A finite sequence α1, α2, . . . , αm of vertices of the n-dimensional unit cube C^n is called a 2-separated path, if 1) α_i and α_i+1 differ in one coordinate, 2) α_i and α_j differ in at least two coordinates, if |i − j| > 1. Let L(n) be the maximal length of a 2-separated path in C^n.

What is L(n) for each n?

In 1963 Vasilev obtained that L(n) & 2^n/n. It means that lim_{n→∞} (L(n) − 2^n/n) > 0. In 1967 it was proved by Danzer and Klee that L(n) & 2^n+1/n. But in 1963, Vasilev obtained the stronger result that L(n) &^{const·}2^n_B(_n) , where B(n) is defined by 1 ≤ log2(log2(. . . (log2 n) . . . ))

| {z }

B(n) times < 2 It was proved by Evdokimov in 1969 that L(n) & const · 2^n. Since we have the obvious inequality L(n) < 2^n, the result gives us the order of the function L(n). 2

The latest upper bound was found by A. Lukito: L(n) < 2n − 5 4n − 9 · 2^n, for n > 10. The latest lower asymptotic bound ( known to me ) was found by R. Ropling-Lenhart:

L(n) & 5 24 · 2^n. That is, 1 2 · 2^n & L(n) & 5 24 · 2^n.

Let α1, α2, . . . be a finite or infinite sequence of vertices of C^n, such that successive vertices differ in exactly one coordinate. We associate this sequence to a word X = x_{i1}x_{i2}x_{i3} . . . in an alphabet X = {x1, x2, . . . , xn}, where i_j is the number of the coordinate in which α_j and α_j+1 differ.

Conversely, we associate to an arbitrary finite or infinite word X = x_{i1}x_{i2}x_{i3} . . . , a sequence of vertices of C^n which is obtained by the rule:

α1 = (0, . . . , 0). ( but it does not matter where we start ),

αj+1 = αj ⊕ ek, if xk is the j-th letter of X.

Here e_k = (0, ..., 0, 1_{|{z}k} , ..., 0) and ⊕ is coordinate-

wise addition modulo two.

Def. A segment of length i in a word is any i consecutive letters of the word. Def. A segment is a

• 0-segment, if it contains no letter an odd number of times.

• 1-segment, if it contains exactly one letter an odd number of times.

• 2-segment, otherwise.

Def. A chain is a word W , such that each segment of W is a 2-segment.

For any n, find the maximal length of a chain in an n-letter alphabet.

The length of a word X is denoted by L(X). Def. If X^′ is an initial segment of X, we say that X^′ is a beginning of X.

Def. If X^′ is a final segment of X, we say that X′ is an end of X.

Def. Let X = x_1x_2 . . . xm and Y = y_1y_2 . . . ym. Then the Shuffle product of X and Y is X ⋆ Y = x1y1x2y2 . . . xmym.

Def. Let Y^′ be the segment y_iy_{i+1} . . . y_{j−1} of Y . A disposition of Y^′ in X ⋆ Y can be drawn schematically as following: . . . xi−1yi−1xi[yi . . . xj−1yj−1]xjyj . . . . A word X is called asymmetric with respect to Y ′, if in the word X ⋆ Y we have the following conditions:

1) x_i ≠ x_j;

2) x_{i−}1 ≠ x_j;

3) x_i ≠ x_{j−}1.

Conditions 1), 2), 3) are conditions of asymmetry.

Def. Let S be a set of segments of a word Y . A word X is called asymmetric with respect to S, if X is asymmetric with respect to each segment of S.

Suppose the i-th condition of asymmetry holds for a word X with respect to segments of a set S. Then X is i-asymmetric with respect to S.

Lemma 1. Let X be a word in an alphabet X, Y a word in an alphabet Y and Z a word in the alphabet {z}, such that 1) L(X) = L(Y ) = L(Z), 2) The alphabets X and Y have no common letters and do not contain z, 3) The word Y does not contain 0-segments, 4) The word X is asymmetric with respect to the set of all 1-segments of the word Y . Then the word W = (X ⋆ Y ) ⋆ (Z ⋆ X) is a chain in the alphabet X ∪ Y ∪ {z}.

Our aim now is to construct, for any n, sequences of words X1, X2, X3 . . . and Y1, Y2, Y3 . . . such that:

• for any k, words X_k and Y_k satisfy the conditions of Lemma 1, • L(W_k) = const · 2^n, where n is the number of letters of the alpha-

bet X_k ∪ Y_k ∪ {z}.

Here Xk ( Yk ) is the alphabet of the letters in X_k ( Y_k ).

A construction of the words Y_1, Y_2, Y_3 . . . .

We define the sequence Y1, Y2, Y3 . . . by an induction scheme: • Y1 = y1,

• Yk+1 = Yk yk+1 Yk (k = 1, 2 . . . ). Yk consists of the letters {y1, y2, . . . y_k} and L(Y_k) = 2^k − 1.

We define a sequence of sets M1, M2 . . . by the following.

M1 has a segment y1 of the word Y1, that is M1 has Y1.

Suppose a set M_k of segments of the word Y_k has been already defined, then the set M_k+1 of segments of the word Y_k+1 consists of

a) all segments from the left Y_k which belong to M_k,

b) all segments from the right Y_k which belong to M_k,

c) all segments of odd length the middle letter of which is y_k+1 ( including the word Y_k+1 itself ).

Lemma 2. For any k, the word Y_k does not contain 0-segments. M_k is a set of all 1-segments of the word Y_k.

Lemma 3. If some word is 2-asymmetric with respect to the set M_k then it is 3-asymmetric with respect to M_k.

We partition M_k into two sets M^′_k and M^{′′}_k . We set M^′1 = {y1}.

Suppose a subset M^′_k of the set M_k has been already defined, then M^′_k+1 consists of a) all segments of the word Y_k+1 which are contained in the left Y_k and in M^′_k. b) all segments of the word Y_k+1 which are contained in the right Y_k and in M^′_k. c) the word Y_k+1 itself. Let M^{′′}_k = M_k \ M^′_k for any k.

Remark. It follows from the construction that

M ′k is all 1-segments which coincide with one

of the words Y1, Y2, . . . Y_k and therefore the segments of the set M^′_k have length 2^m − 1.

A construction of the words X_1, X_2, X_3 . . . . Let A_k be a beginning segment of length 2^k −1 of the sequence abababab . . . . Lemma 4. For any k the word A_k is 1-asymmetric with respect to the set M_k.

Let B_k be a beginning segment of length 2^k −1 of the sequence cdecde . . . .

Lemma 5. For any k the word B_k is 2-asymmetric with respect to the set M^′_k.

We define sequences of words C1, C2, C3 . . . and

D1, D2, D3 . . . by induction: C1 = f, D1 = g, Ck+1 = CkfDk, Dk+1 = CkgDk k = 1, 2 . . . Lemma 6. For any k the words C_k and D_k are 2-asymmetric with respect to the set M^{′′}_k .

For any k and i = 1, 2, 3, . . . , 2^k − 1 we define the i-th letter of the word X_k as the triple (a_i b_i c_i), where a_i, b_i, c_i are the i-th letters of the words A_k, B_k, C_k respectively. Since a_i ∈ {a, b}, b_i ∈ {c, d, e}, c_i ∈ {f, g} we have that for any k the alphabet Xk of the word X_k consists of at most 12 letters.

Lemma 7. For any k the word X_k is asymmetric with respect to the set of all 1-segments of the word Y_k.

Proof of Lemma 7 follows from Lemmas 3-6.

Theorem. L(n) > const · 2^n.

Proof. From Lemmas 2 and 7 it follows that for any k the words X_k, Y_k, Z_k = z(2^{k−}1) satisfy the conditions of Lemma 1.

Since L(X_k) = L(Y_k) = L(Z_k) = 2^k − 1 then L(W ) = 2^k+2 − 4. The alphabet X_k ∪ Y_k ∪ {z} consists of 12 + k + 1 = k + 13 letters. If k + 13 = n then L(W ) = 2^{n−}11 − 4.

The theorem is proved.

n = 6, k = 2, 2^k − 1 = 3. A2 = aba, B2 = cde, C2 = ffg. X2 = (acf)(bdf)(aeg) = x1x2x3 Y2 = y1y2y1 Z2 = zzz. X2 ⋆ Y2 = x1y1x2y2x3y1, Z2 ⋆ X2 = zx1zx2zx3, W = (X2⋆Y2)⋆(Z2⋆X2) = x1zy1x1x2zy2x2x3zy1x3. If x1 = 1, x2 = 2, x3 = 3, y1 = 4, y2 = 5, z = 6 then W = 164126523643, |W | = 12.

References.

Abbott H.L.,Some problems in combinatorial analysis, Ph. D. thesis, U. of Alberto, Edmonton, Canada, 1965

Danzer L., Klee V., Length of snakes in boxes, J. Combinatorial Theory, 2, number 3 ( 1967 ), 258-265.

Kautz W. H., Unit-distance error-checking codes, IRE Trans. EC-7 ( 1958 ), 179-180.

Klee V., Long paths and circuit on polytopes. In Convex Polytopes, Grunbaum, B., Wiley, New York, 1967, 356-389.

Ramanujacharyulu C., Menon V. V., A note on the snake-in-the-box problem, Publ. Inst. Statist. Univ. Paris, 13 ( 1964 ), 131-135.

Singleton R.C., Generalized snake-in-the-box codes. IEEE Trans., EC-13 ( 1966 ), 596-602.

Klee V., A method for Constructing Circuit Codes, J. of assoc. for comp. mach., 14, number 3 ( 1967 ), 520-528.

Klee V., The use of circuit codes in analogto-digital conversion, Acad. Press, New York ( 1970 ), pp. 121-131.

R. Ropling-Lenhart, A Lower Bound for the Length of Snakes, J.Inform. Process. Cybernet. EIK 27 ( 1991 ) 5/6.