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Lemma 1.1. Let ǫ, γ be positive real numbers satisfying γ < 1, ǫ < γ/3. Let G be a
tripartite graph satisfying the following conditions :

(i) V (G) is the disjoint union of sets A, B, C of equal size, n say,
(ii) each of the edge densities d(A, B), d(A, C) and d(B, C) is at least γ,
(iii) each of the pairs (A, B), (A, C) and (B, C) is ǫ-regular.

Then G contains at least 8(1−2ǫ)γ3

27
n3 triangles.

Proof. LetA1 denote the set of those verciesa ∈ A which have at least2γn/3 neighbors
in B. I claim that

|A1| ≥ (1 − ǫ)n. (1.1)

For suppose otherwise. Then|A\A1| > ǫ|A|. Since(A, B) is anǫ-regular pair, it would
follow that

|d(A\A1, B) − d(A, B)| ≤ ǫ. (1.2)

Sinceǫ < γ/3, this implies thatd(A\A1, B) > 2γ/3. But then there must be some
vertex inA\A1 which has more than2γn/3 neighbors inB, contradicting the definition
of the setA1. This proves (1.1). Similarly, if we letA2 denote the set of thosea ∈ A
which have at least2γn/3 neighbors inC, then|A2| ≥ (1 − ǫ)n. Hence|A1 ∩ A2| ≥
(1−2ǫ)n. Now leta ∈ A1∩A2. LetNB(a) (resp.NC(a)) denote the set of neighbors of
a in B (resp. inC). By assumption, each ofNB(a) andNC(a) has size at least2γn/3.
Sinceǫ < γ/3 and the pair(B, C) is ǫ-regular, it follows that

|d(NB(a), NC(a)) − d(B, C)| ≤ ǫ ⇒ d(NB(a), NC(a)) ≥ 2γ/3. (1.3)

Hence

||NB(a), NC(a)|| ≥
2γ

3
|NB(a)||NC(a)| ≥

(

2γ

3

)3

n2. (1.4)

But for any edge{b, c} betweenNB(a) andNC(a), the vertices{a, b, c} form a triangle.
Hence the vertexa is contained in at least

(

2γ

3

)3
n2 triangles. Since this holds for any

a ∈ A1 ∩ A2, it follows thatG contains at least[(1 − 2ǫ)n]
[

(

2γ

3

)3
n2

]

triangles, as

required. �

Theorem 1.2. (Triangle Counting Lemma) For every γ > 0, there exists δ = δ(γ) > 0
such that the following holds :

If G is a graph on n vertices such that at least γ

(

n
2

)

edges need to be removed

from G in order to make it triangle-free, then G must contain at least δ

(

n
3

)

triangles.

Proof. We may assume thatγ ≤ 1. Let ǫ = γ/10100, say,m = ⌈1/ǫ⌉. Let M be the
integer in the statement of the Regularity Lemma, correpsonding to the pair(ǫ, m). Let
G be a graph onn vertices, for somen ≥ MM , say. By the Regularity Lemma, there
exists anǫ-regular partition{V0, V1, ..., Vk} of V (G) such thatm ≤ k ≤ M . Clearly,
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for this choice ofǫ, m, M, n, there will be no more thanγ
2

(

n
2

)

edges inG which are

of the following types1 :
(i) both vertices lie inside the sameVi,
(ii) one vertex lies inV0,
(iii) the vertices lie inVi andVj, where1 ≤ i < j ≤ k and the pair(Vi, Vj) is not

ǫ-regular,
(iv) the vertices lie inVi andVj, where1 ≤ i < j ≤ k andd(Vi, Vj) < γ/1050, say.

Hence, even if we remove all edges of types (i)-(iv) fromG, we will still need to remove

at leastγ
2

(

n
2

)

further edges in order to makeG triangle-free. Pick any remaining

triangle{a, b, c} in G. Thena ∈ Vi, b ∈ Vj, c ∈ Vl, wherei, j, l are distinct elements
of {1, ..., k} and each of the pairs(Vi, Vj), (Vi, Vl) and(Vj, Vl) is bothǫ-regular and has
density at leastγ/1050. Note furthermore that each of the setsVi, Vj, Vl has size at least
(

1−ǫ
M

)

n. Hence, it follows from Lemma 1.1 that the numberNi,j,l of triangles inG with
one vertex in each ofVi, Vj andVl satisfies

Ni,j,l ≥
8(1 − 2ǫ)

27

( γ

1050

)3
[

(1 − ǫ)n

M

]3

. (1.5)

Hence we can take

δ = δ(γ) =
8(1 − 2ǫ)(1 − ǫ)3γ3

27 · 1050 · M3
. (1.6)

�

We can now prove Roth’s theorem.

Theorem 1.3. (Roth 1956) Let ǫ > 0. Then there exists a positive integer nǫ such that,
if n ≥ nǫ and S is a subset of {1, ..., n} of size at least ǫn, then S contains a non-trivial
3-term arithmetic progression.

Proof. Fix ǫ > 0, let n ∈ N and letS ⊆ {1, ..., n} be given satisfying|S| ≥ ǫn. Let G
be the following tripartite graph :V (G) = A ⊔ B ⊔ C, where

A = {(i, 1) : 1 ≤ i ≤ n},

B = {(j, 2) : 1 ≤ j ≤ 2n},

C = {(k, 3) : 1 ≤ k ≤ 3n},

and the edges ofG are defined as follows :

(i, 1) is joined to(j, 2) if and only if j − i ∈ S,

(j, 2) is joined to(k, 3) if and only if k − j ∈ S,

(i, 1) is joined to(k, 3) if and only if k − i ∈ 2 ∗ S = {2s : s ∈ S}.

By construction,(i, 1), (j, 2) and(k, 3) form a triangle inG if and only if
(j − i, k−i

2
, k − j) is a 3-term arithmetic progression inS. Here, the progression may

be trivial. Now |S| ≥ ǫn. Givens ∈ S andi ∈ {1, ..., n}, there is a unique choice of
j ∈ {1, ..., 2n}, k ∈ {1, ..., 3n} such thatj − i = k − j = s. HenceG contains at least

1The details of the verification are left to the reader. Note that our choice ofǫ is extreme - one could
get away with a far biggerǫ = ǫ(γ).
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ǫn2 triangles corresponding to trivial AP:s. The crucial pointis that these triangles are
pairwise edge-disjoint. Hence, in order to makeG triangle-free, we need to remove at
least one edge from each of these‘trivial’ triangles, hence at leastǫn2 edges in all. Since

|V (G)| = 6n, we thus need to remove at leastǫ
18

(

|V (G)|
2

)

edges in order to make

G triangle-free. By Theorem 1.2, there existsδ = δ(ǫ) > 0 such thatG has at leastδn3

triangles. But each triangle comes from some 3-term AP inS, and the number of trivial
APs cannot, by the same argument as above, exceed|S|n ≤ n2. Hence, ifn > 1/δ,
thenS must contain a non-trivial 3-term AP. �


