 12.11
EXERCISE 12.12
EXERCISE 12.13

EXERCISE 12.14
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.H71.9
.H71.11
. H7.1.18
. H7.1.28



CHAPTER 13

The Paley-Wiener theorem

If u € &(R™), we know that @ € C* and that
a(€) = u(e™), £ €R™.

We shall show that @ can be extended to an analytic function in C", i.e.
(Cy, .-+, Cy) is an analytic function in each variable (i,...,(,. We start with
a version of the theorem for test functions.

PROPOSITION 13.1.
(a) If ¢ € C§° and supp ¢ C {z; || < R}, then

o(¢) = / e " (x)dx
is an entire function with

[A(C)] < On(1+[¢l)~Nefimel (13.1)

for all N. )
(b) Conversely, if ¢ is entire and satifies (1), then ¢ € C3° and
supp ¢ C {z; |z] < R}.

PROOF. (a) By differentiation under the integral sign, we see that ¢ is analytic.
Furthermore, if { = & + in,

(0] < /| ol < Cet (13.2)

If we apply (2) to D%, (1) follows.

(b) Since ¢ is rapidly decreasing we can differentiate under the integral sign in
the Fourier inversion formula. Hence ¢ € C*.

Again, by the rapid decrease of q5 we can use the Cauchy theorem to change

the contour of integration and integrate along {¢;Im¢; = n;}. We get

|o(x)| =

If we let n = tx, we obtain

(2m)7" / e + im)dg| < Ce e,

|p(x)] < Cetel(zl=R).
65
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Thus if |z| > R, and we let t — 0o, we obtain ¢(z) = 0. Hence
supp ¢ C {z;[z| < R}. O

For distributions we have
THEOREM 13.2 (The Paley-Wiener thorem).

(a) If u is a distribution of order N with support in {x;|x| < R}, then 4 is
an entire function and

a(¢)] < C(1 4 |¢)Neft el (13.3)

(b) Conwversely, if i is an entire function that satisfies (3) for some N, then
u is a distribution that is supported in {z;|z| < R}.

PRrOOF. (a) That @ is entire follows since

0 0 . 0 .
~ — —izCy —ixC
5010 = (e =u(5-(7).
The last equality holds as
e*iﬂﬁ(Ceri) _ efixc o )
—ixC\ 00 )
o —>_3Q(e )in C°,  w; = 0.

To prove (3), we fix xs € C§° with x5 = 1 in a neighborhood of {z;|z| < R}
and supp x5 C {;|z| < R+ 6}. We can choose ys such that ||[D%y;s|le < C5714.
We obtain

()] = fu(e™)| = [u(xs(x)e)]
< Cysup 3 |D2(xs(a)e )

la]<N
< CeBFo)m(| Z 57V + ¢V

IBI<N

If we let § = ﬁ’ (3) follows.

(b) The polynomial growth of 4 implies that 4, and hence also u, is in .%’. Let
s € 7 be an approximative identity and let us = u % 5. Then uy € C*°, us — u
as 0 — 0, and

[as(Q)] = [a(¢)2(6C)| < Cars(L+[¢)) ™ exp((R + cd)| Im(]).
Here we have used (3) and (1) in Proposition 1. If we apply Proposition 1 to
ugs, we get supp us C {z;|z|] < (R+ ¢§)}. If we let § — 0, we obtain supp
u C {x;|z| < R}. O

EXERCISE 13.1. Assume that u,v € &(R™) and that u * v = 0. Show that then u =0 or v = 0.
What happens if only one of v and v have compact support?

EXERCISE 13.2. H 7.1.40.



CHAPTER 14

Existence of fundamental solutions

Let P(D) be a differential operator with constant coefficients in R™. We shall
show that P(D) has a fundamental solution E.
Let us first make a formal computation. By Fourier transformation of P(D)E =

5, we get P(E)E(€) =1 and E(£) = P(€)!. Now

~

\% —~ V

(E, ) = (E, @) = (2)™(E,3) = (2m) "™(E, ) .

Hence it is natural to define E by

(E.g) = (2m) " / (&) B(—E)d.

n

\%

Then (formally)

n

(PD)E, ) = (E.P(=D)e) = (2m) " [ &) (P(=D)eTi-6)d¢
= 2" [ PO POB-dE = 0(0) = (6.)

However, this does not always work since P(§) may vanish. Therefore, we will
change the contour of integration and define (F, ) by an integral along a set in
C" that contains no zero of P.

THEOREM 14.1. Every linear differential operator with constant coefficients has
a fundamental solution E € 9'.

PROOF. Let m = grad P. After a linear change of variables P is of the form

P(§) = Po(&) = &' + P (€)E7 ™ + ...+ Py(€)
= (&= (&) (& — am(£)).

Here £ = (&,...,&,) = (&,&,) and «a;(¢) are the zeros of P (&,). We can choose

¢({’) € R such that [¢(¢')] < m+1 and [¢(§) — ai({)] = |9(¢) — Imai({)] > 1
fori =1,2,...,m. Define (E, ), when ¢ € Z, by

(E.p) = (2m)" / ae' P(O) B(— ).

Rr—t Im (r=¢(¢’)
67
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By the Paley-Wiener theorem, @(() is an entire function and

C
PO < 7w D 1D llee
(L+1h™ 4=

Furthermore |P(¢)™!| < 1, and hence, if N is large enough, we get
(E. ) <C D D%l

la|<N
Thus F € 2'. Finally, we see that
(P(D)E,p) = (E,P(=D)p)

e [ PO (P(-D)e) ()
Rn—1 Im Grn=0(&’)

—en [ B(—C)d,
Rn—1 Im (n=0(¢’)

= the Cauchy theorem = (27r)_”/ df'/ o(=&)dg,

Rn—1 R
=20 [ E(dE = 0l0) = (6.0)
EXERCISE 14.1. Determine a fundamental solution to the Schrédinger equation

(D; =Y D2)E=34.
1

(D = —i0)
Hint. See Exercise 10.14 and the hint to Excercise 12.7



CHAPTER 15

Fundamental solutions of elliptic differential operators

Let P(D) be a differential operator with constant coefficients. We write the
polynomial P as

P=P,+P,1+...+F,
where Py is a homogeneous polynomial of degree k. The operator P(D) is called
elliptic it P,,(§) # 0 for £ #0, £ € R™.

EXAMPEL 15.1. A and 0 are elliptic. The heat and wave operators are not
elliptic. O

THEOREM 15.2. Let P(D) be an elliptic differential operator. Then there is a
distribution E € #'(R") such that singsupp E = {0} and P(D)E = § — w, for
some w € L (R™).

E is called a parametriz to P(D).
COROLLARY 15.3. If P is elliptic, then P is hypoelliptic.

PROOF OF THE COROLLARY. We shall show that w is C* if P(D)u is. If u has
compact support, we have u = dxu = (P(D)E+w)*u = ExP(D)u+wx*xu € C*.
The general case follows by considering v,u where v,, € C5° with 1, = 1 on
{|z| £ n} (compare Theorem 9.6) O

PROOF OF THE THEOREM. Since P is elliptic, |P,,(§)| > ¢ > 0 when [£] = 1.
By homogenity this implies
IPo(€)] > oe™
Hence, if |{] > R where R is large enough,

[P(&)] = cle]™.

Take x € C°(R™) with x(§) = 1if || < R. Then (1 — x)P~! is bounded and
hence a tempered distribution. Thus we can define F € .%/(R") by

Then,
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If we define w by @ = ¥, then w € 2 C .% and P(D)E = § — w. It remains to
show that £ € C*°(R" \ {0}). Observe that

1—x(©)
B ap A _ o
2P DYE)N(€) = S—XS)
DU = D (S
If we choose |3| large enough, we get (z°D*E)" € L'. Thus #’D*E € C and
hence D“E € C(R"™\ {0}), and the proof is complete. O

) = O([¢|71PI=mHlely - l¢] — o



CHAPTER 16

Fourier series

Let u be a distribution that is periodic with period 27 in each variable, i.e.
<'LL, 7_2Tr/€90> = <u7 @)7
if k € Z". Intuitively u is determined by its "values” on
T ={z;0 <ux; <2r}.
LEMMA 16.1. If u is periodic, then u € ..
PROOF. Let ¢y € C3° with 0 < ¢ <1l and ¢ =1on7T. Put
J@) = 3 vl — 2mk).
kezn

Then J is a 2m-periodic C'*°-function with @Z > 1. Thus ¢ =/ @Z € C§° and
> oz —2mk) =1.
k
If p € 7, then

(u, o) = (ug, Z ¢(x — 2mk)p(x)) = a finite sum =

= Z<“wv d(x — 2mk)p(x)) = periodicity =

= (ug, $(x)p(x + 27k)) = (ug, ¢(2) Y @la + 27k)).

But if p; = 0in ., then ¢(x) >, ¢;(x +27k) = 01 2. (Prove that!) Hence the
right hand side defines an extension of u to .. O

To compute u, we first show the following result.

THEOREM 16.2 (The Poisson summation formula). If ¢ € .7, then
> a2rk) = wk).
kezn kezn

PROOF. Let u = >, n O2rk. Then o * u = u, since dopy * donk = Oon(hti)-
(Prove that!)
Hence
(e72 — 1)u = 0.

71
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But e 2™ —1 #£ 0 if ¢ ¢ Z", and consequently @ is supported on Z". By choosing
different [, we see that close to the origin we have {u = 0,4 = 1,2,...,n. Thus
U = cdp there. Furthermore e~**y = u, and hence 7 is invariant under translation
by integers. From this, we obtain

This means that

If we replace ¢ with a translation of ¢, we get

Z P(2mk)e? ik CZ (k+x).

kezn kezn

Integration over {z;0 < z; < 1} gives

P0) =c [ pla)ds = c3(0).
Thus ¢ = 1 and the proof is complete. O

Let us return to the computation of u when u is periodic. Using the Poisson
summation formula on ¢(y) = ¥(y)e” Y, we get, as p(&) = Y(x + ),

> dla+2mk) = p@nk) = (k)= e (k)
k k k k
From the proof of Lemma 1, we have

(@) = (u, ) = (u, d(x) Y Plx + k)

z) Z ™ My(k))
=D (k) (u, dx)e ).
k

Hence @ = ), ¢;0),where

= (u, p(x)e™"").

In particular, if u is an integrable function on T', we have

cr = (u, p(x)e” ) = /n u(z)p(x)e " Fdr
= Z /T u(x — 2mj)p(x — 2mj)e @2k gy
= /Tu(x)e”k Z ¢(x — 2my)dx = / u(z)e " dx.

T
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Hence ¢; are "our old” Fourier coefficients. The inversion theorem implies that
1 ikx . /
= — cre in 7.
(2m)" Z k
k
If u € C' then ¢ = O(|k|™), |k| — oo, and the sum is uniformly convergent if

[ > n. Thus we have proved

THEOREM 16.3. Ifu € CYR"), | > n, and u is periodic with period 2m in each

variable, then
1 )
u(r) = —— Y cpe*
(2m)n ;

where the series is uniformly convergent.
We finish this chapter by proving

THEOREM 16.4 (The Plancherel theorem). If u € L*(T) with Fourier coeffi-
cients ¢y, then

1 )
u(z) = ) che”k in L%

2 —
/T|u| dx = o

Conversely, if Y. |cx|* < oo, then u(z ) (%)n S crke™ is a function in L*(T)
with Fourier coefficients cy.

and

PROOF. If u € C™"!, the series is uniformly convergent, and we get
1 , 1

lul?dr = —— Y b / ek =
: o 250 ], )

As O™ is dense in L?, we can extend this to u € L?: Take u,, € C"*', u, — u in
L?. Then, also u, — u in ./ and @,, — @ in .’. But also, by the isometry, , is
a Cauchy sequence in [2. This implies ﬁn — @ in [2. Hence

/|u|2dx— hm/|un|

Conversely, if >~ |cx|* < oo, let
u(z) = W ;cke and uy(x) = Gn) Z cre'™".

Then, uy — v in L? and ./, and we get
U= lim Gy =» by

N—oo
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REMARK 16.5. If u is a function with period ¢, then u,(z) = u(%2%) has period
2m. Using this, we can generalise Fourier series to functions with arbitrary period.
(I

ExXERCISE 16.1. H 7.2.1
EXERCISE 16.2. H 7.2.5
EXERCISE 16.3. H 7.2.8

EXERCISE 16.4. Compute a) 2% == b) Sohee (n—:a)2 and ¢) > %




CHAPTER 17

Some applications

17.1. The central limit theorem

THEOREM 17.1 (The central limit theorem). Let X, X1, Xs, ... be independent
identically distributed stochastic variables with E[X]| = m and Var[X] = o2. Then
<X1+X2+...+Xn—nm§x 1 / e_%dey.

o\/n

Some background: To a stochastic variable X we associate a probability mea-

sure pon R (we write X ~ u) by

P(X <x) :/x du(y).-

—00

lim P

n—oo

(17.1)

If uy are ps probability measures, we define a new probability measure p * g by

(1 % p2, @ // (x + y)dp (z)dpa(y).
Then (1 * po)" = fyjta. (Show that!) If X ~ g and Y ~ puy are independent,
thenX‘i‘YN/,Ll*/,l,Q

Proor. We may assume that m =0 and 0 = 1. Let
Xi+...+ X,
Vn

Sp =

and

n times
(kns 0) = /Rw <%) dp™ (),

- G())

(€)= [ (o)

75

Then S,, ~ p,, where

and

Since Var[X] < oo,
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is a C?-function with
7'(0)=—im=0 and ["(0)=—0®=—1.
Thus )
H(E) =1 - 2 +o(e), £,

— . o~ 5 " . ]. 2 52 " 7;52
Nn(f)—(u<\/ﬁ ={1 2n§ +o0 - — e 2% n— oo,
for each fixed £. But, since |f(£)| < 1, we get, by dominated convergence, that
n (&) — e 2 in

Hence Fourier inversion implies that

and

1 1.2

\ 2T

e 2
in ./, and hence also in 2’. But p,, are positive measures, and by Theorem 7.5
1 1.2

\ 2T

e 2
weakly, and hence we obtain (1). O

fin —

Hn —

17.2. The mean value property for harmonic functions

THEOREM 17.2. If u € C* is harmonic in a neighborhood of {|z| < 1}, then
1
w0) = 5 [ ulio(y).

Wn

REMARK 17.3. By Weyl’s lemma, the assumption that u € C'*° is unnecessary.
O

PROOF. Define a distribution A by
(h9) = [ e0)dos) = wnpl0)

Then A € &, and hence A is an entire function. Furthermore, A, and therefore
also A, is radial. Hence A(¢) = G(|¢]), where G(z) = A(z,0,. . .,0) is holomorphic.
Also, G is even, so G(z) = F(z2) for some entire function F. Since F(0) = A(0) =0
and F'(0) =0,

A© _ F(ep)

145 17
is the restriction of an entire function. By the Paley-Wiener theorem, there is a
distribution pu € & with 71(¢) = —F(|€]?)/|¢|?, and so

(Ap)(€) = —[eP(e) = A(€).
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Hence Ap = A, which gives
(A, u) = (Ap, u) = (p, Au) = (1, 0) = 0.

17.3. The Heisenberg uncertainty principle
THEOREM 17.4. If f € L*(R), then

|z f @) 2l1EF ()12 > \/§||f||§a (17.2)
with equality only if f(z) = exp(—kaz?), k > 0.

Quantum mechanical background: The state of a particle is described by a
function ¢ € L?(R) with ||¢||; = 1. We interprete

/E P

as the probability that the particle is in the set E. An observable quantity A is
a symmetric operator on a suitable subspace of L2. The mean value of A in the
state v is

B[4 =/Aw-@5= (At ).

That A is symmetric means that A = A* and hence we have

(A, ¥) = (P, A"Y) = (¢, AY) = (AY, ).
Thus the mean value is real.
ExAMPEL 17.5.

a) Position. AY(z) = z(x)
b) Momentum. By = 2mwiy)’. O

We have
BB = [ Bo- b= 2ni [ 05 = Plancherel = [ ¢330 = [ di¢)de

Hence we can interprete |1(£)|? as the density of the momentum.
The general form of the Heisenberg uncertainty principle is
1
E[(A — E[A])) E[(B — E[B])?] > Z' E[AB — BA]|” (17.3)

for arbitrary A and B.
EXERCISE 17.1. Show that if A and B are position and momentum, then AB — BA = —27i.

EXERCISE 17.2. Prove that (1) implies (2), when A and B are position and momentum.
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PrOOF. If f € .7, then
2 f @211z = ll2f (@) 2]l F(€)]] = Parseval =
= Var|ef(@)ll2] /' (2)]l2 > Schwartz > \/_/Ifcf x)|dx

> (|lzzw| > x Re zw) > \/_/ f(x)+ f(z )f’(x)) dx

\/7 / (|f(2)]?)'dz = Integration by parts
T
=[5 [t = \/;Hflli

The proof that the theorem holds for functions in L?, and the statement of equality
is left to the reader. OJ

17.4. A primer on Sobolev inequalities

A benefit of the theory of distributions is that we can find solutions to problems
that has no classical solutions. But we often want our solutions to be nice functions.
Therefore it is natural to ask the question

When is a distributional solution a function?
The theory of Sobolev spaces gives us a method to answer that question.

We start with the simplest result in Sobolev theory,

THEOREM 17.6 (The Sobolev Ll-inequality). Let f be an integrable function
on R™. Assume that the distributional derivatives O%f also are integrable for all
la] < n. Then f is a bounded continuous function and

1£lloe < > 110 Fllr - (17.4)
jal<n

If furthermore 0% f are integrable for all |a| < n + k, then f is a C*-function.

Proor. We start with the case n = 1 where we shall show that

£ lloe < LA+ 11 (17.5)
If ¢ € Cg°, then

o) = \ | w’(t)dt‘ < [ i [ i,

This implies that

lelloe < llll1 - (17.6)

This inequality is sharper than (5), but we have obtained it asssuming two strong
extra conditions, C*° and compact support. (The function 1 shows that (6) can
not be true in general.)
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If f € C* is not compactly supported, we choose a sequence of cut off functions
Xe € C, with xx = 1 as |z| < k and ||x}|lcc < 1. If we apply (6) to ¢ = i f,we
get

Xk Sflloo < MO S XGRS+ eI < I+ 1

Since k is arbitrary, (5) is proved for C*°-functions.

If f is not C*°, we let ¢s be an approximative identity. Then fs = ¢s* f € C*°
and we can apply (5) to fs. We get, as ||¢s x flli < ||f]l1 och |[(¢s * f)|1 =
s % f'llx < ||f[|1, that

165 % flloo < ILF 1l + 17l -

But ¢5 * f — f a.e. and we have proved (5) in the general case.
To finish the proof, we apply (5) to f — f5, to obtain

1f = folloo < I1f = @5 % flls + 11/ = ds % fllh = 0,6 = 0.

Thus fs — f uniformly, and f is a continuous function.

The last claim follows by applying this argument to the functions 9'f, i =
1,2,... k.

The argument when n > 2 is similar. We only give the details when n = 2.
The case n = 2 is general enough to show how to extend from the case n = 1, but
without too cumbersome notation. So let n =2 and ¢ € C§°. We now get

T y 0o 0
Iw(w,y)l—‘ / / a“v%(s,t)dsdt\s / / 190D (s, 1) dsdlt

and hence

lelloe < 104Vl -

When we apply this to xif, f € C%, we get, as 9V (xpf) = 9Vx, f +
OOk f + 0O\ 0N f + X0V f, that

1Fllso < WLFI A 100l + 0% £l + 10D £l f € O

The rest of the argument works exactly the same as in the case n = 1.

O
REMARK 17.7. The proof shows that it is enough to consider o = (o, ..., @),
where each «; is either 0 or 1, in the sum (1). O

THEOREM 17.8 (The Sobolev L*inequality). Let f € 2'(Q), where Q is an
open set in R™, and let r and k > 0 be integers. If0*f € L2 . foralla, 0 < |a| <7
where r >k + %, then f € C*(Q).

PROOF WHEN n =1 AND k = 0.

The assumption means that f € L2 and f' € L .. Let w be an open set,

w CC , and take x € C*(Q) with [[x]lee < 1, [[X]lo < C and x = 1 in a
neighborhood of w. Define F(x) = F,,(xz) = x(z)f(x). (F = 0 outside the support
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of x.) Since F € L*(R) and F' = x'f + xf’ € L*(R), the Parseval identity implies
that

/ |ﬁ|2d§ < oo and /§2|ﬁ|2d§ <00 .
R R
Hence

/R (1+ €| e < oo

The Cauchy-Schwartz inequality implies

(f |ﬁ|ds)2 ~(fa~ |s|>|F|1jfﬂ§|)2
< [+ lree [ o ’5‘ <o

Thus F is integrable and hence F' is continuous. Since f = F on w, f is continuous
on w. As w is an arbitrary open subset of €, it follows that f € C(Q). O
THE GENERAL CASE. N
If n =1and k = 1, we also know that F”" € L% Thus £&2F(¢) € L? and we

have /(1 + |§|)4|ﬁ|2d§ < 00. Using the Cauchy-Schwartz inequality as in the case
R

k = 0, this gives /(1 +|€])|F|dé < oo. In particular, EF(€) is integrable and F”
R

is continuous. The case for arbitrary k follows in thg\ same way.
If n > 1, the condition on 9%f implies that & F(¢) € L?, 1 < r. Using the
inequality (1+|¢))? < Cy(1+&2+. .. +€2), and the Cauchy-Schwartz inequality as

—~ d
above, we obtain (1+|¢])*F € L' and hence F' € C*. Note that / _ & < 00

re (1+1€])°

if s > n.
O

17.4.1. Sobolev spaces. Let us abstract the ideas in the proof of the L2-
inequality. We saw that if f and its derivatives up to order r are in L2, then
(1+ )" f € L? or equivalently (1 + |¢[2)"/2f € L2. In this condition, r may be an
arbitary real number, and we can make the following definition.

DEFINITION 17.9. A distribution f € 2'(R"), is in the Sobolev space H*(R™),
s €R, if

1fllers = 1L+ E7)2 F(€) |22 < 400
ProprosITION 17.10. If f € H"(R"), where r > s+ %, then
(1+[¢)°f € LYR).
REMARK 17.11. If s = k is a non-negative integer, this implies that f € C*.
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PROOF. We have (1 + |¢]2)™/2f(¢) € L2. Hence, by the Cauchy-Schwartz in-
equality, we get

[ iRy e
i

= [ aseprefe R

as (1+]¢*)~¢" is integrable when r — s > 2. O

/2 < CHf”HT )

17.5. Minkowski’s theorem

Let B be a convez set in R"™ that is symmetric at the origin. If |B| > 2", then
B contains more than one lattice point.

ProOOF. We assume that 0 is the only lattice point in B, and show that this
implies that |B| < 2". Let f = xp * xp. Since B is symmetric, Yp is real. Hence

f=s)*=Ixs*
We observe that if f(2k) # 0, ie.

£28) = [ xal2k = 2)xa(o)ds £0,

then there is © € B with 2k — 2z € B. But then we have k = £(2k — z) + 3z € B,
as B is convex. Hence if f(2k) # 0 we have k = 0. Furthermore

£(0) = / v(—2)xs(e)ds = / xsl2dr = |B].

The Poisson summation formula, applied to the lattices (2Z)" and (7Z)"™, gives
d e =2") flw).
jezn jezn

Hence

Bl = 1(0)=3_1) =273 f ()

=27 |Rp (m)P =27 <|B!2 +> IXs (Wj)|2> :
J J#0
If we can show that
> Ixs (@) >0,
J#0
we obtain |B| > 27"|B|?, or |B| < 2", and we are done.
But if Xp(7j) = 0 when j # 0, then

X(x) = Z X5 (@ + 27)
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is constant. This follows from the Poisson summation formula since
X(@) =Y 7 axs(2) =27 ) e™Ixp(n)) = 27"Xs(0).
J

J
But this is a contradiction as

x(0) =1#0=x(1,0,...,0).

EXERCISE 17.3. The proof is "wrong”. Why? Correct it!
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