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Lemma 1.1. Let ¢,y be positive real numbers satisfyingy < 1, ¢ < /3. Let G bea
tripartite graph satisfying the following conditions :

(i) V(G) isthedigoint union of sets A, B, C of equal size, n say,

(ii) each of the edge densities d(A, B),d(A, C) and d(B, C) isat least v,

(iii) each of the pairs (A, B), (A, C) and (B, C) ise-regular.
Then G contains at least 2=29° 3 triangles.

Proof. Let A; denote the set of those vercies A which have at leagtyn /3 neighbors
in B. | claim that

Al > (1 - en. (1.1)

For suppose otherwise. TheA\ A;| > €| A|. Since(A, B) is ane-regular pair, it would
follow that

|d(A\A,, B) — d(A, B)| < e. (1.2)
Sincee < /3, this implies thati(A\ A,, B) > 2v/3. But then there must be some
vertex in A\ A; which has more tha2yn /3 neighbors inB, contradicting the definition
of the setA;. This proves (1.1). Similarly, if we lefl, denote the set of thosee A
which have at leastyn/3 neighbors inC', then|A;| > (1 — ¢)n. Hence|A; N As| >
(1—2¢)n. Now leta € AjNA,. LetNg(a) (resp.N¢(a)) denote the set of neighbors of
a in B (resp. inC). By assumption, each dfz(a) and No(a) has size at leagtyn/3.
Sincee < «/3 and the paif B, C) is e-regular, it follows that

[d(Np(a), No(a)) — d(B,C)| < € = d(Ng(a), Ne(a)) = 27/3. (1.3)

Hence
3
¥a(a). Neal| = 5 1Na(alNe(a] = (37 ) o (14)

But for any edgdb, c} betweenVz(a) andN¢(a), the verticeq a, b, ¢} form a triangle.
Hence the vertex is contained in at Ieas(t%”)3 n? triangles. Since this holds for any

a € Ay N Ay, it follows thatG contains at leasf{1 — 2¢)n)] [(%7)3712] triangles, as

required. O

Theorem 1.2. (Triangle Counting Lemma) For every v > 0, thereexistsd = §(y) > 0
such that the following holds :

If G isa graph on n vertices such that at least v < g ) edges need to be removed

fromG inorder to makeit triangle-free, then G must contain at least § ( g ) triangles.

Proof. We may assume that < 1. Lete = 7/10'%, say,m = [1/¢]. Let M be the
integer in the statement of the Regularity Lemma, corregganto the pair(e, m). Let
G be a graph om vertices, for some, > MM, say. By the Regularity Lemma, there
exists are-regular partition{ V5, V1, ..., Vi } of V(G) such thatn < k£ < M. Clearly,
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for this choice ok, m, M, n, there will be no more thai ( Z ) edges inG which are

of the following types$ :

() both vertices lie inside the sam&,

(ii) one vertex lies in/;,

(iii) the vertices lie inV; andV}, wherel < ¢ < j < k and the pair(V;, V;) is not
e-regular,

(iv) the vertices lie inV; andV;, wherel <i < j < kandd(V;,V;) < v/10°, say.
Hence, even if we remove all edges of types (i)-(iv) frétywe will still need to remove
n
2
triangle{a,b,c} in G. Thena € V;, b € V,, ¢ € V;, wherei, j, [ are distinct elements
of {1, ..., k} and each of the paifd/, V;), (Vi, ;) and(V}, V}) is bothe-regular and has
density at least/10°°. Note furthermore that each of the séfsV;, V; has size at least

1—¢

(1=<) n. Hence, it follows from Lemma 1.1 that the numbér; , of triangles inG with

one vertex in each df;, V; andV satisfies

8(1—2¢) / v \3[(1—e)n]?
Nije 2 =57 (1050){ M ] (13

at least] further edges in order to mak@ triangle-free. Pick any remaining

Hence we can take
8(1 —2¢)(1 —¢)3?

0=007) = =m0 3

(1.6)
O
We can now prove Roth’s theorem.

Theorem 1.3. (Roth 1956) Let ¢ > 0. Then there exists a positive integer n. such that,
ifn > n.and Sisasubsetof {1,...,n} of sizeat least en, then S contains a non-trivial
3-term arithmetic progression.

Proof. Fix e > 0, letn € Nand letS C {1,...,n} be given satisfyingS| > en. LetG
be the following tripartite graphV (G) = AL B L C, where
A={(i,1): 1 <i<n},
B={(j,2):1<j <2n},
C={(k,3):1<k<3n},
and the edges af are defined as follows :
(7,1) is joined to(y,2) ifand only if j —i € .S,
(7,2) isjoined to(k, 3) ifand only ifk — j € S,
(7,1)is joined to(k, 3) ifand only ifk —i € 2% S = {25 : s € S}.
By construction(i, 1), (4,2) and(k, 3) form a triangle inG if and only if
(j —1, %, k — j) is a 3-term arithmetic progression i Here, the progression may

be trivial. Now|S| > en. Givens € S andi € {1,...,n}, there is a unique choice of
jge{l,...2n}, k€ {1,...,3n} suchthay — i = k — j = s. HenceG contains at least

IThe details of the verification are left to the reader. Not thur choice of is extreme - one could
get away with a far bigger = ¢(7).
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en? triangles corresponding to trivial AP:s. The crucial pdmthat these triangles are
pairwise edge-disjoint. Hence, in order to makdriangle-free, we need to remove at
least one edge from each of theswial’ triangles, hence at least? edges in all. Since
V(G)|
2
G triangle-free. By Theorem 1.2, there exists- 6(¢) > 0 such thatG has at leasin®
triangles. But each triangle comes from some 3-term AP,iand the number of trivial
APs cannot, by the same argument as above, excged< n?. Hence, ifn > 1/,
thenS must contain a non-trivial 3-term AP. O

|V(G)| = 6n, we thus need to remove at qu§t< edges in order to make



