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TMV 140 Linjar algebra Z

Tentan rittas och bedoms anonymt. Skriv tentamenskoden tydligt pa placeringlista och samtliga inlimnade
papper. Fyll i omslaget ordentligt.

For godként pa tentan krivs 25 podng pa tentamens forsta del (godkéntdelen). Bonuspoing fran duggor 2011
riknas med, men maximal poing pa denna del dr 32. Fér godkint pa kursen skall ocksa Matlabmomentet vara
godként.

For betyg 4 eller 5 krivs dessutom 33 resp. 42 podng sammanlagt pa tentamens tva delar.

Losningar kommer att ldggas ut pa kursens webbsida. Resultat meddelas via Ladok cirka tre veckor efter tenta-

menstillfdllet. Granskning alla vardagar 9-13, MV:s exp.

Del 1: Godkantdelen

1. Denna uppgift finns pa separat blad pa vilket 16sningar och svar skall skrivas. Detta blad
inldmnas tillsammans med Gvriga l6sningar.

2. (a) Los for X matrisekvationen
AXB = C + AX,
dér
2] fie) 1]
(b) Bestdm 3 x 3-matrisen A som satisfierar Av;, = w;, i = 1,2, 3, dér
{vi,vo,v3} ={[100)7,[-112]7,[-213T}
och

{wi,wo, w3} ={[111]7,[-121)7,[2 —14]T}.

3. (a) Bestdm en inverterbar matris P och en diagonalmatris D sidan att A = PDP~!, dir

—6 12
A“[12 1 }'

(b) Skriv ner den kvadratiska formen Q(z,y) vars matris d&r A ovan, och ange huruvida
f ar positivt-, negativt- eller indefinit.

4. (a) Forklara vad som menas med att séga att vektorerna uy, ..., u; utgér en ortonormerad
bas for ett underrum U i R™.

(OBs! Du ska forklara bada orden !).

(b) Bestim en ortonormerad bas foér underrummet U i R* som sp#nns upp av vektorerna

vi=1[1203]", vo=[4058T, v3=[8156]".

(3p)

(5p)

(1p)

(2p)

(4p)

VAND!



Del 2: Overbetygsdelen

Poéng pa dessa uppgifter kan inte rdknas in for att na godkintgransen. Normalt kravs for poang pa uppgift

att man redovisat en fullstindig 16sningsgang, som i princip lett, eller atminstone skulle kunnat leda, till

malet.

(a)

Lat {v1,va} vara en bas for ett 2-dimensionellt vektorrum V. Bevisa att {w;, wa}
utgor ocksa en bas for V, dir wi = vy + vo, wWo = vi — Va.

For vilket virde av a € R utgor INTE de tre polynomen f(z) = 22 + az — 1,
g(x) =z +3, h(z) = 2% + 32 + 2 en bas for Py ?

Bestdm matrisen for spegling i planet 6z + 3y — 2z = 0.
Bestam spegelbilden av punkten (2,3,4) i planet 6x 4+ 3y — 2z = 1.

3 x 3-matrisen A har foljande egenvirden och egenvektorer :

2 -1 -1
)\1:10, V] = 2 ;)\2:A3:1’ Vo = 1 , V3 = 0
1 0 2

Bestdm nu egenvirdena och egenvektorer fér matrisen B = X AX !, dar

4 5 6
X=|7 8 9
10 11 12

Bevisa att egenvektorer tillhorande olika egenvirden till en symmetrisk matris A &r
ortogonala.

Lycka till!
Peter H

(3p)



Anonym kod sid.nummer

TMV140 Linjar algebra Z 120112 1

Poéng

1. Till nedanstaende uppgifter skall korta 16sningar redovisas, samt svar anges, pa anvisad plats
(endast 16sningar och svar pa detta blad, och pa anvisad plats, beaktas).

(a) Bestdm determinanten av matrisen AB dér

1 0 3 1 2 3
A=|14 0 5|, B=|0465
7 -3 8 0 0 6
L6sning:
SV AT 4 vttt ttttetnnteeeesansosonsonsosossonsossosonsossensossesansonsnnes

(b) Den linjira avbildningen 7' : R? — R? avbildar [1 0]7 pa [2 3]7 och avbildar [1 1]
pa [3 —2]T. Ange standardmatrisen for 7.
Losning:

o= [3] e [3] e (1] w3

Bestim basbytematrisen Pe.p, samt koordinatvektorn [x]c, dir x = [7 11]7.

Loésning:

(2p)

(3p)

VAND!



(d) Bestam rangen av, samt baser till rad-, kolonn- och nollrummen till matrisen
1 2 3 4
A=| -1 -1 -4 —2
3 4 11 8

Loésning:

722 1 -,

(e) Bestdm den linje som, i minstakvadratmetodens mening, bist anpassar till punkterna
(1,1), (2,4), (3,2), (4,4).

L&6sning:

(3p)



Loésningar TMV140, Linjar Algebra Z, 120112

(a) Observe that det(AB) = (det A)(det B). The matrix B is triangular, so det B=1-4-
6 = 24. The determinant of A is most easily computed via a cofactor expansion along
the second column. We find that det A = —(—3)(5 — 12) = —21. Hence det(AB) =
(—21)(24) = —504.

(b) It’s given that
T(ey) =[23]", T(e1+e)=[3 —2]T.
Hence
T(ey) =T((e1 +e2) —e1) =T(er +ex) — T(er) =[1 —5]7.

Thus the standard matrix for 7' is the matrix

(c) We have that
Pecp=PegPsp = [c1 co] ' [biby]
[4a 571 '[25] [9 —5][25] [3 5
1709 3 8| | =7 4 3 8| | -2 =3 |°

Note that x = by + by, hence [x]g = [1 1]T. Consequently,

[I’C]CZPO—B'[X]B:[_32 _53][1}:[_85]

(d) After the row operations
Ry — Ry + Ry, Rz~ R3—3Ri, Rz~ R3+ 2Ry,

one obtains the echelon form

1 2 3 4
U=[01 -1 2
00 0 O

Hence rank(A) = 2 and

Row(A) = Span{[1234]7,[01 —12]"},
Col(A) = Span{[1 —13]%,[2 —14]"}.

To obtain a basis for the nullspace, we continue with back-substitution. The variables
x3 and x4 are free, and we obtain in turn

Tro = X3 — 2%’4,

xTr1 = —2(:E3 — 2$4) — 3%‘3 — 41‘4 = —5$3.

Hence the nullspace consists of all vectors such that

T —5.%'3 ) 0
To | | x3—2m4 1 -2
I3 - T3 -3 1 + T 0
T4 T4 0 1



Thus,
Nul(A) = Span{[-5110]",[0 —201]7}.

(e) The best-fit line has equation y = kx + m where

[Z}]:(ATA)lATb

and

e
=N S

The remaining computations are standard, and it turns out that the best-fit line is
7
y=q152+ 1L

(a)
AXB=C+AX = AXB-AX=C=AX(B-L)=X=A"'0C(B- L)

We have
112 1 3 -2
a=[15]ma= 5 7]
|13 5 125 -1 3 -5
B_[l 4];»3_12_[1 3];43 D) _[_1 2]

Hence, finally,
Y — 3 -2 4 5 3 =5 | |19 -28
-1 1 1 2 -1 2| | -6 9 '

(b) In matrix form we have

A[Vl Vo V3] = [Wl W9 Wg],
hence
1 -1 2 1 -1 271"
A= [Wl W9 W3HV1 Vo Vg]_l = 1 2 -1 0 1 1
1 1 4 0 2 3

The inverse can be computed by reducing the augmented matrix [..|I3] to [I3](..)7!].
One may verify that this is accomplished by the sequence of row operations

R3— R3 — 2Ry, Ri+— Ri+ Ry, Ri+— Ri+ R3, Ry~ Ry— Rs,

and that the inverse is the matrix

1 -1 1
0o 3 -1
0 -2 1
Hence,
1 -1 2 1 -1 1 1 -8 4
A=11 2 -1 0O 3 —-1|=|1 7 =2
1 1 4 0 -2 1 1 -6 4



3.

(a)

(b)

Vi maste diagonalisera A. Dess karakteristiska ekvation lyder
(=6 =M\ (1—=XN)—122=0= A2 +5\—150 =0,
som har de tva rotterna Ay = —15, Ao = 10. Nést hittar vi motsvarande egenvektorer.

A1 = —15: Vi har

A+1512:[9 12]H[3 4]'

12 16 0 0
. N 4
Man ser tydligt att en egenvektor ar v; = [ _3 |
Ao = 10 : Vi har
—-16 12 [ -4 3
A1012—|: 12 _9]+—> 0 O}'

Man ser tydligt att en egenvektor ar vo = [ 3 } .

D4 har vi att A = PDP~! dir
4 3
PZ[V1V2]=[_3 4},
-1 0
0 10 |-

Den kvadratiska formen Q(z,y) = az? + bry + cy? har matris [ b;LQ bé 2 ] I det

aktuella fallet #r alltsd Q(x,y) = —6x2 + 242y + y2. Eftersom egenviirdena har olika
tecken sa &ér formen indefinit.

ot

D = diag(A1, A2) =

| —

That {uy,...,u;} forms an orthornormal basis for U means that the following two
conditions are satisfied :

(i) the vectors span U, i.e.: for each v € U, there exist real numbers ¢y, ..., ¢ such
that

(ii) the vectors are pairwise orthogonal and each has length one, i.e.:

[0, i,
“"“J_{l, if i = j.

We first replace {vi,va,v3} by an orthogonal basis {wi,ws, w3} via the Gram-
Schmidt procedure. We have w; = v;. Next,

Vo - W1
W2 =V — Wi
W1 W1

4 1 2
1o 2802 | -4
5] 140 | 5

8 3 2



(a)

Thirdly,

V3 - Wi V3 - W2
W3 = V3 — w1 — W2
1°-W1 W2 - W2

W
8 1 2 4
1] 22| 49| 4| |1
5| 1a|o| 49| 5 | | o0
6 3 2 —2

Wi

1
il V4

uj

W3 1

'U_3 = — =
[lwsll V21

and then {uj,uz,us} is an orthonormal basis for U.

There are different ways to argue this. For example, let B = {vi,va} and C =

{w1,wz}. Then Pp_¢ = [ i _11

terminant is —2) implies that C is also a basis for the vector space.

} The fact that this matrix is invertible (its de-

We can identify P, with R? in the usual manner, and then we are seeking the value
of a for which the coordinate matrix

-1 3 2
a 1 3
1 01
is not invertible. The determinant of this matrix can be computed as 6 — 3a, which

equals zero when a = 2. Hence this is the value of a for which {f, g, h} is not a basis
for Ps.

For a plane passing through the origin, we have the general formula

X-n
s =x—2- (=2 )n. (1)
Here x denotes an arbitrary point in R3, s(x) denotes its mirror image in the plane,
and n is a normal to the plane. In the present case, we can take n = [6 3 — Q]T. The
columns of the reflection matrix are formed by the vectors s(ey), s(ez2), s(e3). These
are computed by plugging into (1). We omit the details of these computations and
just present the answer : the matrix is

1 -23 —-36 24
— | =36 31 12
49 24 12 41



(b) The difference here is that the plane does not pass through the origin, so we need to

modify formula (1) slightly. If xo denotes any point in the plane, then the reflection
formula in general reads

s(x) =x—2- ((XXO)H) n. (2)

n-n

In our case, n = [6 3 — 2] as before, and this time x = [2 3 4]7. One sees directly
that, for example, the point (1,—1,1) lies in the plane and hence we may choose
xo = [1 —11]7. Plugging everything into (2), we find that

2 1 —46
s 3 = — 75
4 49 244

(a) Similar matrices have the same eigenvalues. One can also verify that if Av = Av,
then B(Xv) = A(Xv). Hence, the eigenvalues and eigenvectors of B are given by

24
)\1:10, W1:XV1:...: 39 y
54
1 8
)\2:)\3:1, WQIXVQI...: 1 7W;;ZAXV?,:...: 11
14

(b) Theorem 7.1.1 in the book.



