THESIS FOR THE DEGREE OF DOCTOR OF PHILOSOPHY

Finite Element Approximation of the
Deterministic and the Stochastic
Cahn-Hilliard Equation

Ali Mesforush

CHALMERS | UNIVERSITY OF GOTHENBURG

Department of Mathematical Sciences
Chalmers University of Technology and University of Gothenburg
Gothenburg, Sweden 2010



Finite Element Approximation of the Deterministic and the Stochastic Cahn-
Hilliard Equation

Ali Mesforush

ISBN 978-91-7385-397-2

(©Ali Mesforush, 2010

Doktorsavhandlingar vid Chalmers Tekniska hogskola
Ny serie nr 3078
ISSN 0346-718X

Department of Mathematical Sciences

Division of Mathematics

Chalmers University of Technology and University of Gothenburg
SE-412 96 Gothenburg

Sweden

Telephone +46 (0)31 772 1000

Printed at the Department of Mathematical Sciences
Gothenburg, Sweden 2010
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Abstract

This thesis consists of three papers on numerical approximation of the
Cahn-Hilliard equation. The main part of the work is concerned with the
Cahn-Hilliard equation perturbed by noise, also known as the Cahn-Hilliard-
Cook equation.

In the first paper we consider the linearized Cahn-Hilliard-Cook equa-
tion and we discretize it in the spatial variables by a standard finite element
method. Strong convergence estimates are proved under suitable assump-
tions on the covariance operator of the Wiener process, which is driving the
equation. The analysis is set in a framework based on analytic semigroups.
The main part of the work consists of detailed error bounds for the corre-
sponding deterministic equation. Time discretization by the implicit Euler
method is also considered.

In the second paper we study the nonlinear Cahn-Hilliard-Cook equation.
We show almost sure existence and regularity of solutions. We introduce
spatial approximation by a standard finite element method and prove error
estimates of optimal order on sets of probability arbitrarily close to 1. We
also prove strong convergence without known rate.

In the third paper the deterministic Cahn-Hilliard equation is considered.
A posteriori error estimates are proved for a space-time Galerkin finite el-
ement method by using the methodology of dual weighted residuals. We
also derive a weight-free a posteriori error estimate in which the weights are
condensed into one global stability constant.

Keywords: finite element, a priori error estimate, stochastic integral,
mild solution, dual weighted residuals, a posteriori error estimate, additive
noise, Wiener process, Cahn-Hilliard equation, existence, regularity, Lya-
punov functional, stochastic convolution.
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1 Introduction

The Cahn-Hilliard equation is an equation of mathematical physics which
describes the process of phase separation, by which the two components
of a binary fluid spontaneously separate and form domains pure in each
component.

In this thesis we study numerical approximation of the Cahn-Hilliard
equation. We consider both the original equation and the equation per-
turbed by noise. The stochastic Cahn-Hilliard equation also called the Cahn-
Hilliard-Cook equation. This work involves several mathematical topics:

e Semigroup theory

e Cahn-Hilliard equation

e Stochastic analysis in Hilbert space

e Finite element method

e A posteriori error analysis based on the calculus of variations

In the following we give a brief survey of these topics and finally a summary
of the appended papers.

2 Semigroup approach

Semigroup theory is the abstract study of first order ordinary differential
equations with values in Banach space, driven by linear, but possibly un-
bounded operators. This approach has a wide applications in different
branches of analysis, such as harmonic analysis, approximation theory and
many other subjects. In this section we outline the basics of the theory,
without proof. For more complete and advanced details of the theory and
its applications the partial differential equations, one may refer to Evans [8]
and Pazy [17].

Definition 2.1 (Semigroup). A family {E(t)}+>0 of bounded linear oper-
ators from Banach space X to X is called a semigroup of bounded linear
operators if

1. E(0) =1, (identity operator)
2. E(t+s)=FE(t)E(s), Vs,t>0. (semigroup property)
The semigroup is called strongly continuous if

lim E(t)x =2 Vze X.
t—0t



The infinitesimal generator of the semigroup is the linear operator G defined
by
E(t)x —
Gr = lim M,
t—0t t
its domain of definition D(G) being the space of all x € X for which the
limit exists. The semigroup can be denoted by E(t) = !,

A strongly continuous semigroups of bounded linear operators on X is
often called a Cjy semigroup. If, moreover, ||E(t)|| <1 for t > 0, it is called
a semigroup of contractions.

In this work we consider —A with the homogeneous Neumann boundary
condition as an unbounded linear operator on Ly = Lo(D) with standard
scalar product (-,-) and norm |[|-||. It has eigenvalues {\;}32, with

O:)\0<)\1§---§)\j§... g)\j—>00,

and corresponding orthonormal eigenfunctions {¢; };?‘;0. The first eigenfunc-

tion ¢y is constant. Also we let H be the subspace of H, which is orthogonal
to the constants,

H:{U€L22<'U,].>:O},

and let P be the orthogonal projection of H onto H. Define the linear
operator A = —A with domain of definition

ov
_ 2 LoV _
D(A) = {veH NH: 5 OOnaD}.
By spectral theory we define H® = D(A%?) with norms |v|s = ||A%?v| for
real s > 0. Then the semigroup etA generated by G = —A? can be written
as

o0

—tA? —t)\2

ey =3 e N (v, 05 ;.
j=0

This is a strongly continuous semigroup. Moreover, it is analytic, meaning
that e~*4? can be extended to be a holomorphic function of ¢. This leads to
the important properties in the following lemma. For the proof and more
details about properties of semigroups we refer to [17].

Lemma 2.2. If {e_tA2}t20 is the semigroup generated by —A2, then the
following hold:

AP 0| < Ct P2 |ol|, ¢>0, B> 0,

t
/ |Ae= 4|2 ds < Clo]2.
0



3 Cahn-Hilliard equation

When a homogeneous molten binary alloy is rapidly cooled, the resulting
solid is usually found to be not homogeneous, but instead has a fine grained
structure consisting of just two materials, which differs only in the mass
fraction of the components of the alloy. The development of a fine grained
structure from a homogeneous state is referred to as spinodal decomposition.

In 1958, J. Cahn and J. Hilliard [4] derived an expression for the free
energy of a sample V' of binary alloy with concentration field ¢(x) of one of
two species. They assumed that the free energy density depends not only on
¢(x) but also on the derivative of ¢. The expression for the total free energy
has the form,

E= NV/V (F(c) + &|Ve?) aV, (3.1)

where Ny is the number of molecules per unit volume, F' is the free energy
per molecule of an alloy of uniform composition, and « is a material constant
which is typically very small. The function F' has two wells with minima
located at the two coexistent concentration states, labeled ¢, and cg > c,.

With the given average concentration 7, the equilibrium configurations
satisfy the Cahn-Hilliard equation

2kAc — F'(c)=X inV, (3.2)
@ =0 ondV, 3.3
on

where A is the Laplacian, A is a Lagrange multiplier associated with the
constraint 7, and n is the normal to dV. In [4], equations (3.2), (3.3)
together with the constraint are used to predict the profile and thickness of
one-dimensional transitions between concentration phases ¢, and cg.

The general equation governing the evolution of a non-equilibrium state
c(x,t) is put forth in [3] and this is what is now referred to as the Cahn-
Hilliard equation

% =V -{MV(F'(c) — 26Ac)} inV, (3.4)

with the boundary conditions

dc  0Ac

—=—=0 aV. 3.5

on on on (3.5)
The positive quantity M is related to the mobility of the two atomic species
which comprise the alloy.



In the this thesis we consider the Cahn-Hilliard equation in the form

u —eAwdt =0 in D x [0,T],
w+ Au— f(u) =0 in D x [0,T],

ou  Ow (3.6)
%—87—0 OH8DX[07T},

u(0) =wp in D,
where u; = 0u/0t. The equation perturbed by noise is
du — eAwdt =dW in D x [0,T],
w+ Au— f(u) =0 in D x [0, 77,
ou  Ow (3.7)
au_ g0 _ D x[0,T
= In 0 on 0D x [0,T7,
u(0) =up in D,
where D is a bounded domain in R?, d =1,2,3 and f(s) = s® — s.

In the sequel we will write the equation (3.6) in operator form. By
definition of D(A) and H, equation (3.6) can be written as

ug + A%u = —Af(u), t>0,

o0) — (3.8)

which is equivalent to the fixed point equation

2 t 2
u(t) = e g —/ eI A1 (u(s)) ds
0

The generator —A? is the infinitesimal generator of an analytic semigroup
e~4% on H so that

a2
tAv—Ze 7 (v, p5) 5 = Ze (v, 95) 5 + (v, 00) @0

= e—“‘ Pv+ (I — P)v.

4 Stochastic analysis in Hilbert space

In this thesis we use the stochastic integrals and its properties frequently, so
in this section we recall some definitions and theorems about stochastic inte-
grals without proof. For more details one may refer to Prévot and Rockner
[20], Da Prato and Zabczyk [7], Klebaner [13] and Grigoriu [12].



4.1 Wiener process

Let @ be a selfadjoint, positive semidefinite, bounded linear operator on
the Hilbert space U with Tr(Q) < oco. Let U and H be separable Hilbert
spaces and assume that {W(t)}cor) is a U-valued Q-Wiener process on a
probability space (€2, F, P) with respect to the normal filtration {F¢},c(0,77,
where T' > 0 is fixed.

Definition 4.1. A U-valued stochastic process {W(t)}¢>0 is called a Q-
Wiener process if

e W(0) =0,
o {W(t)}+>0 has continuous paths almost surely,
o {W(t)}+>0 has independent increments,

e The increments have a Gaussian law, that is,

Po(W(t)—W(s) P =N(0,(t—s)Q), 0<s<t.

Let {ex}32, be an orthonormal eigenbasis for @) with corresponding
eigenvalues {7;}32,. Then we define

W) =327 Be)e,
k=1

where the (B are real valued independent Brownian motions. The series
converges in Lo(Q2, H).

4.2 Stochastic integral

Definition 4.2. Let L(U, H) denote the space of bounded linear operators
U — H. An L(U, H)-valued process {®(t)};c(o,r) is called elementary if
there exist 0 =19 <t; <--- <ty =71, N € N, such that

N-1
Q(t> = Z ¢m1(tmytm+l}(t)’ t € [O7T]7
m=0

where
o &,.:(,F)— L(U, H) is strongly F;,, measurable,
o &, takes only a finite number of values in L(U, H).

We denote the (linear) space of elementary process by £.



Definition 4.3 (It6 integral). For ® € £, we define the stochastic integral

by
N-—1

/<I>dW ZCD (AW, (), te0,T),

0

where
AW, (t) = W (tpe1 At) — W(t, At) tAs=min(t,s).

Definition 4.4 (Hilbert-Schmidt operators). An operator T' € L(U, H) is
Hilbert-Schmidt if 77, || Tex||* < oo for an orthonormal basis {eg}ren in
U. The Hilbert-Schmidt operators form a linear space denoted by Lo(U, H)
which becomes a Hilbert space with scalar product and norm

. 1
Z Tex,Sex)m, |T|us = (Z ||Tek||H)2'
Pt k=1

We recall that the trace of a linear operator 1" is

o0

Tr(T) = Y (Tep, ).

k=1

Consider the covariance operator : U — U, selfadjoint, positive semidef-
inite, bounded and linear. Also assume that W(t) is Q-Wiener process.
If

t
E/nﬂw@ﬂ%yw<m
0

we can define the stochastic integral fg T(s)dW(s) as a limit in Lo($2, H)
of integrals of elementary processes.
One important property the stochastic integral is the isometry property:

Proposition 4.5 (Isometry property).
t 2 t
B [ 1) aw )| =B [ 17(:)Q s ds. (4.1)
0 0

4.3 Stochastic ordinary differential equation

Stochastic differential equations arise naturally in various engineering prob-
lems, where the effects of random noise perturbations to a system are being
considered. For example in the problem of tracking a satellite, we know
that it’s motion will obey Newton’s law to a very high degree of accuracy,
so in theory we can integrate the trajectories from the initial points. How-
ever in practice there are rather random effects which perturb the motions.



For more details one can refer to Kuo [14], Klebaner [13] and Chung and
Williams [6] The variety of SDE to be considered here describes a diffusion
process and has the form

dXt = b(t,Xt) +O’(t,Xt)dBt, (42)

where b;(x,t) and 04;(t,x) for 1 <i < dand 1 < j <r are Borel measurable
functions.

Definition 4.6 (Strong solution). A strong solution of the SDE (4.2) on
the given probability space (2, F, P) with initial condition £ is a process
{X}t}+>0 which has continuous sample paths such that

e X, is adapted to the augmented filtration generated by the Brownian
motion B and initial condition £, which is denoted F;.

o« P(Xg=¢&)=1.

e For every 0 <t < oo and for each 1 <i < dand 1 < j <r, then the
following hold almost surely

t
/ 1bi(s, Xs)| + 07 (s, Xs)ds < oc.
0
e Almost surely the following holds
t t
Xy =€+/ b(S,Xs)ds+/ o(s, X,)dB;.
0 0

4.4 Stochastic partial differential equation

A stochastic partial differential equation (SPDE) is a partial differential
equation containing a random (noise) term. The study of SPDEs is an ex-
citing topic which brings together techniques from probability theory, func-
tional analysis, and the theory of partial differential equations.

Stochastic partial differential equations appear in several different ap-
plications: study of random evolution of systems with a spatial extension
(random interface growth, random evolution of surfaces, fluids subject to
random forcing), study of stochastic models where the state variable is infi-
nite dimensional (for example, a curve or surface), see Carmona [5], Musiela
[16], Goldys et al. [11], Goldys and Maslowski [10], Peszat and Zabczyk
[19], [18]. The solution to a stochastic partial differential equations may be
viewed in several manners. One can view a solution as a random field (set
of random variables indexed by a multidimensional parameter). In the case
where the SPDE is an evolution equation, the infinite dimensional point of



view consists in viewing the solution at a given time as a random element
in a function space and thus view the SPDE as a stochastic evolution equa-
tion in an infinite dimensional space. In the pathwise point of view, one
tries to give a meaning to the solution for (almost) every realization of the
noise and then view the solution as a random variable on the set of (infinite
dimensional) paths thus defined.

In this section we have a short introduction to the stochastic partial
differential equations. For more details and proofs we refer to Frieler and
Knoche [9], Da Prato and Zabczyk [7] and Prévot and Rockner [20].

Definition 4.7. Let {W(t)};co,r] be a U-valued Q-Wiener process on the
probability space (€2, F, P), adapted to a normal filtration {F;};co7)- The
stochastic partial differential equation (SPDE) is of the form

dX(t) = (AX(t)+ f(t)dt +dW(t), 0<t<T,

X(0) =€, (4.3)

where the following assumptions hold:

1. A is a linear operator, generating a strongly continuous semigroup
(Co-semigroup) of bounded linear operators { E(t) }+>0,

2. Be L(U,H),

3. {f(t)}iefo,r is a predictable H-valued process with Bochner integrable
trajectories,

4. ¢ is an Fp-measurable H-valued random variable.

Definition 4.8 (Weak solution). An H-valued process {X()}cjo,r is a
weak solution of (4.3) if {X(t)}c0,r is H-predictable, {X ()}, has
Bochner integrable trajectories P-almost surely and

(X@),m = (& n) + ; ((X(s), A™n) + (f(s5),m)) ds

t
+ | BdW(s), P-as., Vne D(A),te|0,T).
0

Definition 4.9 (Mild solution). An U-valued predictable process X (t), t €
[0,T7, is called a mild solution of problem (4.3) if

X(t):E(t)§+/O E(t—s)f(s)ds+/o E(t — s)B(X(s)) AW (s)

P-a.s. for each t € [0,7]. In particular, the appearing integrals have to be
well defined.



Definition 4.10 (Strong solution). An H-valued process { X (t)};c(o,7) s a
strong solution of (4.3) if { X (¢) }¢[o,r) is H-predictable, X (t,w) € D(A) Pr-
almost surely, fOT |AX (t)|| dt < co P-almost surely, and, for all ¢ € [0, 7],

t

t
X(t)=¢ +/ (AX(s) + f(s)) ds +/ BdW(s), P-as.
0 0
Recall that the integral fJBdW(s) is defined if and only if ||B|%g =
Tr(BQB*) < oc.
In a special case we have the stochastic Cahn-Hilliard equation as

dX(t) + A2X(t)dt + Af(X(t))dt =dW(t), t>0,

X(0) = Xo, (4.4)

where A = —A, P is the orthogonal projection of Ly onto H. By using the
semigroup approach we can write the mild solution to the equation (4.4) as

X(t) = E(t)Xo — /0 E(t— $)Af(X(s))ds + /0 E(t—s)dW(s), (45)

where {E(t) }+>0 = {e—t4? }¢>0 is the semigroup generated by —A2. In this
thesis we study the equation (4.4) in linear, f = 0, and nonlinear cases.

4.5 Stochastic convolution

The last term in (4.5) is a stochastic convolution

t
Wa(t) = / e~ (=A% Qi ()
0

—/te—(HW PdW(s)+/t<dW(S)7<P0><P0
0 0 (4.6)

t
_ / o~ =94 AW (5) + (W (1), 0) 0.
0

- / Celmoa? PAW (s) + (I — P)W (t).
0

5 Finite element method

The finite element method (FEM) is a numerical technique for finding ap-
proximate solutions of partial differential equations (PDE). In solving PDEs,
the primary challenge is to create an equation that approximates the equa-
tion to be studied, but is numerically stable, meaning that errors in the



input data and intermediate calculations do not accumulate and cause the
resulting output to be meaningless. There are many ways of doing this, all
with advantages and disadvantages. The finite element method is a good
choice for solving partial differential equations over complicated domains.
For more details one can refer to Larsson and Thomée [15] and Thomée
[21].

In this section we study the FEM for the Cahn-Hilliard equation in
deterministic and stochastic cases.

Let {7}, }1~0 denote a family of regular triangulations of D with maximal
mesh size h. Let Sp the space of continuous functions on D, which are
piecewise polynomials of degree < 1 with respect to 7;. Hence S;, C H'.
We also define Sj, = PSj, that is,

ShZ{UhGSh:/ vhdeO}.
D

The space S, is only used for the purpose of theory but not for computation.
Now we define the ”discrete Laplacian” Ay: Sy, — Sj, by

(Ahvh,wh> = <V1}h, th>, Vvh c Sh, wy, € Sh. (5.1)

The operator Ay is selfadjoint, positive definite on S, and Aj, has an or-
thonormal eigenbasis {aphJ}jy:hO with corresponding eigenvalues {)\hyj}jy:ho.
We have

0=MXo <An1 << Anj < ANy,

and @p0 = @o = \D]_%. Moreover we define e~t4%: S, — S, by

—tA2 tA2
oy, = Ze M3 (Uhy Phj) Phj = Ze 73 (Uh; Ph,j) Ph,j + (Vhs 90) o,

and the orthogonal projector Pn: H — Sy, by
(Ppv,wp) = (v,wp) Yv € H, wy, € Sh. (5.2)
Clearly Pj: H— Sh and
e % Pyo = et P, Py + (I — P)u.

5.1 FEM for the deterministic Cahn-Hilliard equation
Consider the Cahn-Hilliard equation (3.6) with e =1

—Aw =0, zeD, t>0,
w—+ Au— f(u) =0, xe€D, t>0,
5.3
@:0,@=0, z€dD, t >0, (5:3)
on on

u(z,0) =up(x), ze€D.

10



Multiply the first and the second equation of (5.3) by ¢ = ¢(z) € HY(D) =
H' and integrate over D. Using Green’s formula gives

(ug, ¢) + (Vw, Vo) = 0 Vo e H',

(w,6) = (V. V6) + (f(u),6) Vo H". (54)

So the variational formulation is: Find u(t),w(t) € H' such that (5.4) holds
and such that u(z,0) = ug(x) for x € D.

Let 7, = { K} denote a triangulation of D and let Sj, denote the contin-
uous piecewise polynomial functions on 7. So the finite element problem
is: Find wup(t), wy(t) € Sy such that

(un,t, x) + (Vwp, Vx) =0 Vx € S, t >0,
(wn, x) = (Vup, Vx) + (f(un), x) Vx € Sp, t >0, (5.5)
up(0) = up -

Then we can write the equation (5.5) as

Up,t + A%uh + Ahth(uh) =0, t>0,

Uh<0) = UQ,h, (5.6)

which is equivalent to the fixed point equation

t
up(t) = eftAiu()’h - / ef(tfs)AiAhth(uh(s)) ds,
0

where
oo

—tA2 —tAZ |
e WZE e "hi (v, Qi) Ph.j,
=0

where (Ap j, ¢n,j) are the eigenpairs of Ay,.

5.2 FEM for the stochastic Cahn-Hilliard equation

Consider the equation (4.4) and assume that {7, }o<n<1 is a triangulation
with mesh size h and {Sp}o<n<1 is the set of continuous piecewise linear
functions where S, C HY(D). Also let Aj, and Py, be the same as in (5.1)
and (5.2). The finite element problem for (4.4) is:

Find X, (t) € S}, such that

dXp(t) + A2 X, (t) dt + ApPof(Xn(s)) dt = P, dW (),

Xn(0) = P, Xo, (5.7)

11



where P,W(t) is Qp-Wiener process on Sp, with Qp = P,QP,. The mild
solution is given by the equation

Xh(t) = Eh(t)PhXo — /Ot Eh(t—S)Ahth(Xh(s)) d8—|—/0t E(t—S)Ph dW(S),

where Ep(t) = e~*4%. In the linear case, the finite element problem is

dX(t) + AR Xp(t) At = P, AW (1),

Xn(0) = Py Xo, (5:8)

with mild solution
t
Xp(t) = E(t)PrXo + / E(t — s)P,dW(s).
0
Now define the stochastic convolution

t
Wa(t)= [ 0% paws)
0
t 2
_ / e~ (=40 P, PAW (s) + (W (1), go) @0
0

t
= / e~ (=94 P, PAW (s) + (I — P)W(t).
0

Hence, in view of (4.6),
t 2 2
Wa, (t) — Wa(t) = / (e’(t’s)AhPh —e(t=9)4 ) PAW(s),
0

so that the error can be analyzed in the spaces H and Sj,.

Let k = Aty, t, = nk and AW,, = W(t,) — W(tn—1). Also consider
AXp g = Xhpn — Xpn—1 and apply the backward Euler method to (5.8) to
get

Xhn € Sh,
AXp o + A2 X n Aty = PLAW,, (5.9)
Xno = PrXo.
This implies
Xpn — Xnn—1 + kAp Xpn = PRAW,.
If we set By, = (I +kA2)™! we get

(I + kA Xpn = PhAW, + Xppo1.

12



So
Xnn = ExnPhAWy + Ep n Xpp—1.

We repeat it to get
n .
Xnn =B, PuXo+ > B T PAW;. (5.10)
j=1
6 A posteriori error estimate

In this section we recall some theorems and techniques for a posteriori error
estimates for the Galerkin approximation of nonlinear variational problems.
For more details and proofs, we refer to Bangerth and Rannacher [1] and
Becker and Rannacher [2].

Let A(u,-) be a semi-linear form and J(-) an output functional, not nec-
essarily linear, defined on some function space V. Consider the variational
problem: Find v € V such that

A(u;) =0 Yy eV, (6.1)
and the corresponding finite element problem: Find uj, € Vj, C V such that
A(uh; wh) =0 Vi, eV (6.2)

Suppose that the directional derivatives of A and J up to order three exist
and denoted by

A(usp,-), A"(u;,0,7), A" (w; €9, 0,-),

and
J'(u; @), J"(usth, ), A"(u;€,9,9),

respectively for increments ¢, 1, £ € V. We want to estimate J(u) — J(up,).
Introduce dual variable z € V' and define the Lagrangian functional

L(u; 2) := J(u) = J(up),

and seek for the stationary points {u,z} € V x V of L(:,-). i.e. for all
v, peV

L' (u; 2, 0,) = J'(u; 0) — A'(u; 2, 0) — A(u;9) = 0.

We quote three lemmas from [1].

13



Lemma 6.1. Let L(-) be a three times differentiable functional defined on
a (real or complex) vector space X which has a stationary point x € X, i.e.

L'(z;y) =0, VyelX,

Suppose that on a finite dimensional subspace Xy C X the corresponding
Galerkin approximation

L'(zp;yn) =0 VYyn € Xp.

has a solution, xp € Xp. Then there holds the error representation
]‘ /
L(z) = L(zp) = 5 L'(xn; 2 = yn) + Re - Yy € Xa,

with a remainder term Ry, which is cubic in the error e := x — xp,

1 1
Ry = 2/ L" (zp, + se;e, e, e)s(s — 1) ds.
0

From Lemma 6.1 we obtain the following result for the Galerkin approx-
imation of the variational equation.

Lemma 6.2. For any solutions of equations (6.1) and (6.2) we have the
error representation

1 1,
J(w) = I (ur) = gplunies) + 5p"(uni znsen) + Ry,

where
plun;ez) = —A'(up; 2, e2),
0" (un; 2y en) = I (un; ew) — A'(un; 2n, €4,

with e, = u —up, e, = 2 — z5, and
1
2
— 3A" (up, + sey; e, eu,ez))s(s —1)ds

1
3 1" "
REL) - / (J (up + sey; ey, ey, ey) — A" (up + sey; zp + Sez, ey, ey, €)
0

The forms p(-,-), p*(-;-,-) are the residuals of (6.1) and the linearized

adjoint equation, respectively. The remainder R,(IS) is cubic in the error.
The following lemma shows that the residuals are equal up to a quadratic
remainder.

14



Lemma 6.3. With the notation from above, for any wp, ¥y € Vi, there holds

P (un; zn,u — @p) = plun; 2 — Yn) + Ap  Vou, Yy € Vi,

with
1
Ap = / (A”(uh + 8€y; €u, €us 2n + s€2) — I (up, + sey; ey, eu)) ds.
0
Moreover, we we have the simplified error representation

J(u) = J(up) = plun, z — on) + R\D Ve € Vi,

with quadratic remainder

1
’Rf) = /0 (A”(uh + 8ey, ey, eu, 2) — J" (up + sey; eu,eu)) ds.

In Paper III we apply this methodology to a space and time discretization
of the deterministic Cahn-Hilliard equation.

7 Summary of appended papers

7.1 Paper I

In this paper we prove error bounds for the linear Cahn-Hilliard-Cook equa-
tion; that is, (3.7) with f(u) = 0. The main result is a mean square error
estimate for the finite element approximation defined in (5.8):

15 ()~ X (Ol o
=2 1
< CHA(I1Xoll Ly gy + |0 HIIA°T Q3 ls).

The proof is essentially based on applying the isometry (4.5) to
t
Wa, (t) — Wa(t) = / (e—“—S)AiPh - e_(t_s)A2> PAW (s).
0

The proof is then reduced to proving bounds for the error operator Fj,(t) =
Ey(t)P,P — E(t)P for the corresponding linear deterministic problem. For
this problem we show the following error bounds with optimal dependence
on the regularity of the initial value v:

1Fw(t)oll < CR7|o], ve HP,

t 1 .
(/ 1By (ryol?dr)* < Clloghlh?lu]s_s, ve 772,
0
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for 1 < @ <r, where r > 2 is the order of the finite element method.
The same program is carried out for the the backward Euler method in
(5.9). The result is the error bound

X (8) = X (t0) |10,
B =2 1
< (Cloghln? + Ca k) (IXoll 0,0y + 1472 Q% s

where where Cp = 155 for § < 4 and Cy, = C|logk| for § = 4.

7.2 Paper 11

We study the nonlinear stochastic Cahn-Hilliard equation driven by additive
colored noise (3.7). Using the framework of [7] we write this as an abstract
evolution equation of the form

dX 4+ (A’°X + Af(X))dt =dW, t>0; X(0)= X, (7.1)

Our goal is to study the convergence properties of the spatially semidiscrete
finite element approximation Xj of X, which is defined by an equation of
the form

dXp + (A2 X + ApPof(X))dt = P,dW, t>0; X(0)= P,Xo.

In order to do so, we need to prove existence and regularity for solutions of
(7.1).

Following the semigroup framework of [7] we write the equation (7.1) as
the integral equation (mild solution)

t t
X(t) =e X, — / e~ =94 A (X (5)) ds + / e~ (=94% g (s).
0 0

This naturally splits the solution as X = Y + Wy, where Wy(t) is the
stochastic convolution that was studied in Paper I. The remaining part, Y,
satisfies an evolution equation without noise, but with a random coefficient,

Y 4+ A%Y + Af(X) =0, t>0; Y(0)=Xp.

The regularity and error analysis can now be performed on this equation.
An important step is to bound the functional

I = 5IVul? + [ Fuyda,
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where F'(s) is a primitive function to f(s). For the deterministic equation
this is a Lyapunov functional, which means that it does not increase along
solution paths. For the equation which is perturbed by noise we show that

E[J(X(1)] <C@),

where C(t) grows quadratically in ¢t. The same result holds for Xj(¢). By
means of Chebyshev’s inequality we may then show that for each T' > 0 and
€ € (0,1) there are K7 and Q, C Q with P(£2¢) > 1 — € and such that

Xl + 1 Xa@)lIF < e Kz on Qe t€0,T).

These bounds are then used to control the random term f(X) and we show
the necessary regularity and the error estimate

| Xn(t) — X ()| < C(e 'Ky, T)h* 1log(h)| on Q, t <€ [0,T].
We thus have optimal rate of convergence on sets of probability arbitrarily
close 1, but the constant increases rapidly when ¢ — 0. Nevertheless, we
show that this implies strong convergence but without known rate:

1
i (BIIX (1) ~ X)) — 0 ash 0.

7.3 Paper III

In this paper we consider the deterministic Cahn-Hilliard equation (3.6)
and we discretize it by a Galerkin finite element method, which is based on
continuous piecewise linear functions with respect to x and discontinuous
piecewise constant functions with respect to t. The numerical method is the
same as the implicit Euler time stepping combined with spatial discretization
by a standard finite element method.

We perform an a posteriori error analysis within the framework of dual
weighted residuals as in section 6. If J(u) is a given goal functional, this
results in an error estimate essentially of the form

N
@) =IO <Y Y {pukus + puswus } +R,
n=1KeT,

where U denotes the numerical solution and T, is the spatial mesh at time
level t,,. The terms p, k', pw,x are local residuals from the first and second
equations in (3.6), respectively. The weights wy, k, wy, i are derived from the
solution of the linearized adjoint problem. The remainder R is quadratic in
the error.

We also derive a variant of this, where the weights are replaced by sta-
bility constants, which are obtained by proving a priori estimates for the
solution of the linearized adjoint problem.
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FINITE ELEMENT APPROXIMATION OF THE
LINEARIZED CAHN-HILLIARD-COOK EQUATION

STIG LARSSON' AND ALI MESFORUSH

ABSTRACT. The linearized Cahn-Hilliard-Cook equation is discretized
in the spatial variables by a standard finite element method. Strong
convergence estimates are proved under suitable assumptions on the
covariance operator of the Wiener process, which is driving the equation.
The backward Euler time stepping is also studied. The analysis is set in
a framework based on analytic semigroups. The main part of the work
consists of detailed error bounds for the corresponding deterministic
equation.

1. INTRODUCTION

When the Cahn-Hilliard equation (cf. [2, 3]) is perturbed by noise, we
obtain the so-called Cahn-Hilliard-Cook equation (cf. [1, 5])

du — Avdt =dW, forxzeD,t >0,
v=—-Au+ f(u), forxeD,t>0,

1.1

(1.1) %:0,%20, forx € 0D, t > 0,
on on
U(,O) = Uop,

2 .
where u = u(z,t), A = Zle 68?, and % denotes the outward normal deriv-

ative on 9D. We assume that D is a bounded domain in R? for d < 3 with
sufficiently smooth boundary. A typical f is f(s) = s — s. The purpose of
this work is to study numerical approximation by the finite element method
of the linearized Cahn-Hilliard-Cook equation, where f = 0.

We use the semigroup framework of [12] in order to give (1.1) a rigorous
meaning. Let ||-|]| and (-,-) denote the usual norm and inner product in the
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Key words and phrases. Cahn-Hilliard-Cook equation, stochastic convolution, Wiener
process, finite element method, backward Euler method, mean square, error estimate,
strong convergence.
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2 S. LARSSON AND A. MESFORUSH

Hilbert space H = Lo(D) and let H* = H*(D) be the usual Sobolev space
with norm ||-||;. We also let H be the subspace of H, which is orthogonal
to the constants, that is, H = {v € H : (v,1) = 0}, and we let P: H — H
be the orthogonal projector.

We define the linear operator A = —A with domain of definition

D(A) = { cH?: %—OonﬁD}.

Then A is selfadjoint, positive definite, unbounded linear operator on H
with compact inverse. When it is considered as an unbounded operator on
H, it is positive semidefinite with an orthonormal eigenbasis {goj};?‘;o and
corresponding eigenvalues {\;}22, such that

0=x\0<)\1§)\2§~--§/\j§~--, /\j—>oo.

The first eigenfunction is constant, pg = |D|7%. By spectral theory we also
define H* = D(A?) with norms

1/2

(12) ol = 430 = (X x0e)?) . ser
j=1
It is well known that, for integer s > 0, H® is a subspace of H* N H char-
acterized by certain boundary conditions and that the norms | - |5 and |[|-||s
are equlvalent on H5. In particular, we have H' = H' N H and the norm
lv]1 = ”AQ’UH = || V]| is equivalent to [lv[; on H'.
For v € H we define

2

A2

etA EetA’U(p]
7=0

Then {E(t)}i>0 = {e 4" }1>0 is the analytic semigroup on H generated by
—A?. We note that

thy = Ze (v,9)9; + (v,90)00 = E(t)Pv + (I — P)v,

where (I — P)v = |D|™! [,vdz is the average of v.

Let (Q,F,P,{F:}+>0) be a filtered probability space, let Q) be a selfad-
joint, positive semidefinite, bounded linear operator on H, and let {W (¢) }+>0
be an H-valued Q-Wiener process adapted to the filtration {F;}+>o.

Now the Cahn-Hilliard-Cook equation (1.1) may be written formally

(1.3) dX(t) + A2X () dt + Af(X(t))dt =dW(t), t>0; X(0)= Xo.
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The semigroup framework of [12] gives a rigorous meaning to this in terms
of the mild solution, which satisfies the integral equation

X(t):E(t)XO—/O E(t—s)Af(X(s))ds+/0 E(t — s)dW(s),

where fg ... dW (s) denotes the H-valued It6 integral. Existence and unique-
ness of solutions is proved in [6]. This is based on the natural splitting of
the solution as X (t) = Y (t) + Wa(t), where

Wat) = /O B(t— 5)dW(s)

is a stochastic convolution, and where

Y(t) = E(t)Xo — /t E(t—s)Af(X(s))ds
0
satisfies the random evolution problem
V(t)+ AV (1) + Af(Y(t) + Wa(t)) =0, t>0; Y(0)= X.

The study of the stochastic convolution Wy(t) is thus a first step towards
the study of the nonlinear problem.

In this work we therefore study numerical approximation of the linearized
Cahn-Hilliard-Cook equation

(1.4) dX + A2X dt =dW, t>0; X(0)= Xo,

with the mild solution
t
(1.5) X(t)=E(t)Xo+ / E(t —s)dW(s).
0

The nonlinear equation is studied in a forthcoming paper [11]. We remark
that a linearized equation of the form (1.4), but with A2 replaced by A%+ A
is studied by numerical simulation in the physics literature [7, 9].

For the approximation of the Cahn-Hilliard equation we follow the frame-
work of [8]. We assume that we have a family {S,}5>0 of finite-dimensional
approximating subspaces of H'. Let P,: H — S} denote the orthogonal
projector. We then define S, = {x € S, : (x,1) = 0}. The operator
Ap: Sy — Sy, (the “discrete Laplacian”) is defined by

(AthT/) = (vXa Vn)> VX € Sh’ ne Sha
The operator A, is selfadjoint, positive definite on S, positive semidefinite
on Sy, and Ay, has an orthonormal eigenbasis {¢y, ; };V:ho with corresponding
eigenvalues {)\h7j};y:’10. We have

0= <A1 << A << Ay
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and @p0 = @o = |D|_%. Moreover, we define Ey,(t): S, — Sp by

Np
_+A2 _ .
En(tyon = ¢ iop =Y e (v, 0nj) on
=0
Np,
- Ze‘”’w (Vn, ©n.j)@n; + (Vh, ©0) 0,
7j=1

Then {E},(t)}1>0 is the semigroup generated by —A?. Clearly, Pj: H— S,
and
Ey(t)Ppv = Ep(t)PoPv+ (I — P)u.

The finite element approximation of the linearized Cahn-Hilliard-Cook
equation (1.4) is: Find X} (¢t) € Sp, such that,

(1.6) dX, + A2 X, dt = P,dW, t>0; X,(0)= P,Xo.
The mild solution of (1.6) is

t
(1.7) Xh(t) = Eh(t>PhX0 + / Eh(t — S)Ph dW(S).
0
We note that

/0 E(t —s)(I — P)dW(s) = (I — P) / AW (s) = (I — P)W(¢),

0
so that

X(t)=E(t)Xo+ / E(t—s)dW(s)=E(t)PXo+ (I — P)Xo

(1.8) . 0

+/ Bt — s)PAW(s) + (I — PYW(2),
0

and similarly

Xp(t) = Ep(t)PhPXo + (I — P)Xo
+ /t En(t — $)PoP AW (s) + (I — PYW ().
0

Therefore, the error analysis can be based on the formula
Xn(t) = X(t) = (En(t) P, — E(t)) PXo

(1.9) +/Ot (En(t — s)Py — E(t — s))PdW (s),

and it is sufficient to work in the spaces H and Sy, Note that the numerical
computations are carried out in Sy and that Sy, is only used in the analysis.
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Let k = 6t be a timestep, t, = nk, 60Xy, = Xpp — Xppo1, W, =
W (tn) — W(t,—1), and apply Euler’s method to (1.6) to get

(1.10) 6Xpn + A2 X, 6t = P oW, n>1; Xno= PyXo.

With Eyp, = (I + kA2)~! we obtain a discrete variant of the mild solution

n
Xh,n = E]ZLhPhXO + Z EZ}L_j+1Ph (SWJ
j=1

In Section 2 we assume that {S;}n~0 admits an error estimate of order
O(h") as the mesh parameter h — 0 for some integer r > 2. Then we show
error estimates for the semigroup Fj,(t) with minimal regularity requirement.
More precisely, in Theorem 2.1 we show, for 5 € [1,r] and all £ > 0,

|1 En(t)v]| < ChP lvlg, ve Hﬁ,

t 1
(/ ||Fh(T)U||2 dT) : <] logh\hﬁ [v[g—2, vE€E Hﬁin
0

where F},(t) = Ep(t) P, — E(t) is the error operator in (1.9).

Analogous estimates are obtained for the implicit Euler approximation in
Theorem 2.2.

In Section 3 we follow the technique developed in [14, 13] and use these
estimates to prove strong convergence estimates for approximation of the
linear Cahn-Hilliard-Cook equation. Let Lo(£2, H) be the space of square
integrable H-valued random variables with norm

Xl = (BOXI) = ([ 1x@IPape)’,

and let ||T'||us denote the Hilbert-Schmidt norm of bounded linear operators
on H, |T||}g = Py | T#;]|?, where {¢; 321 is an arbitrary orthonormal
basis for H. In Theorem 3.1 we study the spatial regularity of the mild
solution (1.5) and show

=2 1
IX O oz < C(1 Kol + 1472 Q2 llus).,  for 6> 0.

Moreover, in Theorem 3.2 we show strong convergence for the mild solution
Xp in (1.7):

1 Xn(t) = X () Lo0,m)
52 1
< CR (|| Xoll y0.0) + [Tog Pl A2 Q2 lus), B € [1,7].
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In Theorem 3.3 for the fully discrete case we obtain similarly, for § €
[1, min(r,4)],

1 X () = X ()i
B B=2 1
< (Cllog hIn® + Cisk®) (1 Xol ) + 147 QF 1),

where Cg ), = & for § <4 and Cgj, = C|logk| for g = 4.
Note that these bounds are uniform with respect to t > 0.

. =2 1 .
Our results require that [[A 2 Q> llus < oo. In order to see what this
means we compute two special cases. For @Q = I (spatially uncorrelated

noise, or space-time white noise), by using the asymptotics A; ~ j %, we
have

o0 o)
203 822 -2 (B-2)2
AT Q2 s = IIAT Bs = Y N2~ D091 < o,
J=1 j=1

if 6<2— %. Hence, for example, 6 < % if d = 3. On the other hand, if @

is of trace class, Tr(Q) = ||Q%||%_IS < 00, then we may take 3 = 2.

There are few studies of numerical methods for the Cahn-Hilliard-Cook
equation. We are only aware of [4] in which convergence in probability
was proved for a difference scheme for the nonlinear equation in multiple
dimensions, and [10] where strong convergence was proved for the finite
element method for the linear equation in 1-D.

2. ERROR ESTIMATES FOR THE DETERMINISTIC CAHN-HILLIARD
EQUATION

We start this section with some necessary inequalities. Let {E(t)}t>0 =
{e’tAQ}tzo and {Ep(t)} >0 = {e—tA,%}tzO be the semigroups generated by
—A? and —A,QL, respectively. By the smoothing property there exist positive
constants ¢, C' such that

(1) [APEL0) PP + [APE()P] < CrPe o, 820,
t t

(2.2) / ||AhEh(s)Pth||2ds—|—/ |AE(s)Po|%ds < CJv]|2.
0 0

Let Ry: H' — S, be the Ritz projector defined by
(VRpv, VX) = (Vo,VX), Vx € S

It is clear that Ry = A,:lphA_ We assume that for some integer r > 2, we
have the error bound, with the norm defined in (1.2),

(2.3) |Rpv — || < ChPlulg, veH’, 1<B<r.
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This holds with » = 2 for the standard piecewise linear Lagrange finite
element method in a bounded convex polygonal domain D. For higher order
elements the situation is more complicated and we refer to standard texts
on the finite element method. In the next theorem we prove error estimates
for the deterministic Cahn-Hilliard equation in the semidiscrete case.

Theorem 2.1. Set Fy(t) = Ey(t)Py, — E(t). Then there are hg and C, such
that for h < hg, 1 < B <r andt >0, we have

(24)  ||Fu(t)o]| < ChHB vl e B,
t 1

(2.5) (/ \|Fh(7)v||2d7)2 < Clloghlh® |v]g_s, ve HP2
0

Note that Fj(t)v = Fy(t)Pv for v € H, so that it is sufficient to take
v € H. The reason why we assume § > 1 is that in (2.5) we need at least
v € H! for Ej,(t)Pyv to be defined.

Proof. Let u(t) = E(t)v, up(t) = Ep(t) Py, that is, u and uy are solutions
of

(2.6) u+ A% =0, t>0; u(0)=o0,
(2.7) uny + Afup =0, t>0; uu(0) = Pyo.
Set e(t) = up(t) — u(t). We want to prove that
le@)ll < Ch%Jols, v e HP,
(/Ot ||e(T)|2dT)5 < Cllog h|h’ |v]g_s, ve HI2
Let G=A"'Pand G, = A;IP;LP. Apply G to (2.6) to get Gu; + Au =0,
and apply G7 to (2.7) to get Gupt + up, = 0. Hence
Gier+e=—Gruy — u+ Gp(Guy + Au) = (GRA — Du — Gi(GrA — I)Guy,
that is,
(2.8) Giei+e=p+ G,

where p = (R, — I)u,n = —(Rj, — I)Guy. Take the inner product of (2.8)
by e; to get

1d
[Grecll? + 53 ell* = (pr€2) + (1, Giner),

Since (n, Grer) < |InllGre:ll < 5llnll* + 51 Ghet]|?, we obtain

d
IGhed? + &H@H2 < 2(p,er) + [In]*-
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Multiply this inequality by t to get t[|Grei||? + t5lel|> < 2t(p, er) + t]n]|>.
Note that

E el = S (Elel?) — el #(pe0) = 3 (00,)) — () — t(pu,e),

dt
so that
d d
t|Gred” + a(tlle|l2) < 23@(,0,6)) +2[(p, )| + 2[t(pe, €)| + tlnl* + lle]l.
But
1 2 1, 9
(o)l < llelllell < Sllell™ + 5llell,
1 1

tpre)| < tllpelllle]l < §t2||PtH2 + §||6||2-

Hence

d d
HlGhedl® + 3 (tlell?) < 24 (#(o.€)) + lloll* + Ellpull” + tllnl* + 3lell*.

Integrate over [0, ¢] and use Young’s inequality to get

t t t
1
| GhentP ar + el® < 21ol? + gelel + [ lolPar+ [ 7o ar
t t
+/ 7’”77||2d7'+3/ lell? dr.
0 0

t
(29)  tllel* < Ctlp]* + C/O (lel* +72llpel + 7llnll® + llel|?) dr.

Hence

We must bound fg le||? dr. Multiply (2.8) by e to get

1d 1 1
§aHGh6H2+H€H2 < llelllell+lnllGrell < prH2+§H6H2+HnH On_gggtHGheH,
so that
d 2 2 2
. — < .
(2.10) g 1Gnell” + llell” < loll +2||?7||01;13§t||GheH

Integrate (2.10), note that Gre(0) = A}, ' Py (P, — I)v =0, to get

t t t 9
[Grell? + [ Nel?ar < [ ol dr + mas Gl + ([ fnllar)”
0 0 <7<t 0

Hence, since t is arbitrary,

too b t 9
(211) [ etpar < [ o ar+ ([ )’
0 0 0
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We insert (2.11) in (2.9) and conclude
t
Hlell? < Celolf? + C / (o2 + 72lpel® + 7lnl?) dr

+c(/0t I ar)”.

We compute the terms in the right hand side. With v € HP, recalling
p = (Rp — I')u and using (2.3), we have

(2.12)

(213) [p() < Ch%u(t)|s < CHP|| E(H)Av]| < ChP||A%0] < ChPJols,
so that,
t
ol < CHtpufs, [ ol dr < CHtpuf,
Similarly, by (2.1),
loe(®)| < ChPJus(D)|s < CHP| A2E(t) A% 0] < CHOt o],
so that
t
(2.14) /0 o2 dr < ChHof2,
Moreover, since n = —(Ry, — I)Guy,
s s 5 B3
In(@)[] < Ch7|Guy(t)|s < ChP||AE(t)Azv| < Ch7t™2|v|g,
so that
! 2 2 2 ! 2 2 2
(/0 Inlldr)” < Ch?Pjof?, /0 rlnl?dr < Chto)3,
By inserting these in (2.12) we conclude
tlel2 < Ch2to 2,

which proves (2.4). .
To prove (2.5) we recall (2.11) and let v € HP~2. By using (2.3) and (2.2)
we obtain

t t t _
p|?dr < Ch? ul3dr = Ch?° ABE(r) A" )2 dr
) 0 o P 0

< C’h%\v]%_2.

(2.15
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Now we compute fg In]| d7. To this end we assume first 1 < § < r and let
1 <+ < (. By using (2.1) and (2.3) we get

t ¢ ¢ - -
n||dr < Ch” Gui|l~dr = Ch” AZ_ﬁTWE T A¥U dr
¥
0 0 0

t
—148= _
SC’h”’/ T e dT | s,
0

where, since 0 < f—vy <r—1,

B=v
t t 4 _4 [e'e) 4
/ I ey = 4 / e "7 ds < S / e ds.
0 B=7Jo B="Jo

Hence, with C independent of 3,

K ChY
2.16 / n||dr < v|g_2-
(2.16) 0|| | ﬁ_7| [
Nowletﬂlj:|logh|:—logh, sovy— B as h — 0, and
vlogh = (y— B+ B)logh =1+ Glogh.

Therefore we have

By
55" | log hle?1°8h = | log h|e! P18 < C|log h|h”.
-7

Put this in (2.16) to get, for 1 < 3 <,

t
(2.17) / Il dr < Ch?|log hljv]s—a,
0

and hence also for 1 < § < r, because C' is independent of §. Finally, we
put (2.15) and (2.17) in (2.11) to get

t 1
([ el ar) < Clioghinlols-s,
0
which is (2.5). O
Now we turn to the fully discrete case. The backward Euler method

applied to

Upt + A%uh =0, t>0,

up(0) = Ppo,
defines U,, € S;, by
U, + A7U, =0, n>1,

(2.18)
Uy = Py,
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where 0U,, = %(Un — Up—1). Denoting EY, = (I + kA2)™", we have U, =
E},v. The next theorem provides error estimates in the Ly norm for the
deterministic Cahn-Hilliard equation in the fully discrete case.

Theorem 2.2. Set F,, = E}}, P, — E(t,,). Then there are ho, ko and C, such
that for h < ho, k < ko, 1 < < min(r,4), and n > 1, we have

(2.19)  ||Fpoll < C(h® + kD)|vlg, v e HP,
(2.20) (k:z ||Fjv||2) < (Clloghlh? + Copk®)|v]p_a, v e HP2,
7j=1

where Cgj, = & for B <4 and Cgy, = C|logk| for f = 4.

Proof. Let G and G}, be as in the proof of Theorem 2.1. With e,, = U,—u, =
El Ppv — E(t,)v, we get

(2.21) G20ep + en = pn + G + Ghon,
where u, = u(ty), utn = w(ty,) and

pn = (Rp—Dun, nn=—(Ry—1)GOuy,, 0p=—G(Oup— uty).
Multiply (2.21) by Je,, and note that

1 1
(> Gnden) < mnll* + 7 1Gndenl®, (9n, Gnden) < [15n]* + 4 Gnden]?,

to get

(2.22) 1Grdenl|” + 2(en, Den) < 2(pn, Deq) + 2| + 216,
We have the following identities

(2.23) O(anbn) = (0an )by, + an—1(0by,)

(2.24) = (0an)by, + an(0by,) — k(Day)(0by,).

By using (2.24) we have
2(en, Oen) = 0Hen”2 + kHaenw:
(P, Oen) = O(pn, €n) — (Opn, en) + k(Opn, Oen).
Put these in (2.22) and cancel k||de,,|? to get
1Ghden]|? + Ollenll* < 20(pn, en) = 2(pns en) + kll0pall® +2[mal1 + 2[104 1.

Multiply this by t,—1 and note that k < ¢,,_; for n > 2, so that we have for
n>1

tn—lH(;’(haenHQJFtn—laHenH2
(2.25) < 2tp—10(pn, €n) = 2tn—1(0pn, €n) + tifl HaanQ
+ Qtn—lunn”Q + Qtn—lu(anQ‘



12 S. LARSSON AND A. MESFORUSH

By (2.23) we have
tn-10lenl® = O(tnllenl*) — llenl®,
2tn—10(pn, €n) = 20(tn(pn; €n)) = 2(pn, €n).-
Put these in (2.25) to get
tnfl||Ghaen||2+a(tn”€n”2)
(2.26) < C(0(talpns en)) + llonll* + 17111001 + llenll?)
+ C(tn-1llmnll? + ta-1l16all?).
Note that
n
(227) kY O(tillel?) = tallenl®. kza (pj+€5)) = tnlpn, €n)-
j=1
By summation in (2.26) and using (2.27) we get

n
kY ti-1llGhe; | +tnllenl* < Ctallpnl?

7j=1
(2.28) +CEY (o> + 1100517 + lles %)
j=1
n
+ Ok (il + ti-1l16;11%).
j=1

Now we estimate k37, |ej||>. Take the inner product of (2.21) by e, to
get

(2:29) 2(Grden, en) + lleal® < llonll® + 2(Inall + 16al) [ Greanll-
By (2.24) we have
(2.30) 2(G20en, er) = 2(0Ghen, Gren) = 9||Grenl? + k|| 0Ghen||*.

By summation in (2.29) and using Gpep = 0, we get

IGhenl|? + kz leslI* < kZ losll* + 3 InaXIIGheyII
j=1 j=1

w2k (gl +1531))
i=1
Hence

n n n
@31 KX el <KD ol +2(k 3 (gl +1551))
Jj=1 J=1 J=1
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By putting (2.31) in (2.28) we get

therLHQ SCthPnHQ

n
+Ck > (ol + 11005112 + ti-allng 1 + 51111
(2.32) =1

(ki (sl + 1551

Now we compute the terms in the right hand side. With v € H? we have
by (2.13),

n
(2.33) lpal? < CR2I3, £ g2 < Ch2t, o2,

=1

By using the Cauchy-Schwartz inequality we have

th Hopil2 =k Hk/ podr]’
Si(t?_l,i [ [0 laipar),

=2 ti—1 ti—1
tn
< [ #lolPar,
0
Hence, by (2.14),
(2.34) kY 2 1100517 < Ch¥Ptaluf3.

By using (2.3) and (2.1) we have

ChP t B
Inj | < Chﬂ’Gauﬂﬁ < kH/t AB(r)Afvar|
j—1

ChP 1 B ChP ChP
< — T 2dr||A2v|| < —(\/t; — /ti—1)|vlg < —|v]3.
), bR < S - Vil < el
So
n n l
(2.35) EY tioalnl? < CRPPtJolf, kY Il < ChPt[v]s.

Jj=1 Jj=1
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By using (2.1) we have, for j > 2,

1 [ tj
3_68 B
<5 [ = ti-0Guatriar] < [ jasEEmatu)ar
ti—1 tj—1

—6+8

j
<C T4 drlv|g,

tj,1

so that, by Holder’s inequality with p = % and q = ﬁ, 1< B <4,

t t 4-8
/j 7764% dTSCkZ(/] (T#)fCh') !
t t
( B

Jj—1

The same result is obtained with § = 4. For j = 1 we have

1 [k 1 [k
161 < Hk/ rGuy(r) dr | SCk/ I
0 0

4 | —24p B, 1
<C——k < Ck1t, ? .
=C51 3 T lg < 1ty *|vlg

So we have, for j > 1,
s -1
161 < Ckat; *|v]s.

Hence

n n
B8 1 B
(2.36) kY N6l < ekvtdlols, kY ti—allgl* < Ch2talvf3.
j=1 j=1
Put (2.33), (2.34), (2.35), and (2.36) in (2.32), to get
8
lenll < C(h7 + k7)|v]5.

This completes the proof (2.19). .
To prove (2.20) we recall (2.31) and let v € H?~2. For the first term we
write k320 [lpsl1? = klloull? + & 3275 llos]I*, where by (2.1)

Kl < kCh*P | AE(k) A2 v|]? < Ch*P[v]5_s,
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and
n n t;
anpjn?:Z/
j=2 j=27ti-1
Nt oot tj 2
<23 [T pePds 2y [ ] [T mmar as
j=2 ti—1 =2 ti—1 s
tn n oot t;
<2 / ol as +23" [t -s) / ()| dr ds
t1 j=2 ti—1

tji—1
t’,L t'll 2
<2 [l ar 2k [ rloPar
0 31

since t; — s < k < 7 and where, by (2.15),

p(s) + /stj pe(T) dTH2d8

tn
/O o> dr < CR2 o3y,

and
tn tn _
k[ rloddr < 0n¥k | | APE( AT o) 2dr
t t
1 ltn
< Ch%k/ T2 dr |3,
k
< CWPk(k™" =t )03y < ChP |03y,
So
(2.37) Y lloill* < Ch*of3_s.

J=1

Now we compute k> 7, [|n;]|. Recall that n; = —(Rj — I)GOu; and n =
—(Rp — INGuy, so

1 [t 1 [t
sl =B~ DG [ war] <3 [ Ry~ DG ar
k ti—1 k ti—1

71 v d
<
S k/t H77” T,

j—1

and hence by (2.17) we have

n t?)/
(2.38) B Il < / Inll dr < Ch?|log hljvs—2.
i=1
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For computing & >_7_, [[0;]| we use (2.1) and obtain for 1 < 8 < 4,

t; 2 4B B=2
Il < / (=t Gun(r) dr < [ AT EE@AT o dr

ti—1

<o [’ i 0] 2.

tj,1

Hence
n tn
e 150 <0k [ 77 drfols
=2 k
4 148 —148
< Ckm(k I+3 —tn 4)|U|ﬁ—2
C
< 47ﬁk%|ﬂ|ﬁ72
and

k k 4B 52
Ello1] < / T|Guy (7)]| d7 < / TI|A* 2 E(T)A 2 v| dr
0 0

< C/OkTgl dr folg—2 < fﬁkiﬂmﬁ_z.
Therefore, for 1 < g < 4,
kZ||5 <7 k‘4|v|ﬁ 2-
If we put 3 6 = |log k|, we also have
an& I < —kl T Jolg_a = Cllog klke™ 7" %8F o5y

< CH|log k|[v]5—2 = C|log k| [v]5_2.

Therefore, for 1 < 3 < 4, we have

n
B
(2.39) kY8l < Carktlols—o
j=1
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where Cgj, = & for § < 4 and Cgy, = C|logk| for 8 = 4. Finally we put
(2.37), (2.38) and (2.39) in (2.31), to get

n 1
(ED"llesl?)® < (ChPloghl + okt ) o]5-2-
j=1

3. FINITE ELEMENT METHOD FOR THE CAHN-HILLIARD-COOK EQUATION

Consider the linear Cahn-Hilliard-Cook equation (1.4) with mild solution
t
(3.1) X(t) =E(t)Xo + / E(t—s)dW(s).
0
We recall the isometry of the It6 integral

(32) B [ B awe)| =& [ 186)@} s ds

where the Hilbert-Schmidt norm is defined by

ITlEs =D [Tl

=1

where {¢;}7°, is an arbitrary orthonormal basis for H. In the next theorem
we consider the regularity of the mild solution (3.1).

Theorem 3.1. Let X (t) be the mild solution (3.1). If Xo € Ly(Q2, H) and
HA%Q%HHS < oo for some 3> 0. If 3> 0, then

B=2 1
1X Ol 0110) < € (1X0l gy +14°T Q2 s ), 1> 0.
If 3 =0, then

_ 1 1
IX Oz < C(IXol o + 147 Q3 s +13), £ 0.
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Proof. By using the isometry (3.2), the definition of the Hilbert-Schmidt
norm, and (2.1), (2.2) we get, for 8 > 0, see (1.8),

t 2
IX@)I2, 00, —E’E(t)X0+/O B(t —s)PdW(s)]|

t
< C(E|B@t) X} + EH/O ATE(t - s)PdW(s)H2)
t
< C(IX0lR 0, + || 143 B PQH s ds)
< C(IX0ll2, 0 + D 1477 Q3 41|1?)
=1

=2 1
< C(I1X0ll2, g 110 + 1477 Q3 s ).

For 3 = 0, there is the additional term E||(I — P)W (t)||?> = E[(W(t), v0)?] <

Ct. U

The finite element problem for Cahn-Hilliard-Cook equation is: Find
Xpn(t) € Sy such that

dX;, + A2 X, dt = P, dW,

(3:3) X1(0) = P, Xo.

So the mild solution can be written as
t
(3.4) Xu(t) = Ey(1)PyXo + / En(t — )P, AW (s).
0

Theorem 3.2. Let X;, and X be the mild solutions (3.4) and (3.1) with

Xo € Lo(Q, HP) and ||A¥Q%||Hs < oo for some (3 € [1,r]. Then there are
ho and C, such that, for h < hg and t > 0,

[ X0 () =X )| Lo, m)
< CWO (|1 Xoll 010y + 1 log RIIIA™T Q2 |1s).
Proof. Use (3.1) and (3.4) and set Fy(t) = Ey(t)P, — E(t) to get
[ Xn(t) = X ro.m) < llerl Lo,z + lle2() | o, )

where

el(t) = Fh(t)Xo = Fh(t)PXo,

eg(t)z/o Fh(t—s)dW(s):/O Fi(t — s)P AW (s).



APPROXIMATION OF THE LINEARIZED CAHN-HILLIARD-COOK EQUATION 19
By using Theorem 2.1 we get
2\3 B 2\3 8
lex @)l a0, = (BIF(6)Xo[)? < CRP(E|Xo|5)* = Ch7||Xoll 1,0, 175):

For the second term we use the isometry (3.2), the definition of Hilbert-
Schmidt norm and Theorem 2.1,

le2(t)112 .z = E(H/Och(t— ) dW(s)Hz)
_ /0 IFult - $)Q* s ds

> [ 1mmetal?
= [ Fr(s)Q2¢n|"ds
=170

s 1
< Cllogh*h** > " |Q2 ¢ilj_,
=1

— 1
= Ol log h*h*|| AV=22Qz3 | fg.
O

Now we consider the fully discrete Cahn-Hilliard-Cook equation (1.10)
with mild solution

n
(3.5) Xnn = EpPuXo+ Y Epy 7P oW,
j=1
where Ey, = (I + kA7)~L.

Theorem 3.3. Let X}, and X be given by (3.5) and (3.1) with Xy €
Ly(Q, HP) and ||A¥Q%||Hs < oo for some 8 € [1,min(r,4)]. Then there

are hg, ko and C, such that, for h < hg, k < kg, andn > 1,
[ Xhn(8) = X (En) | £y (0,m)
B =2 1
< (C’|logh|hﬁ+C/g7kk4)(||X0||L2(Q7H5) +[A72 Q2 ||ns),

where Cg . = 125 for B <4 and Cyy = C|logk| for B = 4.



20 S. LARSSON AND A. MESFORUSH

Proof. By using (3.1) and (3.5) we get, with F;,, = E}; P, — E(ty),

n t;
en = FpXo+ Z/ Fn—j+1 dW(S)
j=1"7ti—1

n

+Z/j (E(tn —tj—1) — E(ty, — 5)) dW(s)

j=17ti-1
=eéen1ten2+ens.

By using Theorem 2.2 we have
1 B
(3.6) lenill og.my = (Bl FXol?)? < C(W + k)1 Xoll , 0. 0):

By using the isometry (3.2) and Theorem 2.2 we get

n t; 2
Jenslsiom =B([ [ B aw o))
j=17ti-1
n tj -
-y / 1P 1Q3 [ ds
j=1"7ti—1
o n 1
EY D P j1Q2
=1 j=1

o0
B 1
<> (Clloghlh? + Cp k1) ?|Q2 13,
=1

s s—2
= (Cllog hlh” + Ck) 1477 Q2 lfs.
By using the isometry property (3.2) again we have

|\€n,3||%2(Q,H)

Dy ———

tio1

-y / N(E(tn — tj1) — E(tn — )@ 3s ds
j=1 7t

L -2 1
=> > / IA=2(E(s — t;_1) — AE(t, — 5)A™2 Q2 ¢y ds.
I=1 j=1"%-1

Using the well-known inequality

|AZ (E(t) — Dw|| < Ct7|[w],
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with t = s — t;,w = AE(t, — s)A"Z Q2 ¢y, together with (2.2), we get

8= [t -2 1
lensl?,om < ChE S /0 IAE(ty — 5) A" Qb 6y ds
=1

N sz 1 8. f=2 1
Y IAT Q¢ = Ck2 | A7 Q2 s
=1

< Ck?

Putting these together proves the desired result. O

(1]

2l

(9]

[10]
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FINITE ELEMENT APPROXIMATION OF THE
CAHN-HILLIARD-COOK EQUATION

MIHALY KOVACS, STIG LARSSON!, AND ALI MESFORUSH

ABSTRACT. We study the nonlinear stochastic Cahn-Hilliard equation
driven by additive colored noise. We show almost sure existence and reg-
ularity of solutions. We introduce spatial approximation by a standard
finite element method and prove error estimates of optimal order on sets
of probability arbitrarily close to 1. We also prove strong convergence
without known rate.

1. INTRODUCTION

We study the Cahn-Hilliard equation perturbed by noise, also known as
the Cahn-Hilliard-Cook equation (cf. [1, 3]),

du — Awdt =dW in D x [0,T],
w+ Au+ f(u) =0 in D x [0,7T],

ou Ow
%_%_0 on 0D x [0,T7,

Here D is a bounded domain in R?, d = 1,2,3, and f(s) = s> — 5. Using
the framework of [9] we write this as an abstract evolution equation of the
form

(1.1) dX 4+ (A’°X + Af(X))dt =dW, t>0; X(0)= X,

where A denotes the Neumann Laplacian considered as an unbounded op-
erator in the Hilbert space H = Lo(D) and W is a Q-Wiener process in H
with respect to a filtered probability space (2, F,P,{F;}+>0). See Section
2 for details.
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Key words and phrases. Cahn-Hilliard-Cook equation, additive noise, Wiener process,
existence, regularity, finite element, error estimate.

!Supported by the Swedish Research Council (VR) and by the Swedish Foundation
for Strategic Research (SSF) through GMMC, the Gothenburg Mathematical Modelling
Centre.

1



2 M. KOVACS, S. LARSSON, AND A. MESFORUSH

Our goal is to study the convergence properties of the spatially semidis-
crete finite element approximation X} of X, which is defined by an equation
of the form

dXp, + (A2X), + ApPof(Xp))dt = P,dW, t>0; X3,(0) = P, X,.

In order to do so, we need to prove existence and regularity for solutions
of (1.1). Such results were first proved in [4]. Under the assumption that
the covariance operator Q = I (space-time white noise, cylindrical noise) it
was shown that there is a process which belongs to C([0,T], H~!) almost
surely (a.s.) and which is the unique solution of (1.1). Under the stronger
assumption that A and Q commute and that Tr(A°~1Q) < oo for some § > 0
(colored noise) it was shown that the solution belongs to C([0,T], H) a.s.
Such regularity is insufficient for proving convergence of a numerical solution.
Our first aim is therefore to prove existence of a solution in C([0, 7], H?)
a.s. for some 3 > 0.

Following the semigroup approach of [9] we write the equation (1.1) as
the integral equation (mild solution)

t t
X(t) =e X, — / e =94 A (X (5)) ds + / e~ (=94% Qi (s)

0 0
=Y (t) + Wa(t),
where e~t4” is the analytic semigroup generated by —A2. This naturally

splits the solution as X = Y + Wy, where Wy(t) = fot e~ (=94 4 QW (s)
is a stochastic convolution. This convolution, and its finite element ap-
proximation, was studied in [8]. In particular, it was shown there that if

g=2 .
|A= Q2 |%s = Tr(AP72Q) < o for some 3 > 0, then we have regularity of
order (J in a mean square sense; that is,

B=2 1
(1.2) E[[Wa)lFs] < |42 Q2 |fis, t>0.
The other part, Y, solves a differential equation with random coefficient,
(1.3) Y+ A2Y + Af(Y +W4) =0, t>0; Y(0)=X,.

This can be solved once W, is known. This approach was also used in [4],
but while they used Galerkin’s method and energy estimates to solve (1.3),
we use a semigroup approach similar to that of [5]. However, published
results for the deterministic Cahn-Hilliard equation do not apply directly
due to the limited regularity in (1.3).

The nonlinear term is only locally Lipschitz and we need to control the
Lipschitz constant. In the deterministic case studied in [5] this is achieved
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by the Lyapunov functional
1
J(u) = §||Vu||2 —|—/DF(u) de, uweH', F(s)=1s'—1s

which is nonincreasing along paths, so that || X (¢)||z:1 < C for t > 0. Due
to the stochastic perturbation, this is not true for the stochastic equation
(1.1). However, it is possible find a bound for the growth of the expected
value of J(X(t)), and hence a bound

(1.4) E[IX(#)|Fp] <C@), t=0.
This was shown in [4] under the assumption
(1.5) 1AY2Q2lfis = Tr(AQ) < oo,

which is consistent with = 3 in (1.2). We repeat this in Theorem 3.1 with
several improvements. First of all we reduce the growth of the bound from
exponential to quadratic with respect to t. We also relax the assumptions:
we do not assume that A and (Q commute; that is, have a common eigenbasis,
and we do not assume that the eigenbasis of () consists of bounded functions.
Moreover, we prove the same bound for the finite element solution Xp,.

By means of Chebyshev’s inequality we may then show that for each
T > 0and € € (0,1) there are K7 and Q. C Q with P(€2) > 1 — € and such
that

X7 + 1 X017 < € 'Kr on Qe, t €[0,T].

This bound controls the nonlinear term and we show that X € C([0,T], H?)
for w € Q under the assumption (1.5) (see Theorem 4.2). We also obtain
an error estimate (see Theorem 5.3)

| Xn(t) — X (1) < C(e *Kp,T)h? log(h)| on Q., t € [0,T].

The constant grows rapidly with e ' K7, but nevertheless we may use this
to show strong convergence (see Theorem 5.4),
(1.6) max E[|| X, (t) — X(#)||*] =0 ash— 0.

te[0,77]
To prove strong convergence with an estimate of the rate remains a chal-
lenge for future work. In this connection we note that even for numerical
methods for stochastic ordinary differential equations with local Lipschitz
nonlinearity there are few results on convergence rates (cf. [6]).

Numerical methods for the deterministic Cahn-Hilliard equation are well
covered in literature. There are few studies of numerical methods for the
Cahn-Hilliard-Cook equation. We are only aware of [2] in which convergence
in probability was proved for a difference scheme for the nonlinear equation
in multiple dimensions. For the linear equation there is [7], where strong
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convergence estimates were proved for the finite element method for the
linear equation in 1-D, and the already mentioned work [8] on the finite
element method for the stochastic convolution in multiple dimensions.

2. PRELIMINARIES

2.1. Norms. Let D c R%, d = 1,2,3, be a bounded convex domain with
polygonal boundary 0D. Let H = Lo(D) with standard inner product (-, )

and norm ||-||, and
H:{UEH:/UdJ):O}.
D

We also denote by H¥ = H¥(D) the standard Sobolev space. We define
A = —A with domain of definition

D(A):{UGHQ:g—Z:OonaD}.

Then A is a positive definite, selfadjoint, unbounded, linear operator on H

with compact inverse. When extended to H it has an orthonormal eigenbasis
{®j}520 with corresponding eigenvalues {\;}32 such that

O0=X <A <A< <A <o) Aj — o0

The first eigenfunction is constant, ¢g = ]D\_%.
Let P: H — H define the orthogonal projector. Then

(I P)v= (v, 00) 00 = D" / vda,
D

is the average of v. We define seminorms and norms

o0 1
ol = (X1 0P)". az0.
j=1

(SIS

o0 1
lolla = (3o AgHw @) ) = (ol + (v, 00) )7, a >0,
j=0

and corresponding spaces
H* = D(A?) = {v € H:|vlp< oo}, H® = {v € H:|v|a < oo}.

For integer order o = k, H* coincides with the standard Sobolev spaces
with [|-||x equivalent to the standard norm ||-||+. For example,
(2.1) [0l = [vff + [{v, 00} [ = I Vol* + [{v, o) [

is equivalent to ||[v]|3,, by the Poincaré¢ inequality.
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2.2. The semigroup. The operator —A? is the infinitesimal generator of
an analytic semigroup e~*A” on H,

o0

_ 2
o™t Ze (v, )95 = Ze (v, 05) 5 + (v, 0) po

= eftA Pv+ (I — P)v.
The analyticity implies that
(2.2) A% %] < Ct~%e |v||, > 0.

2.3. The finite element method. Let {7,},~0 denote a family of regular
triangulations of D with maximal mesh size h. Let S; be the space of
continuous functions on D, which are piecewise polynomials of degree < 1
with respect to 7;,. Hence, S;, € H'. We also define S, = PSy; that is,

Sh—{vaSh:/Dvhdx—O}.

The space Sj, is introduced only for the purpose of theory but not for com-
putation. Now we define the ”discrete Laplacian” Ap: S, — S} by

(Apvp, wp) = (Vop, V), Yo, € Sy, wy, € Sh.
We note that
(2.3) jonly = [ A3 0n]l = [IVenll = [ AZvall, o € Sh.
The operator Ay, is selfadjoint, positive definite on Sy, positive semidefinite
on Sy, and Ay, has an orthonormal eigenbasis {¢p, ; };V:’LO with corresponding
eigenvalues {/\hvj};y:ho. We have
0=Ao <A1 < <A <~ < AN

and ppo0 = o = |D|_%. Moreover, we define e~ tAR Sy — Sp, by

Np
—tA2 —tA —tA
hop, = E e i (o, on ) ng = Y e (vh, on ) onj + (Uns o) @0,
Jj=0 Jj=1

and the orthogonal projector P,: H — Sj by
(2.4) (Ppv,wp) = (v,wy) Vv € H, wy, € Sh.
Clearly, Py: H — S), and
e Py = e N P, Py + (I — P)v.
We have a discrete analog of (2.2),
(2.5) |Aget4tay | < O e uyll, vn € Sy a >0,
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Finally, we define the Ritz projector Ry: H* — S, by
(VRpv,Vwy) = (Vo,Vwy), Yv € H' wy € 8),.
We extend it to Ry: H' — S}, by
(2.6) Rjyv = RyPv+ (I — P)v, ve H.
We then have the error bound (cf. [10, Ch. 1])
(2.7) |Rpv —v|| < ChPlulg, wve HP, gell,2].

In order to simplify the presentation, we assume that P, is bounded with
respect to the H! and L4 norms, and that we have an inverse bound for Ay,

[Prvllr < Clloll, veH,
(2.8) 1Pwolle, < Clloll,,  veH,
HAhvhH < Ch_2H’UhH, vy, € Sh.

This holds, for example, if the mesh family {7 }x>0 is quasi-uniform.

2.4. The Wiener process. We recall the definitions of the trace and the
Hilbert-Schmidt norm of a linear operator 7" on H:

TH(T) = Y (T f)s W Tls = (X2 ITHIP)",
k=1 k=1

where {f}32, is an arbitrary orthonormal basis of H.

Let @ be a selfadjoint, positive semidefinite, bounded, linear operator on
H with Tr(Q) < oo. Let {ex}32; be an orthonormal eigenbasis for @ with
eigenvalues {7;}%2,. Then we define the Q-Wiener process

oo

Wt)=>" Véﬂk(t)ek,

k=1
where the (i are real-valued, independent Brownian motions. The series
converges in Ly(€2, H); that is, with respect to the norm |[v| 0 m =

(E[||v||2])% The Q-Wiener process can be defined also when the covariance
operator has infinite trace but this is not needed in the present work.
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2.5. The stochastic convolution. We now define (cf. [9])
t
Wa(t) = / e~ (=A% Qi (s)
0
t ) t
= [ P aws) + [ aws) g
0 0

t
— / e~ =D PAW (s) + (W (L), o) w0
0

- /t =Y P AW (s) + (I — P)W (2).
0

Similarly,
t
W, (t) = / e~ (=945 p, AW (s)
0

t
_ / e~ =9 P, PAW (s) + (W (1), o) o
0

t
= / e~ =)A p PAW (s) + (I — PYW(¢).
0
Hence, the constant eigenmodes cancel:
t
(2.9) W, (t) — Wa(t) = / (e—@—S)AiPh - e—<t—s>A2) PAW (s).
0

These convolutions were studied in [8]. We quote the following results from
there. We use the norms

1
ol irs) = (BLI3 D
Theorem 2.1. If ||A¥Q%HHS < oo for some 3 > 2, then
=2 |1
IWaA@)l 0,18 < CllAZ Q2[lus, ¢ >0.
Theorem 2.2. If ”Q%HHS < 00, then

1
IWa, () = Wa(t)ll Ly, i) < Ch?|log B[|Q2|lus, t > 0.

Note that 3 = 2 in the latter theorem. In [8] these are stated with a
slightly wider range of the order §, but this is not needed in the present
work.
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2.6. Gronwall’s lemma. We need the following generalization of Gron-
wall’s lemma. A proof can found in [5].

Lemma 2.3 (Generalized Gronwall lemma). Let the function ¢(t) > 0 be
continuous for 0 <t <T. If

t
o(t) < At 4 B / (t—5) HPo(s)ds, e (0,T],
0

for some constants A,B > 0 and «,3 > 0, then there is a constant C =
C(B,T,«a,3) such that

o(t) < CAt™T t e (0,T).
We also use the standard Gronwall lemma:

Lemma 2.4 (Gronwall’s lemma). Let the function p(t) be continuous on
[0,T]. If, for some A,C >0 and B > 0,

t
¢(t)§A+Ct+B/ o(s)ds, te][0,T],
0

then

o(t) < (A+ %)eBt, t e [0,T].

Proof. Set ®(t) = A+ Ct+ B fot ©(s)ds. Then
®'(t) = C + Bp(t) < C + Bo(t),

so that ®'(t) — B®(t) < C, which gives $(®(t)e B!) < Ce B! Hence

¢ C C
~Bt —Bs j. _ _C Bt
D(t)e™ "' < P(0) + C/O e “%ds (A + B) e

Multiplying both sides by eP* gives

B(t) < <A+ %)eBt — % < (A+ %)eBt.

But ¢(t) < ®(t), so the desired result follows. O

2.7. Bounds for the nonlinear term.
Lemma 2.5. For u,v € H® and f(s) = s® — s we have
(2.10) IAf(@)]] < O+ [[ul})l|ulls,

(2.11) 14, 2 P(f(u) = FO)] < C (14 [ullf + [lol3) ffu = ol]-
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Proof. We have f'(s) = 3s%> — 2s, f”(s) = 6s%. Using Hélder’s inequality,
Sobolev’s inequality ||u||z, < C|lu|lg: (for d < 3), and |ju||gr < [Jullx, we
get
IAF ()| = I (w)Au + £ ()| Vul?|
< L @l Aullze + [ (@)l Vull L

+ lullZ,) 1Au] g + CllullzelIVulZ,

+llullF) lellzs + Cllull g I Vulle

+lullf) lulls + Cllulllull3
1+ [fullF) [lulls,

o
c(
o
o

where we used |Julls < C||u||1§|\u||§ in the last step. This proves (2.10).
For (2.11) we apply (2.3) and Hélder and Sobolev’s inequalities (d < 3)
to get

1 1
_1 A 2Pp. v A, 2Py
thSh ||Uh|| thSh thH
wy, el g5 lwnllz
= sup {9, wn) < b 0 < CllellLg)s-
wr €S}, |wh|1 whES |wh‘1

We use this with ¢ = f(u) = f(v) = [y f/(su+ (1 = s)v)ds(u — v) =
fol f,(us) ds (u — U)7 where us = su + (1 _ s)v,

_1 _1
14,2 P(f(u) — F@))I| = 1452 Pl < Cllolln, s
1 1
<c /O 1 (us)llzs ds Jlu — ]| < C /0 (1 + [lusl12,) ds lu— o]

1
< C/O (1 + llusllF) ds [lu = vl < CA+ Julf + ol lw =]
This is (2.11). O

3. THE CAHN-HILLIARD-COOK EQUATION

3.1. The continuous problem. The Cahn-Hilliard-Cook equation is
du — Awdt =dW in D x [0,T],
w4+ Au+ f(u) =0 in D x [0,7T],

(3.1) ou  Ow
on~ on
u(0) = uo. in D.

=0 on 0D x [0,T7,
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The finite element approximation is based on its weak form, which is

(u(t),v) = (up,v) +/O (w(s), Av) ds —I—/O (dW(s),v), t>0,
(w,v) = (Vu, Vo) + (f(u),v), t>0,
u(0) = uyp,

for all v € H? with %}L = 0 on 0D. With the operator A, defined in Section
2, we write (3.1) in the formal abstract form on H = Ly(D):

(3.3) dX 4+ (A°X + Af(X))dt =dW, t>0; X(0)= X,.
A weak solution of (3.3) satisfies

(X (), ) — (Xo,0) + /O (X, A%0) ds + /0 (F(X(s)), Av) ds = /O (AW (s),v).

for all v € H* = D(A?). A mild solution of (3.3) is a solution of

(3.2)

2 t 2 t 2
(34) X(t)=e M Xy — / A AR (X (5)) ds + / e AT qw (s).
0 0

3.2. The finite element problem. Recalling (3.2), we define the finite
element solution uy(t) € Sy, of (3.1) by

¢ ¢
(up(t),vp) = (ug,vp) —|—/ (Vwp(s), Vup,) ds+/ (AW (s),vp),
0 0
(wh,vp) = (Vup, Vop) + (f (un), vn),
up(0) = up,0,
for all vy, € Sy, t > 0. This may also be written in the abstract form in Sp:
(3.5) dXj, + (A2 X}, + ApPuf(Xy))dt = P,dW, t>0; X(0) = P,Xo,
with mild solution
t
Xp(t) = e 4 X, — / e~ =945 4, P, £(X () ds
(3.6) . 0
+ / e~ =945 p AW (s).
0

3.3. A Lyapunov functional. Define the functional

1
(3.7) T(u) = 2||W||2+/ Flu)de, ue HY,
D

where F(s) = %34 - %32 is a primitive of f(s) = s°> — s. This is a Lyapunov
functional for the deterministic Cahn-Hilliard equation, which means that

in the deterministic case J(X(¢)) does not increase along solution paths.

3
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For the stochastic equation this is not true, but we have a bound for the
expected value of J(X (t)).

Theorem 3.1. Assume that ||A%Q% |lus < o0 and X, X}, are weak solutions
of (3.3) and (3.5) with E[J(Xy)] < oo and that Xo is Fo-measurable with
values in H*. Then, for all t > 0, we have

(3.8) E[J(X(1))] < C(E[J(Xo)} +1+tKg+ tQKZ?),
and
(3.9) E[J(X),(t))] < C(E[J(PhXo)] +1+tKg+ t2K32>,

1.1
where Ko = ||A2Q7% ||} + (Qwo, ¢0) -

Proof. We prove (3.9), the proof of (3.8) is essentially obtained by removing
the subscript ”h” everywhere (see also [4]).

We consider (3.5) as an It6 differential equation in Sy driven by P,W,
which is a Qp, = P,Q Pp-Wiener process in Sy. By assumption (2.8) it follows
that E[J(P,X0)] < oo, if E[J(X))] < oo.

By applying It6’s formula ([9, Theorem 4.17]) to J(X}(t)), we obtain

T (0) = T + [ /(X051 4Xi(s) + 5 [ T (X (9)Qu) s
= J(P,Xo) + /Ot<J’(Xh(s)), —A2X1(s) — PhARf(Xu(s))) ds

t
0

+ ;/0 Tr(J"(Xn(5)Qp) ds +/ (J'(Xn(s)),dW(s)).
But we have
(J'(un);vn) = (Vup, Vop) + (f(un), vn) = (Apun + Pof(un), va),
and
(J" (up)vp, wn) = (Vop, V) + (f' (up)vn, wh)
= (Apvn + Pu[f'(un)on), wh),

so that

J'(un) = Apup + Pof(up),  J"(un) = Ap + Pulf'(un)]-
Hence, by (2.3),

ELJ(X,(1)] = BlJ(P.Xo)] — B [ [ 141639 + s (i) ds]

- %E [/Ot (Tr(An@n) + T(PRLS (Xn(3))1Qn) ds] '
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We ignore the negative term on the right hand side to get
E[J(Xn(t))] < E[J(PrXo)]

Now we compute Tr(A,Qp) and Tr(Py[f'(Xk(s)):]Qp). To this end let
{on; };-V:ho be an orthonormal basis of eigenvectors of Ay and {)\h,j}jyzho the
corresponding eigenvalues. Then

(3.10)

Np, Np,
Tr(AnQn) = Tr(QnAn) = > (PaQPruAnen s ons) = Y My (Qhjs @)
j=1 j=1

N 4 1 N 11 5 PR S
Z QA7 QF AT ons) = S 1QF A7 Pugns|1? = 1Q% A7 Palls
j=1 7j=1
< |AZPhQ5 |2 = || AZ PhA 3 A3 Q3 |2g < |[AZ P A3 Az Q2|2
< [|A; PrQ2 s = | Aj Pn Qz|gs < [|A; PrA ||B(H)|| Qs
1 1
< O A2Q>|[s.
Here we used (2.3) and (2.8) to get
1 .
1A7 PyA"30]| = |PyA” 201 < CJA™ 20|y = Cllol|, v e H,
1 _1
so that | A7 PyA, ? |5 < C- Hence, with Ko = [ AZQ2 |3 + (Qw0, 00).

1 1 1 1
(3.11) 142 Q7 IIs = Tr(AnQn) < CllA2Q2 s < CKg.

Let {ehd}jyzho be an orthonormal eigenbasis of @}, and {yhd};\;ho the cor-
responding eigenvalues. We get

Ny,
Tr (Pulf'(Xn)1Qn) = Z<Ph[f,(Xh)Qh€h7jL en;)
j—O
(312) - Zﬁ)/h,j Xh €h,js eh,])
7=0

Ny,
Z Xh QhehJ7Qh6hj>
7=0

By using the bound |f/(s)| < C(1 + s?), we get by Holder’s and Sobolev’s
inequalities,

(' (wv,v)| < COA+[ullZ,)vlZ, < CA+ulZ)llvlFn < CQ+lulz,)llv]f.
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By (2.1) and (2.3) we have, for vy, € S,

1
lonllf = lvali + (vh, 00)* = 1A nll* + (v, 90)?,

so that, by (3.11),
Nno Noo 0y g Noo
Y oNQEensIT =4z Q2 ensil® + (QFen,v0)?
j=0 Jj=0 Jj=0

1 1 1 i
< A2 QE s + 1QF sis < 142 Q7 s + 1Q2 |Iis

< C||A2Q2 |35 + (Qwo, o) < CKg.

Here we used the boundedness of A% to get

o0 o0
1 1 1 1 1 1
1Q2lIfis = Y 1Q2 w5l = Y 1472 A2Q2 51> + Qo
7=0 j=1

3.13 > 11
(3.13) <O 1A5Qb i1 + (@0 o)

j=1

1 1

= C||A2Q2||us + (Qyo, vo) < CKjg.

Returning to (3.12), we now have

(3.14)
Ny, 1
Tr(Pulf'(Xn)1Qn) < C(L+ I Xnll7,) D 1Q7F en il < CL+(IXnll7,) Ko,
§=0

Putting (3.11) and (3.14) in (3.10) gives

(3.15)  BJ(Xu(1)] < BLJ(PaXo)] + CKo 1+ / B[1X () 3,] ds).

tional (3.7) and noting that F(s) = 1s% — 152 > ¢1s* — ¢y, we get

It remains to bound fot E[||X1]17,] ds. By definition of the Lyapunov func-
1
4
1
J(w) = S[Vul® + Cillullz, — Co,

which implies

Jullf, < C3(1+ J(u).
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Hence, by Holder’s inequality, we get, for € > 0,

Cg [ BlIXA)IE] s < O [

t
€ 2 03
= Jo BUXRIL)ds + 52

1

3.1
B[ X, (s)]13,] ds) * 3
tCKp

<e E[l—i—J(Xh(s)]ds—I—Ce_ltKé
0

t
< e/ E[J(Xn(s))] ds + et + Ce™ "tKP,.
0

Putting this in (3.15) gives

ELJ(X)(1)] < E[J(PXo)] + C(e+ Kq + ¢ 'K )t + ¢ /0 "B (Xa(s))] ds.
Now apply the Gronwall Lemma 2.4 to get, for € > 0,
E[J(X5,(t))] < (E[J(PhXo)] +C(1+e Ko+ e—QKg))
< e(E[J(PhXO)] +C(1+tKg + tQK(%)),
where for each fixed t we have chosen € = t~! to get an optimal bound. [

This theorem is adapted from [4]. We have improved it in several ways.
Most importantly, the growth of the bound is reduced from exponential to
quadratic with respect to t. Moreover, we have removed the assumption that
A and @ have a common eigenbasis and that the eigenbasis of () satisfies
llejllr. < C. It is also important that we obtain the same bound for Xj,.

Note that the assumption [|AZQ? |us < oo is the same as the condition
for regularity of order 5 = 3 for W4(t) in Theorem 2.1.

We now use the previous theorem to obtain norm bounds uniformly on
subsets of ) with probability arbitrarily close to 1.

Corollary 3.2. Assume that ||A%Q%HHS < oo and X, Xj are weak so-
lutions of (3.3) and (3.5) with Xo Fo-measurable with values in H' and
||X0||%2(97H1)+ |\X0||Ai4(Q7L4) < p. Then, for every e € (0,1), there is Qe C Q2
with P(2) > 1 — € and

(3.16) VX () + ||X(t)||‘i4 <elKp on Q. te0,T],
(3.17) IVXL(OI” + | Xn()|7, < e 'Ky on Q, t€10,77,
(3.18) IX@OF + I Xn (@O < e 'Kr on Q, t€10,77,
(3.19) |Wa(t)]3 < e 'Kp on Q, t €10,7],
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where K1 = C(1+ p+ KQT + K%TQ).
Proof. Since E[J(X()] < C(1+ p), we obtain from Theorem 3.1,
E[J(X()] <CA+p+ KoT + KiT?) < Kr t€[0,7).

We apply Chebyshev’s inequality to get, for every a > 0 and ¢ € [0, 7],

P({we: [VXOP +IX@IL, > a) < BIVXOI+ IX0IL,]

< LC0+BI(X M) < 00+ Kp) = 2L,

where the C in K1 was adjusted. We choose o« = ¢ ' K7 and set
Qe ={weQ: [VX@®)|*+ X7, <€ 'Kr}.
So (3.16) holds and
P(Q) = 1-P({we Q: [VXOI+ | XOIIE, > ) > 1-c
For (3.17) we replace Xj; by X and note that we have E[J(P,Xj)] <
C(1+ p), by (2.8). For (3.18) we note that e ' K7 > 1, and so
IXOIT < IVXOI? + [XO1? < IVXO)I + CIX ()7, < e 'K

after an adjustment of the C'in Kp. Finally, (3.19) follows in a similar way
from Theorem 2.1 with § = 3 with a constant which can be absorbed in
K. O

4. REGULARITY OF THE SOLUTION
We quote the following from [4].

Theorem 4.1. Let T > 0 and assume that Tr(A°~1Q) < oo for some § > 0
and that Xy is Fo-measurable with values in H. Then there is a process X,
which is in C([0,T], H) a.s. and which is a mild solution of (1.1).

We now show that, under the assumption HA%Q% llus < oo, the solution
is actually in H3. In order to do this we write X (t) = Y (t) + Wx(t), where
we already know that Wy is in H? from Theorem 2.1. The regularity of Y’
is studied in the next theorem. Since

Y(t) = X(t) — Wa(t) = e " X — /0 eI Af (X (s)) ds,

it is a mild solution of

(4.1) Y+ A%Y + Af(X) =0, t>0; Y(0)= X,
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Theorem 4.2. Assume that ||A%Q% llus < oo and that X is Fo-measurable
with values in H3 and HXOH%2(Q7H1) + ||X0||%4(Q,L4) < oo. LetT > 0 and
€ € (0,1) and let Q¢ and K1 be as in Corollary 3.2. Let X be the solution
from Theorem 4.1. Then, for each w € . the mild solution Y of (4.1)
belongs to C([0,T), H3). Moreover,

||Y(t)||3 < C(||X0||376_1KT7T) on QEv te [OvTL
HX(t)”3 < C(||X0||37€_1KT7T) on QEv te [OvT]
Proof. Let T'> 0 and w € Q.. From Corollary 3.2 we have

(4.2) IX@F < e 'Kr, [Wa(t)lls <e'Kr.
We take norms in
t
(4.3) Y(t)=e "X, - / e~ (=94 A £(X (s)) ds,
0
to get

t
YO < Kol + [ AR )l ds
0
t .
= e atxo] + [ ade IR AX ()] ds
0

< [Xols + C /O (t— &) 3 AF(X(5))] ds.
We apply (2.10) to [|Af(X(s))]| = [AF(X(s)]] to get

Y ()]s < [Xols + C/O (t=8) "5 (1 + [ X ()} X (5)]1s ds

t 3
< [Xols + C / (t— 9 1+ XDV + [Wals)lls) ds.

Since (I — P)Y (t) = (I — P)X is constant, we get the same bound for the
norm ||Y(¢)||3. Using also (4.2) gives

t
1Y (#)lls < | Xolls + C/ (t—8) 11+ 'Kp)(|Y(5)lls + € ' Kp) ds
0
< | Xolls + Ce " Kp(1+ e *Kp)T1
t )
—|—C’(1—|—e_1KT)/ (t— 5)= 5[V (s)]s ds.
0

Applying Gronwall’s Lemma 2.3 with a =1, § = % and

(4.4) A=|Xolls+Ce'Kr (1+€'Kr), B=C(1+¢ 'Kr),
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gives

HY(t)Hg < AC(BaT) = C(HX()Hg, 6_1KT7T)7 te [OaT]
The bound for || X (¢)||3 then follows in view of (4.2). O

The constant C (|| Xo||3, e K7, T) grows rapidly with e ' K7 and T'. Hence,
it is important that K7 grows only quadratically with T

5. ERROR ESTIMATES

5.1. Error estimate for deterministic Cahn-Hilliard equation. Con-
sider the linear Cahn-Hilliard equation

u+ Av =0, t>0,
(5.1) v—Au—f=0, t>0
u(0) = uyp,
where f is a function of x, ¢, and the corresponding finite element problem
up, + Apvy, =0, t>0,
(5.2) vp — Apup — Ppf =0, t>0,
up(0) = Prug.

We have the following error estimate. We will later use this for fixed
w € Q¢ with f replaced by f(X) and u by the solution Y of (1.3).

Theorem 5.1. Assume that u,v and up, vy, are the solutions of (5.1) and
(5.2), respectively. Then, fort >0,

55) o)~ ] = O (1o s o)+ [ w035)° ).

Proof. The weak forms of (5.1) and (5.2) are

(i, 1) + (Vo, V1) =0 Vi1 € HY,
(54) (v, 02) = (Vu, Vipa) — (f,02) =0 Vo € H',
u(0) = uo,
and
(@h, on1) + (Von, Viop,1) =0 Von,1 € Sh,
(5.5) (U, n2) — (Vun, Vona) — (f,on2) =0 Voo € S,
up(0) = Prug.
Let P, and Ry, be as in (2.4) and (2.6) and set
(5.6) ey = up — u = (up — Ppu) + (Pru — u) = 0y + pu,

(5.7) ey =vp — v = (v — Rpv) + (Rpv — v) = 0y + po.
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We want to compute
(5.8) lewll < N16ull + llpull-

In (5.4) choose ¢1 = ¢p,1 and @2 = @y, 2 and subtract the first two equations
of (5.4) from the corresponding equations in (5.5) to get

(€u, 0n1) + (Veu, Vop1) =0 Vop 1 € Sh,
(€vs 0n2) —(Vew, Vo) =0 Vopo € Sh.
Hence, by (5.6) and (5.7),

(Ous on1) + VO, Vor1) = —(pu, n1) — (Vpu, Vor1) Veona € Sh,
(Ovs n.2) = (VOu, Vor2) = —(pv, ¢n2) + (Vpu, Vor2) Vona € Sh.
By the definitions of P}, and R} we have
(Pus 1) = (Pt — @, 0p,1) =0 Vn,1 € Shy
(Vpo, Veon1) = (VR — 0, Vpp1) =0 Veps € Sp,
so that
(s 1) + (VOu, Vi 1) =0 Vion,1 € Sh
(Ovs n.2) = (VOu, Von2) = —(puv, pn2) + (Vpu, Vor2) Veona € Sh.
In the second equation we set ¢y 2 = Appp1 to get
(VO0y,Vion1) = (Ap0us on1) — (AnPupu, on1) + (AR Rrpus Ph1)-
Inserting this into the first equation gives
(O, on1) + (AnOu, on1) = (AnPrpo, en1) — (AR Rupus o),
so the strong form is
Ou + AROu = AnPupy — AjRupu, t>0; 6,(0) =0,

with the mild solution
t t
0.(t) = /0 e_(t_S)A’?lAhPhpv(s) ds — /0 e_(t_S)AiA%thu(s) ds.

Taking norms here gives

t
o < || [ 9 P s
(5.9) t 2
+ H/ e =% A2 Ry, pu(s) dsH =I+1I.
0

For I we define .
wn(®) = [ I pp5) ds,
0
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which satisfies the equation
Wy, + AZwy, = Pupy, t>0; wy(0)=0.
Multiply by wy to get
2
|

1d
lon]* + 5

1 . 2
; + Sl

. . 1
— [ Anwnll* = (Phpo,in) < llpollllinll < oo
dt 2
So we get
o2, d 2 2
[l | +@||Ahwh|| <Ilpull*.

Integrate and ignore fg |2is (s) || ds to get

t t 1
an [ e P s) as| = anan )] < ([ lono)las)
0 0
where, from (2.7),
lpoll = I1(By, = Dol < Ch2Jula.
So we get
t ) t L
(5.10) HAh/ e~ (=944 P py (s) dsH < Ch2(/ |v(s)|§ds> .
0 0
For I1 we use
Rppy = Rp(Pru — u) = Pou— Rpu = Pr(u — Rpu).
Then

t t
| [t Rpus)as]| < [ 144y u(s) — Ryl s
/ |AZe —(- S)AhPhH ds [fmax lu(s) — Rpu(s)]| ds.

Here we use ||A;]| < Ch™2 from (2.8) and (2.5) to get

t h4 t
/ | A2~ 9)4 P | ds — / lAR2 e 4% | ds + / | 42654 ] ds
0 0 h4

t
<COh Rt +C | s7le™ds < C(1 +log(1/h)) < Cllog(h)|.
h4

Hence, by (2.7), we have

t
(5.11) H / A2e==DA R, 5 (s) dsH < Ch?|log(h)| max |u(s)|a.
0 0<s<t
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Putting (5.10) and (5.11) in (5.9) gives

1
(5.12)  [ou)l < on?{( /0 (o) ds) +|log(n) max [u(s)]2 .
Finally, by the best approximation property of P,

(5.13) lpu@®)ll = [1Phu = ull < [|Rpu — ul| < CR?[u(t)]2.

Putting (5.12) and (5.13) in (5.8) gives the desired result (5.3). O

In the next lemma we prove a stabilty estimate for the deterministic
Cahn-Hilliard equation (5.1).

Lemma 5.2. Assume that u,v are the solutions of (5.1). Then
w08+ [ To)Bas < oo+ [ 17 Bas
Proof. Multiply the first equation in (5.1) by A%u to get
%|u|g + (A2, Au) = 0,

The second equation of (5.1) gives Au = v — f, so we have

1d 1 1
Sl + (A%, 0) = (A, f) <Julalfl < Sl + 5 1F1,
so that
d
lul3 + 1of3 < 1113
The proof is finished by integration. U

5.2. Error estimate for the stochastic Cahn-Hilliard equation. In
the next theorem we prove an error estimate for the nonlinear Cahn-Hilliard-
Cook equation.

Theorem 5.3. Assume that ||A%Q%||Hs < oo and X, X, are the solu-
tions of (3.3) and (3.5) with Xy Fo-measurable with values in H® and
||X0||%2(Q,H1) + ||X0HA£4(97L4) < oo. Let T >0, € € (0,1), and let Qe C
and Kt be as in Corollary 3.2. Then we have

1X0(t) = X ()] < C([Xolls, e Ep, T)h?|log(h)|,  on Qe, t € [0,T].

The constant C(|| Xo||3,e K7, T) grows rapidly with e 'Kz and T due
to the use of Gronwall’s lemma in the proof.
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Proof. Let w € Q) be fixed. Set
(5.14) X(t)=Y(t)+Wal(t),

where W4 (t) is the stochastic convolution

t
(5.15) tvga)—-/"e—“—ﬁA2dquy
0
and Y'(¢) is the mild solution (4.3) of (1.3). Also set
(5.16) Xn(t) = Zn(t) + Wy, (1),
where Wy, (t) is the stochastic convolution
t
(5.17) W%@%:/e*“$ﬁ&dW@%
0
and
t
(5.18) Zn(t) = e P X — / e~ =945 4, P F(Xn(s)) ds,
0

is the mild solution of
(5.19) Zn+ AhZy = —MpPof(Xy), t>0;  Z(0) = P Xo.
Finally, let

t
(5.20) Yi(t) = e P, X, — / e~ (=945 A, P F(X (s)) ds,
0

be the mild solution of
(5.21) Y, + A2Y), = —ARP,f(X), t>0; Y,(0)=P,X.

We subtract (5.14) from (5.16),

Xp— X = (Zn+ Wa,) — (Y + W)
=(Wa, —Wa)+ Y, = Y)+ (Zy — Y2),

and take norms,
(5.22) 1Xn = X || < [Wa, = Wall + ¥ - Y1l + 120 — Yl
We compute the three norms on the right hand side.

First we compute ||[Wa, (t) — Wa(t)||. Since ||A%Q%HHS < oo, we have
that HQ% |lus < oo and hence, by Theorem 2.2 and Chebyshev’s inequality,
we get

W, (£) = Wa(t)]| < € 2 (B[|Wa, (t) — Wa(®)[|2])?
< e 20h2|1og(h)| Q% |lus < Ce 1 Kg)2h2|log(h)],
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see (3.13). Since Ko < K7, we conclude
(5.23) IWa,, (£) = Wa()]| < C(e Kr)2h?|log(h)].
Now we consider ||Y,(t) — Y (t)|| and use Theorem (5.1) to get
t 1
— < 2 2 2
(5:29) [Yi(t) = Y (1) < CH*{|log(h)] max, [V (s)}2 + ( /0 V(s)Bds)*},

where Y'(t) and V(t) are the solutions of

Y + AV =0, t >0,
(5.25) V =AY + f(X), t>0,
Y (0) = X,.

By using Lemma 5.2, (2.10), and (3.19), we get
[ vegas <ixoB+ [ reeeBas
<%0l +0 [ 1+ IXEIRIX Gl ds
< %ol +0 [ 0+ IX ) ds

< |1 Xoll} + CT (1+ (¢ ' Kn)?)).

So

(5.26) /Ot V()3 ds < O(| Xolls. K. T).

Now we bound |Y(¢)|2. By Theorem 4.2 we have

(5.27) Y ()l < [Y(D)lls < C(IXoll3, ¢ K, T).
Using (5.26) and (5.27) in (5.24) gives

(5.28) 1Y (t) =Y ()]l < C(|IXolls, e K, T)h?|log(h)].

Finally we compute ||ep(t)]| = ||Zn(t) — Yr(t)||. By subtraction of (5.18)
and (5.20), we obtain

t
len(®)] < / e~ =94 4, P, P(£(Xu(s)) — F(X(s))] ds
- /0 |4z e~ =94 A P P(f(Xa(s)) — F(X(5))] ds

t s ) a1
< /O | AZ e =942 p, [ A7 2 P(£(Xa(s)) — F(X(s))]] ds,
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since the constant eigenmodes cancel (cf. (2.9)). Using (2.11) and (2.5) gives
len(®)]l < C/t(t — )T+ [ Xa($) 13+ 1 X ()] Xn(s) — X (s)]| ds.

By Corollary (3.2) we have
lea(®)] < c/ (t— 575 (1 e K ) ([ Wa, (8) = Was)]
+ Vi) = Y (3)l] + len(s)]]) ds
< O(1+ ¢ Br) T max (IWa,(s) = Wa()l + [Ya(s) - Y (5)])
+ 0(1 + e*lKT /0 (t — )" len(s)|| ds.
We apply Gronwall’s Lemma 2.3 with a =1, § = % and
A= 0O+ Kr)TE max ([[Wa, () = Wa(s)]| + [Ya(s) =Y (9)]]).

B=C(+e'Kp),

to get

(5.29) 120(t) = Ya(@)| = llen(®)l] < AC(B,T), t€l0,T].

But we bounded ||Wy, (t) — Wa(t)|| and ||Y3(t) — Y (¢)] in (5.23) (5.28). By
putting these values and (5.29) in (5.22) we get the desired result. O

We finally show that X} converges strongly to X. More precisely, we
show that X (t) — X (t) in Lo(2, H) uniformly on [0,7] as h — 0.

Theorem 5.4. Assume that ||A%Q%||Hs < oo and X, Xj are the solu-
tions of (3.3) and (3.5) with Xo Fo-measurable with values in H3 and
||X0||%2(Q7H1) + ||X0||%4(97L4) < 00. Then

1
E[|| X, ) — X®O|?])2 — 0 h — 0.
e (B{LXA(0) - X(0)I) as

Proof. From Theorem 3.1 it follows that
E[|XOIL,] < Er, E[IXa@®)l1,] < Kr, te[0,T],

with K7 as in Corollary 3.2. Let € € (0,1) and let Q¢ be as in Corollary 3.2.
Then

E [ X4(t) - X(O|?] < /Q 1X(t) — X (1)2 dP

2 [ (X0 + X)) dP

€
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Here, by Holder’s inequality, we have

3 N R
<e (E[|X@®)1,])? < e K7

Therefore, by Theorem 5.3,

Since

1
max (B[1X0(8) = X(O])* < O Ky T)he| log(h)] + O
€ )
1

Wﬁw — 0 monotonically as ¢ — 0, we may choose ¢, depending

on h, such that the two terms are equal. O

Since C(e ' K7, T) grows rapidly with ¢!, it is not possible to obtain a
rate of convergence from this proof.
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A POSTERIORI ERROR ANALYSIS FOR THE
CAHN-HILLIARD EQUATION

STIG LARSSON' AND ALI MESFORUSH

ABSTRACT. The Cahn-Hilliard equation is discretized by a Galerkin fi-
nite element method based on continuous piecewise linear functions in
space and discontinuous piecewise constant functions in time. A posteri-
ori error estimates are proved by using the methodology of dual weighted
residuals.

1. INTRODUCTION

We consider the Cahn-Hilliard equation
up—Aw=0 inQx[0,7T],
w+eAu— f(u) =0 in Qx[0,7T],
(1.1) ou ow
%—0,%—0 on@QX[O,T],
u(-,0) =go in Q,

where Q is a polygonal domain in R%, d = 1,2,3, u = u(z,t),w = w(x,t),
A= Z?:l aa—;g, U = %, v is the exterior unit normal to 02, and € > 0 is a

small parameter. The Cahn-Hilliard equation is a model for phase separation
and spinodal decomposition [3]. The nonlinearity f is the derivative of a
double-well potential. A typical example is f(u) = u® — u.

We discretize (1.1) by a Galerkin finite element method, which is based
on continuous piecewise linear functions with respect to x and discontinuous
piecewise constant functions with respect to t. This numerical method is the
same as the implicit Euler time stepping combined with spatial discretization
by a standard finite element method.

We perform an a posteriori error analysis within the framework of dual

weighted residuals [2]. If J(u) is a given goal functional, this results in an
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Key words and phrases. Cahn-Hilliard, finite element, error estimate, a posteriori, dual
weighted residuals.
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error estimate essentially of the form

N
) =T <3 S L pukwnk + puxwns } + R,
n=1KeT,

where U denotes the numerical solution and T, is the spatial mesh at time
level t,,. The terms p, i, pw,kx are local residuals from the first and second
equations in (1.1), respectively. The weights w,, k, wy, i are derived from the
solution of the linearized adjoint problem. The remainder R is quadratic in
the error.

There is an extensive literature on numerical methods for the Cahn-
Hilliard equation; see, for example, [5] and [4] for a priori error estimates.
Adaptive methods based on a posteriori estimates are presented in [1] and
[6]. However, these estimates are restricted to spatial discretization. We are
not aware of any completely discerete a posteriori error analysis.

2. PRELIMINARIES

Here we present the methodology of dual weighted residuals [2] in an
abstract form.

Let A(+;-) be a semilinear form; that is, it is nonlinear in the first and lin-
ear in the second variable, and J(-) be an output functional, not necessarily
linear, defined on some function space V. Consider the variational problem:
Find u € V such that

(2.1) Alws) =0 Wy eV,
and the corresponding finite element problem: Find up € Vj, C V such that
(2:2) A(un; hn) =0 Vib, € V.

We suppose that the derivatives of A and J with respect to the first variable
u up to order three exist and are denoted by

Al(u; ), A" (us ), ), A (us 6,9, ),
and

I (ws ), J' (w1, ), " (w3 6,9, 0),
respectively, for increments ¢, ¢, £ € V. Here we use the convention that
the forms are linear in the variables after the semicolon.

We want to estimate J(u) — J(up). Introduce the dual variable z € V
and define the Lagrange functional
L(u;2) = J(u) — A(u; 2)

and seek the stationary points (u,z) € V- x V of L(+;-); that is,

(2.3)  L'wz,0,0) = T (u;0) — A'(u;2,0) — A(u;9) =0 Y, € V.
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By choosing ¢ = 0, we retrieve (2.1). By taking ¢» = 0, we identify the
linearized adjoint equation to find z € V such that
(2.4) J (u;p) — A(u;2,0) =0 Vo€ V.
The corresponding finite element problem is: Find (up, z,) € Vi X Vj, such
that
L' (un; 2hy o0, 0n) = J (un; on) — A (uns 2n, on) — Aun; )

=0 VYop,Yp € Vp.

By choosing ¢, = 0, we retrieve (2.2). By taking v, = 0, we identify the
linearized adjoint equation to find zp € V}, such that

(2.6) I (un; on) — A'(up; zn, 0n) =0 Yop € V.
We quote three propositions from [2, Ch. 6].

(2.5)

Proposition 2.1. Let L(-) be a three times differentiable functional defined
on a vector space X, which has a stationary point x € X, that is,

L'(z;y) =0 Vye X.

Suppose that on a finite dimensional subspace Xp C X the corresponding
Galerkin approxzimation,

L'(zp;yn) =0 Yy, € X,
has a solution, xp € Xy. Then there holds the error representation
L(z) = L(zp) = 3L (xp; 0 — yp) + R Vyp € Xp,

with a remainder term R, which is cubic in the error e := x — xp,

1
R = %/ L" (xp, + se;e,e,e)s(s — 1) ds.
0
Since
L(u;z) — L(up; zp) = J(u) — J(up),

at stationary points (u, ), (up, 2 ), Proposition 2.1 yields the following result
for the Galerkin approximation (2.2) of the variational equation (2.1).

Proposition 2.2. For any solutions u and uy, of equations (2.1) and (2.2)
we have the error representation

J(u) — J(up) = 3p(ups z — o) + 30" (wns zn,uw — ¥n) + R Yoop, 4y, € Vi,
where z and zp, are solutions of the adjoint problems (2.4) and (2.6) and
plun;-) = —A(up; ),
p*(un; zn, ) = J' (un; ) — A'(ups 2, ),
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and, with e, = u — uyp, e, = z — z, the remainder is
1
REG) = % / (J"’(uh + sey; ey, ey, ey) — A" (up, + sey; zn + se., ey, ey, ey)
0
— 3A" (up, + sey; ey, eu, ez))s(s —1)ds.

The forms p(-;-), p*(-; -, ) are the residuals of (2.1) and (2.4), respectively.
The remainder R®) is cubic in the error. The following proposition shows
that the residuals are equal up to a quadratic remainder.

Proposition 2.3. With the notation from above, we have
0" (un; 2hsw — V) = p(un; 2 — ¢n) +0p  Yoon, Yn € Vi,
with
1
op = / (A”(uh + 8€u; 2n + Ses, ey, ey) — J (up + sey; ey, eu)> ds.
0

Moreover, we have the simplified error representation
J(u) = J(un) = plun; 2 = on) + RP Vepy, € Vi,

with quadratic remainder
1
RE — / (A”(uh + 8ey; 2, eus ) — J (up + sey; ey, eu)) ds.
0

3. GALERKIN DISCRETIZATION AND DUAL PROBLEM

In this section, we apply the dual weighted residuals methodology to the
Cahn-Hilliard equation (1.1). We denote I = [0,7], Q@ = Q x I, and

(v, w)p = / vwdz, ol = / o2 dz
D D

for subsets D of @ or 2 with the relevant Lebesgue measure dz. Let V =
H'Y(Q) and W = C'([0,T],V). By multiplying the first equation by 1, € V'
and the second equation by v, € V, integrating over {2 and using Green’s
formula, we obtain the weak formulation: Find u,w € W such that u(0) = go
and

<uta¢u>Q + <V"UJ, V¢U>Q =0 ku € V7 te [O>T]7
<w7ww>ﬂ - €<VU7 V¢w>ﬂ - <f(u)7¢w>ﬂ =0 V¢w S V» te [O7T]'

Split the interval I = [0, 7] into subintervals I, = [tp—1,t,) of lengths k, =
tn —tn-1,

(3.1)

O=to<ti < - <t <---<ty=T.

For each time level t,,,n > 1, let V,, be the space of continuous piecewise
linear functions with respect to regular spatial meshes T, = {K}, which
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may vary from time level to time level. By extending the spatial meshes

T,, as constant in time to the time slab Q x I,,, we obtain meshes 7 of the

space-time domain @ = Q x I, which consist of (d + 1)-dimensional prisms
" := K x I,,. Define the finite element space

V= {sorQ —R:9p(t)lg € Vi, t € In, ¢(z,°)];, € g, z € Q}
Here I1y denotes the polynomials of degree 0. For functions from this space
and their continuous analogues, we define

vt = %iﬁnv(t), vy = v, =limou(t), [, =v —v,.

Tt

For all u, w, ¥y, ¥y € V or W, consider the semilinear form
N
Awswithn ) = 3 [ {lun i)+ (Fo. Vo + (w bl
n=1v"n

— e{Vu, Ve )o = (£(u) Yu)a } dt
N
+ Z<[U]n—17¢1—:n_1>9 + <US_ - QOa@Z’ro)Q

n=2

Solutions u,w € W of (1.1) satisfy the variational problem

(3'2) A(U,w;%,ww) =0 Vi, €W
and the finite element problem can formulated: Find U, W € V such that
(3'3) A(U, W thu, ww) =0 Vu,Yw €V.

We now show that this is a standard time-stepping method. Since U(t) =
U,=U; =U" |, W(t)=W, for t € I,, we have

n—1’

N
AT Wibu0) =3 [ { (W Vi + Wt
n=1 n

(3.4) — (YU, Viru)a = (F(Un), Yo
N
+Z<Un_ n—lawrj’n71>ﬂ+ <U1 _g()uw;:(])ﬂ'
n=2
By taking

Xu € Vn, t €Iy, Xw € Vn, tE€I,
t — t =
Yult) {O, otherwise, Yull) {0, otherwise,
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we see that (3.3) amounts to the implicit Euler time-stepping,
(Uo = gosxu)o =0 Vxu € Vi,
En(VWi, Vxu)a + (Un —Up—1,Xu)0 =0 Vxu € Vo,n > 1,
(Whs Xw)a — €(VUn, Vxw)a — (f(Un); Xw)a =0 Vxuw € Va,n > 1.
Now take a goal functional J(u), which depends only on u, and set
L(v;z) = J(u) — A(v; 2),

where v = (u,w), 2 = (2y, 2w). With ¢ = (Yu, Yw), ¥ = (Yu, Yw), stationary
points are given by

L'(v;2,0,0) = T (u;u) — A'(v;2,0) — A(v;9) =0 Y, € W x W.
With ¢ = 0 we obtain A’(v; z,¢) = J'(u; ¢,), the adjoint problem. So we
should compute A’(u, w; 2y, 2w, Pu, pw) and J'(u; @, ). To this end we write

A, w; hu, hw) = (ue, hu)@ + (Vw, Vibu) @ + (w0, Yuw)q — €(Vu, Vi)
— (f(u), Yw)q + (u(0) — go, Yu(0))a-

Hence,
Al(“a W3 Zyy Zws Pus (Pw) = <§0u,t7 ZU>Q + <v90w7 vzu>Q + <§0w7 Zw)Q
= e(Vou, Vau)Q = (Pus 20)@ + (#u(0), 24(0))a.
By integration by parts in t,
(Puts 20)Q = —{Pus 2ut) @ + (Pu(T), 2u(T))a — (pu(0), 24(0))q,

we obtain
A/(u, W Zus Zws Pus Pw) = —{(Pus zu,t>Q + (Vuw, vzu)Q
+ (Puw; 2w)Q + (Vu, Vaw)
— {Pu; f/(u)zw>Q + (u(T), zu(T))q-
The adjoint problem is thus to find z,, z,, € W such that
(Pu, —2ut)@ — €(Vu, Vzu)q
(3.5) = {pu /(W) 2w)q + {Pu(T), 2u(T))a
+(Veouw, Vauw)q + (s 2w)Q = J'(t50u)  Yeou, pu € W.
We now specialize to the case of a linear goal functional of the form
J(u) = (u,9)q + (W(T), gr)0,
for some g € L2(Q), gr € L2(€2). Then

(3.6) J'(u;00) = (u, 9)@ + (0u(T), g1)00-
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The adjoint problem then becomes: Find z,, z,, € W such that
(bu, —2zut — [ (W20 — 9)@ — €(Vepu, Vzu)g
(3.7) Hpu(T), 2u(T) —gr)0 =0 Yo, €W,
(Pws 2w)@ + (Vew, Vzu)g =0 Yo, € W.
The strong form of this is
—Ozu + €Az — fl(u)2y =9  inQ,
zZw — Az, =0 in Q,
(3-8) 02y, 0z

61/20’W:O On@QXI,

zu(T) = gr in Q.
4. A POSTERIORI ERROR ESTIMATES

From Proposition 2.3 we have the error representation

(4.1) Jw) — J(U) = —A(U,W; 2y — T2y, 20 — T20) + RP,

where z = (2, zy) is the solution of the adjoint problem (3.5) and 7z, 72, €
V are appropriate approximations to be defined below. The remainder is

quadratic in the error.

In order to write this as a sum of local contributions we must rewrite

AU, Wby, 1hy) in (3.4). First we compute fln<VVV, Vi )odt. By using

Green’s formula elementwise, we have

/Inww Vipy)q dt = /I > VW, Vi) dt

n KeT,

/I AwqudH/ >0 W, tudor dt,

" KeT, nKGT

where 9,W = v - VIW. We divide the boundary 0K € T, into two parts:
internal edges, denoted by £}, and edges on the boundary 0f2, denoted by

E8q- So we get, with | | denoting the jump across the edge,

/ D (W, ) ok dt

In ke,
/ > 8W¢uEdt+/ > (W i) pdt
In gegn In peey,
/1 —3{[0. W], Yu)ar\o0 dt+/ Z (O W, thu) o naq dt.

n KeT, "KGTn
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Let 0, denote the spatial boundary and define 0,Q = 0Q x I and 0,Q% =
0K x I,. Hence,

[ oW vsgadi= 3 { - @Wbay - HOW)buaopa

In KeT,
+ (O, W, %)azcg%mazcg},

and in the same way

6/ (VU,Vipu)odt = Y { — (AU, Yu) gy — 360U, Yw)o,0m\0.0
In KeT,

+ €(0U, ww>81Q’IL<ﬂBzQ}-

Note that AW = AU = 0 on QY for piecewise linear functions, but we find
it instructive to keep these terms. Inserting this into (3.4) and noting that

[ Webadi= 3 (Wonay.

In KeTy
and
[ @) p0dt = 3 (GO b)ay
In KeT,
gives

N
VICAUORTAED S IR SN AT

n=1 KETn
+ <€AU +W - f(U), ww>Q7f( - %<[8,,W], ¢u>81Q’;<\6IQ

+ 360 U], Yw)a,Qp\000 T (B W, Yu)a,Qpm0.Q
— U, ¥u)o,pnoe + ([Uln-1, ¥ 1i |

where we have set U; = go for simplicity. Hence (4.1) becomes

N
VOEPAE Y {(Ru, 20 = 72201 + (Rus 2w — T20)0n,
n=1KeT,

+ <Tu7 Zu — 77Zu>6zQ"IL< + <Tw7 Zw — 772w>81Q?{
— ([Uh-1, (e = 7))k | + R,
with the interior residuals

R,=AW, Ry, =—eAU-W + f(U),

(4.2)
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the edge residuals

0, otherwise,

r ‘ {_%G[OZ/UL I'c an?{ \aan
w| =

otherwise,

rulr = {5[%}, L€ 9,Q5\ Q.
u 0’

and the boundary residuals

{G&,U, I C 9,Q% Nd,Q,
rw‘F =

0, otherwise,

{—ayw, T C 9,Q% N8,Q,
7“uh“ =

0, otherwise.

Here the subscript u refers to residuals from the first equation in (3.1) and
the subscript w to residuals from the second equation.
We now define 7z, w2, € V. Let

(P)(t) = kln/[ v(s)ds

be the orthogonal projector onto constants. Let m,: C(£2) — V,, be the nodal
interpolator; that is, it is defined by

(mnv)(a) = v(a),

for all nodal points a in T,,. Then we define m: C(Q)) — V by wv|1, = P,m,v.
Since R, Ry, Ty, and r,, are piecewise constant in t, we have

N
-y ¥ {(Ru,Pn(zu — T0z))@s + (Rus Pal(Zw — Tnzw))on

Tu, Pn(zu - anu»azQ?( + <rw; Pn(zw - anw»&zQ?(

(Ul (20 = 2 i+ R,
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Applying the Cauchy-Schwartz inequality to each term gives
N
7)) = J@) <30S {IIRullag I1Paza = mnz)llag
n=1 KETn

_1 1
+ by HTuH@xQ’;(h[Q(HPn(Zu - anu)HaxQ?(
+ HRwHQ}QHPH(Zw - anw)HQ’}(

T 0 rwllo.og A& Pz — 7oz oy

k2 N0 ki 2 — )l o+ RO
Here hx = diam(K). For a,b,c,d > 0 we have

(ab+ cd) < (a2 + )2 (b2 + d?)2.

We use this inequality for each term in the previous inequality and set
1

_ 2
puc = (IRulidg, +hi IrullBap )

=

1Pz = Tz, + | Pl = mnza) By )

NI

[NIES

wu s = (I1Pazw = 1z, + hicll Pl — muzu) Bz, )"

Note that, since R, = AW = 0 for piecewise linear functions, the first term
in py,x and w, x can actually be removed. So we have

N
@) = JON <30S {puscwnc + pu s + prcwrc § + R,
n=1 KeT,

We have proved the following theorem:

Theorem 4.1. We have the a posteriori error estimate

N
(44) [Ju) - T <3 3 {pu,Kwu,K F oKWK + pKwK} R,
n=1KeT,
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Note that on each space-time cell Q%-, the terms p, kw, x and py, KWy, K
can be used to control the spatial mesh and the term pxwg to control the
time step k, in an adaptive algorithm; see [2]. We do not pursue this here.

In the following we want to obtain a weight free a posteriori error estimate
where the weights in (4.4) are replaced by a global stability constant. We
need the following interpolation error estimate, see [2, Lemma 9.4].

Lemma 4.2. With m and 7, as defined as before, there holds

1
(4.5) 1P (2 = mn2)llqy, + hill Pa(z = m2)llo.qp < ChicID*zll gy,

1
(4.6) 12(tn-1) = Pzl < Ckil|Oezllqy,-
1

Here HDZZHQ}% denotes the seminorm (ZM:Q HDO‘ZH%%)E.

In the following we assume that J(-) is a linear functional given by (3.6)
and € is such that we have the elliptic regularity estimate

(4.7) ID2u]|q < C||Av]lq Yo € H2(Q) with ?)Z’F

We also assume a global bound for f’(u), which is reasonable since it is
known that |lul|z_ gy < C (c.f. [5]).
In particular, with

g=w—-U)/||lu—-"Ulg and g7 = (uxn — Un)/|lun — Un|lo

the following theorem provides bounds for the norms of the error, ||u — Ul|g
and |luy — Un|lq.

=0.

Theorem 4.3. Assume that || f'(u)|| L., < B and that (4.7) holds. Let zy, 2y,
be the solutions of (3.8). Then there is C = C () such that the following a
posteriori error estimates hold.

(1) Let g € Lo(Q) with ||g|jq =1 and gr = 0. Then

[(u—U, g)ql
(4.8) Y 42 2 4 g2y 22 @)
<CCs Y > {hk(Phn + ph) + (W + KDk} + IR,

n=1KeT,

where

1
2
(D220l + 19223 + ID22ul13)
Cgs = sup

 4eLa(Q) lgllo
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(ii) Let gr € L2(Q2) with ||gr|lo =1 and g = 0. Then
|<U -U, gT)Q‘

N
(49)  £CCsY 3 k(i + 07 o+ on ) + 2
n=1 KETn

+[R®),
where o(t) =T —t,
o(ty)=T—t,, n=1,---,N—1,
op =
kn, n =N,
and

Cs= s (e max]izff + ezl
gr€L2(2) 4

1
1 1 2
+ID?2u13 + llo2 812l + 62||02D22wH2g) */lgrllo-

Proof. Part (i). From Theorem 4.2 we have

wurc = (I1Palzu = Tnz) iy, + Pl Palzu = M) 3,03

< Chic|ID?zul gy

ww,K=(HP (20 = M) g, + Aicl|Pa(20 = Tzl o)

-1.2
0 Pr

o=

N|=

ChiID?zulqr,
and
1
wi = ka || (2u — anu):—lHK
1 1
< ki [|Po(zu — mnzu) |k + ki | 2u(tn-1) — Pozullk
< Ch? HDQZHHQn + Ck, HatzuHQn + |R ‘
Hence,
[(u—U,9)q Z {PquuK+prwwK+pKwK}

KeT,

IN

N
]G
n=1KeT,
K (ChE D%zl + Challdezalloy) §

}

{ Wi Izl + ChipuicID*2u oy,

N|=
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and the desired estimate (4.8) follows by the Cauchy-Schwartz inequality

N
S>3 hkpurlD?zullgn
n=1KeT,
1
(Z > thuK) (Z > Wepurl D2y, )
n=1KeT, n=1KeT,
: = 1
= (Z > wkrtx ) ID%le < Cs(D0 Y kekx) llgla:
n=1KeT, n=1KeT,

and similarly for the other terms.
Part (ii). The previous bound for S 37 Ker, Pu,KWu i applies here
also. Consider then

N N—
YD Pukwuk < Z Z wikChEID 20 llay + > pukwu k-
n=1 KeT,

n=1 K€Thx KeTy

Here,

N—
Z Z Pw, KCh%(HDQZwHQ"

KeTy,
N-1
S purClikllo oD oy
n—=1 K€T,
N-1 B )
<CY Y pukonhillo?D?zulloy
n=1 KeT,
-1 1 N-1 L 1
2 Es
<o(X 3 attiertn)”( oD%y )
—1 KeT, n=1 KeT,
N-1 1 1
— 2 5
< C( O-nlh“Kpgu,K> lo2D*zulg
n=1 KeT,
N-1
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The term with n = N is special. We go back to (4.3) and replace it by

Z <vazw_7TNZw>Q]I\(f = Z <Rw,(I—7TN)/ zwdt>K

KGTN KETN IN

< > IRulkCHi]jD? [ ]
KeTyn In K

Here, by the regularity estimate (4.7), €Az, = Oizy + f/(u)zy, from the first
equation in (3.8), and || f'(u)||1., < 3, we have

ot [ ], <c] [ an
In K In K

_ 06—1H/IN (Dpz + F' () 20) dtHK

1
< C (lzutm)l + lzultn-1llx + BkZ 2wl gy ).
1
Hence, since py, x = HRwHQ% = k3 || Rw| x, we have

Z (Rwa Zw — WNZ’LU>Q%
KeTn

1
< Y IRullxChEe (lzultm)lli + llzu(tn-lx + B3 z0llgy )
KETN

1 1
=Ce! Z kNQh%(pw,K<”zu(tN)”K + qu(tN—l)HK + kf\[HZw”Q%)
KeTyn

1 1
<ce (3 kythkrd i) (luttn)lla + Ity -1)lo + ki lzule)
KeTyn

1
< C'Csllgrlia( D ox'hkedi)’
KeTyn

where we have used oy = k. So we have

N

N N
(410) 3 Y puscwne < CCsllgrla( X X onthkot i)

n=1KeT, n=1 KeT,
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Now we compute Zivzl ZKeTn prwk. For K € Ty we use
o = kel — w2y
< k:]%\f‘|PN(Zu —nz)llk + k:]%\[’|zu(tN—1) — Pzl i
— [Py (2 — w2l gy + kEllzu(tv—1) = Pzl

1
< Ch%(HDZZUHQ% + kyllzu(tn-1) — Pyzul k-

Then we have

i Z PKWK

’I’L:1K€Tn
N N—-1 1 )
=Y > pkhkID?zlloy +C >0 N prcknon? ot dizlloy.
n=1KeT, n=1 KeT,
1
+ Z prkyllzu(tN-1) — Pnzullk
KeTyn
N 1 N-—1 1 )
2 _ 2 4
< (Y33 whok ) ID%llo (D0 D0 skkZont) llotdrzull
n=1KeT, n=1 KeT,
1
+ (Y knek) llzultn) = Pyzalle.

KeTy

Using o = ky and

lzu(tn-1) — Pnzulla < 2 max zulle < 2Cs]|gr (o,

gives
N N 1
2
o> PKWKSC'<Z > h%ﬂ%) Csllgrlle
n=1KeT, n=1KeT,
N-1 1 1
— 2 2
+0(3 > skkEont) Csllgrlio+C( Y knek) Cslarllo
n=1 KeT,, KeTyn
N 1 N 1
:C’Cs(z > h%(ﬂ%()ngHQJrCCs(Z ﬂ%(kfﬂﬁl)wgﬂ\ﬂ-
n=1 KETn n=1 KGTn

This completes the proof.
O
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Finally, we prove a priori bounds for the stability constants Cg.

Theorem 4.4. Assume that || f'(u)||Lo < B and € € (0,1] and that (4.7)
holds. Then the solution of (3.8) admits the following a priori bounds, where
C=C(B). If gr =0, then
-1
(A1) D%zl + 9zl + @Dzl < Cllgle” 7.
If g =0, then, with o(t) =T —t,
1 1

(412) e max [zull§ + [|20lg + ID*2ullg + llo20e2ullg + €02 D204

< O grlae .

Proof. We first estimate ||sz2Q To this end we use Az, = z, from the
second equation of (3.8) to get

<AZw,Zu>Q = <Zw’AZu>Q = ||Zw||52)
Then we multiply the first equation of (3.8) by z,, and integrate over [¢,T],

T T T T
/ (—Buzas za)r ds e / 23 ds — / () 2 2 ds — / (9, 2a)cr ds.
t t t t

By assumption we know that || f'(u)l|L_, o, < B, so we have

T
sl = Slzu(DIIE + ¢ / 23 ds
T T
< / 17 @)l o) 2w lloll2u o ds + / lgllallzalle ds
< T 32 2 | € 24 T c 2, 1 234
< [l slzolR) s + [ (Ellgld + LllzulR) ds
t t

38> T 2 € T 2 T c 2 1 2
<= t [zullyds + § t |20 |6, ds + t (5llglle + 3¢ llzullg) ds.

£

Hence, with 2, (7)) = gr and ¢ = 5

T
lzu (I + ¢ / 213 ds

IN

T
€ _
gl + llgrla +26%" [ lzli3 ds
3 t

T
< CYgll) + lgr|3 + Ce ! / I3 ds.
Define
2 r 2
(1) = [lzu(®)3 + / 2 (s)3 ds.
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Obviously we have ||z,(s)||3 < ®(s), so that

T
B(t) < Celglfy + lorlfy + O [ a(s)ds.
t
We apply Gronwall’s lemma to get
—1 _
o(t) < Clellglig + llgrld)e® 0.
This means

T
e Y (T—
lzu(®) 3 + € / | zull? ds < C(ellgll?) + llgr|B)e T,

We conclude

-1
max [|zu[% < Clellglg + lgrld)e”

_ 1
(4.13) lzligy < CllIglIE + € Hllgrlig)e ™.
From the second equation we know z,, = Az,. So, by (4.7) and (4.13),
_ 1
(414)  [D*z)f < CllAzullfy = Cllzull?y < CllgllG + € Hllgrlld)e”

This takes care of the first terms in (4.11) and (4.12).
Now assume that gr = 0. Consider the dual problem (3.8) and multiply
the first equation by —d;z, and integrate over @) to get

(4.15)  (Orzu, Orzu)g — €(Dzy, Orzu)g — (' (W) 2w, Orzu)g = — (g, Orzu) -

So, by using z,, = Az, from the second equation, we get

T
d
(A2, ) @ = (s Bz = (A, DDz = § / Az
0

By putting this in (4.15) and using that || f'(u)||._ (@) < 8, we have
18:2 13 — §l1AZ(T)IIE + §11A24(0) 13
< 1 Wlre@llzelloldzulo + llgllolorzulle
2

< Dllzuldy + 5 19:2ul1d + §llalG + 35 10:2ull5-

Put ¢ = 2 and kick back Hc’?tzuHé to get, with z,(T) = gr =0,
3ll0zullgy + 5122 0)IE < B2llz0lIE + l9l1G)-

Hence, by (4.13) with C = C(p) ,

_Ce1
(4.16) 102ul3 < Cllzuliy + Cllgl < CllgliBe 7.
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It remains to bound ||D22w\|2Q. From the first equation of (3.8) we get
€Azy = g+ 0izy + f'(u)zy. Taking norms and using (4.7), (4.13), and (4.16)
gives

ED2u B < ECIAZ B = Cllg + 0z + f'(w)2ulib
< C(llglly + 10ezaliy + 15 @I g lI2ull?)
-1
< Cllglfec ™.

This completes the proof of (4.11)
Now let ¢ = 0 and set o(t) = T — t. Multiply the first equation of (3.8)

by —c0:z, to get
(Orzu, 00k 2y) @ — €(Azyy, 00k 2y)Q — (f' (u) 2, 00zy)g = 0.
Here, since z, = Az, and o'(t) = —1,
(Azy, 00k 24)Q = (2w, 0 A0k 2y)Q
= (Azy, 0 A0 2y)Q

N P TERY PN
2 dt uli 2 uli
0 0

T
= JoMA=DIE ~ boO 1A O+ 4 [zl
= 3T Az O3 + =l
Hence,

1 1
lzllg + 1 (W)l Lo o2 20 llQllo2 Dezullg

1
lo20ez0llE + [ A2u (01 < §
1
3(e+ 0°D)lzull§y + 5llo2 Bezully-

IN

So by (4.13) we have
lo20zull < (e + BTzl Ce HgrlFece 7.
Finally, from (4.7) and €Az, = 02y + f'(u)2y we get
(02D 2|3 < 0|07 Azy |3 = Cllo? (Brzu + f/(w)zw) I3
< Ol ozl + Tli=ll3)
< CeY|grl|dee .

This completes the proof of (4.12). O
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