TMAG682, Extra Excercise in Fourier
series

The function f in the following exercises is assumed to be 27-periodic,
unless otherwise explicitly stated.

1. Find the Fourier series expansions of

(a) flz) =[sinz|,  (b) f(z)=][cosz].

answer: (a) [sing| = 22375 8z () leosp| = 223" 7(72;,;?12%

2. Use the Fourier series expansion for f(z) = 2?, (—7 <z < 7):
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We define the even and odd parts of a function f(z) by
1 1
fe(w) = 5lf(2) + f(-2)] and  fo(z) = S[f(2) — f(-a)].

. Show that f(x) is an even function, and f,(x) is an odd function.

. What are the even and odd parts of the following function?

xQ’ r <0
f(.Z') - { e*fr,’ T > O
answer:
[ 22 +e", r <0 L[ a?—e, z <0
fe(T)i{ ’+e?, x> 0. fO(T)E{ et —a?, r > 0.

. The function f(z) =2z, 0 < x <1 is periodic with period P =1,
(a) Find the Fourier series expansion of f(x).

(b) Use the result in (a) to compute the sum
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answer: (a) f(z) ~1—2%" Lsin2nmz. (b) 7%/6.

. Assume that the function f(z) = 2%, 0 <z < 2 is 2-periodic. Find the
Fourier series expansion of f(z).

answer: f(z) =3+ 5> 00 Lcosnmr — 23 Lsinnmr.

. (a) Find the Fourier series expansion of the 2-periodic function f de-
fined in [—1,1]:

(1 ) < 1/2
f(x)—{ 0, 1/2 < |z <1

(b) What is the series sum in the discontinuity points?

(1)

answer: (a) f(z) =1+ 2300 S l—cos(2n — )mx. (b)) 1/2.

2



8.

10.

Assume that the function f(z) =z, 0 < z < 2 is 2-periodic.
(a) Find the complex Fourier series expansion of f(z).

(b) Use (a) to give the real (cosinus-sinus form) Fourier series expansion
of f(x).

(c) Find all solutions to the differential equation
V(@) — y(2) = (2).

answer: (a) f(z)= I*Zn;ﬁo ﬁeinw, (b) f(z) = 1—% S, %Sin o
(C) y(T) - yh(T) + yp(m)a yh(’l") = Ae” + Be*"'""

inTx

Yp(2) = D0 €™, yo = —1,  (1+n*n?)y, = #’ n # 0.

. The function f(z) = |z|?, |z| < 2 is 4-periodic. Find the Fourier series

expasion for both f and f'.

answer:
A48 K24 (—1)"(n?72 —2) nm
fla) = 2+ﬁ; o cos 1.

24 K2+ (—1)" (72— 2) . nrm
sin —u.
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The data function f(z) = 2(2 —z), 0 < x < 2 is 2-periodic. Find a
2-peridic solution for the differential equation

y'(@) +y'(x) +2y(z) = f(2),

as a complex Fourier serirs.

answer:
1 Pimm:

=—42 .
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