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Spectral Isometries

Theorem

Let H be a separable Hilbert space. Then for each k,K,e > 0 there is é > 0
such that if &: B(H) — B(H) is a surjective linear map with

sup disty (sp(¢(T))7SP(T)) <
[IT][=1

k(®) > k, and ||| < K, then

dist(®, Aut(B(H)) U AntiAut(B(H)) ) < .

A.R. Villena (Granada) Approximately spectrum-preserving maps Banach Algebras 2011 27/36
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Spectral Isometries

A, B complex Banach algebras

®: A — B linear map

Questions

> ldentify the multiplicative linear maps in terms of
spectra or related notions.

> Stability

o(a) = {X € C:a— Al is not invertible}
r(a) = max{|A| : A € o(a)}
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Spectral Isometries

[0
[ d(ab) = P(a)d(b) a,b € A ] [ d(ab) = d(b)P(a) a,b € A ]
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0]

[ d(ab) = P(a)d(b) a,b € A ] [ d(ab) = d(b)P(a) a,b € A ]
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Introducing the problem

Section 1
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Kaplansky's problem

Let A and B be complex unital Banach algebras and let #: A — B be a linear
map with the property that

o(®(a)) Co(a) (acA).

Is it true that ® is a Jordan homomorphism, i.e. ®(a?) = ®(a)?, (a € A)?
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Kaplansky's problem

|. Kaplansky, 1970

Let A and B be complex unital Banach algebras and let #: A — B be a linear
map with the property that

o(®(a)) Co(a) (acA).

Is it true that ® is a Jordan homomorphism, i.e. ®(a?) = ®(a)?, (a € A)?

d11 d12 413 d11  d13 412
¢ 0 ax ax =| 0 axn ax
0 0 das3 0 0 das3
Do e oLl 0w
® 0 1| =0 0 @ i) =£0
0 0O 0 0O
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Spectral Isometries | Introducing the problem

Kaplansky's problem

|. Kaplansky, 1970

Let A and B be complex unital Banach algebras and let #: A — B be a linear
map with the property that

o(®(a)) Co(a) (acA).

Is it true that ® is a Jordan homomorphism, i.e. ®(a?) = ®(a)?, (a € A)?

Let A and B be semisimple complex unital Banach algebras and let $: A — B
be a bijective linear map with the property that

o(®(a)) =o(a) (acA).

Is it true that ® is a Jordan homomorphism?
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Spectral Isometries | Introducing the problem = Earlier results

Previous results: Kaplansky's problem

1897 Theorem

1913 Polya Let n € N. A linear map ®: M,, — M, satisfies the
40s Morita "

40s Hua property

1949 Dieudonné

1959 Marcus, Purves det((b(M)) = det(M) (M € Mn)

if, and only, if & = WV for some automorphism or
anti-automorphism V of the Banach algebra M,, and
some invertible matrix W € M, with det W = 1.
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Spectral Isometries | Introducing the problem = Earlier results

Previous results: Kaplansky's problem

1897 Frobenius
1913 Polya
40s Morita
40s Hua
1949 Dieudonné
1959 Marcus, Purves
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Spectral Isometries | Introducing the problem = Earlier results

Previous results: Kaplansky's problem

1897 Frobenius Theorem

1913 Polya Let n € N. A bijective linear map ®: M,, — M, satisfies
40s Morita th ropert

40s Hua € property

1949

1959 Marcus, Purves M e M"’ det(M) =0 = det(¢(M)) =0

if, and only if, ® = WV for some automorphism or
anti-automorphism V of the Banach algebra M,, and
some invertible matrix W € M,,.
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Spectral Isometries | Introducing the problem = Earlier results

Previous results: Kaplansky's problem

1897 Frobenius Theorem

1913 Polya Let n € N. A linear map ®: M,, — M, satisfies the
40s Morita

40s Hua property

1949 Dieudonné J(¢(M)) - U(M) (M < M")

1959

if, and only if, ® is either an automorphism or an
anti-automorphism of the Banach algebra M,,.
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Spectral Isometries | Introducing the problem = Earlier results

Previous results: Kaplansky's problem

1967-69 m B commutative.

1994 Aupetit,
Mouton

2000 Aupetit

2003 Bresar,
Fo%ner,
Smerl
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Spectral Isometries | Introducing the problem = Earlier results

Previous results: Kaplansky's problem

1967-69 Gleason, m B commutative.
Kahane,
Zelazko

1994

m O surjective, o(®(a)) = o(a) and soc(B) essential in
B.

2000 Aupetit

2003 Bresar,
Fo%ner,
Smerl
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Spectral Isometries | Introducing the problem = Earlier results

Previous results: Kaplansky's problem

1967-69 Gleason, m B commutative.

Kahane, m O surjective, o(®(a)) = o(a) and soc(B) essential in
Zelazko B

1994 Aupetit, ’
Mouton m A and B von Neumann algebras.

2000

2003 Bresar,
Fo%ner,
Smerl
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Spectral Isometries | Introducing the problem = Earlier results

Previous results: Kaplansky's problem

1967-69 Gleason, m B commutative.
Kahane, m O surjective, o(®(a)) = o(a) and soc(B) essential in
Zelazko B
1994 Aupetit, ’
Mouton m A and B von Neumann algebras.
2000 Aupetit m O bijective, o(®(a)) C o(a) and soc(B) essential in
2003 B.
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

Kaplansky's problem for operator algebras

Theorem (A. A. Jafarian and A. R. Sourour, 1986)

Let X and Y be complex Banach spaces and let ®: L(X) — L(Y) be a
bijective linear map with the property that

a(®(T)) =o(T) (T € L(X)).

Then one of the following assertions holds:
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

Kaplansky's problem for operator algebras

Theorem (A. A. Jafarian and A. R. Sourour, 1986)

Let X and Y be complex Banach spaces and let ®: L(X) — L(Y) be a
bijective linear map with the property that

a(®(T)) = o(T) (T € L(X)).
Then one of the following assertions holds:

the map ® is an isomorphism,

the map ® is an anti-isomorphism,
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

Kaplansky's problem for operator algebras

Theorem (A. A. Jafarian and A. R. Sourour, 1986)

Let X and Y be complex Banach spaces and let ®: L(X) — L(Y) be a
bijective linear map with the property that

a(®(T)) = o(T) (T € L(X)).
Then one of the following assertions holds:

the map ® is an isomorphism, in which case there exists a linear
homeomorphism U: X — Y such that ®(T) = UTU™! for each T € L(X);
the map ® is an anti-isomorphism, in which case the spaces X and Y are

reflexive and there exists a linear homeomorphism V : X* — Y such that
O(T) = VT*V~! foreach T € L(X).
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

After Kaplanky's problem: spectral isometries

® preserves the spectrum ® spectral isometry
o(®(a)) = o(a) (a € A) r(®(a)) = r(a) (a € A)
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

After Kaplanky's problem: spectral isometries

® preserves the spectrum ® spectral isometry
o(®a) =a(a) (ac A | | r(®a) =r@) (a €A

M. Mathieu - G. J. Schick (2002)

Let A and B be unital C*-algebras and let ®: A — B be a unital surjective
spectral isometry. Is it true that ® is a Jordan homomorphism ?
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

After Kaplanky's problem: spectral isometries

® preserves the spectrum ® spectral isometry
o(®a) =a(a) (ac A | | r(®a) =r@) (a €A

M. Mathieu - G. J. Schick (2002)

Let A and B be unital C*-algebras and let ®: A — B be a unital surjective
spectral isometry. Is it true that ® is a Jordan homomorphism ?

M. Mathieu - C. Ruddy (2007)

Let A and B be semisimple complex unital Banach algebras and let $: A — B
be a unital surjective spectral isometry. Is it true that ® is a Jordan
homomorphism 7
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

After Kaplanky's problem: spectral isometries

Theorem (M. Brear and P. Semrl (1996))

Let X be a complex Banach space and let ®: L(X) — L(X) be a bijective
linear mapping with the property that

r(®(T)) =r(T) (T € L(X)).

Then there exist A € C with |\| =1 and either
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

After Kaplanky's problem: spectral isometries

Theorem (M. BreZar and P. Semrl (1996))

Let X be a complex Banach space and let ®: L(X) — L(X) be a bijective
linear mapping with the property that

r(®(T)) =r(T) (T € L(X)).
Then there exist A € C with |\| =1 and either

an isomorphism V: L(X) — L(X) such that ® = \V,

an anti-isomorphism W: L(X) — L(X) such that ® = \V,
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

After Kaplanky's problem: spectral isometries

Theorem (M. Brear and P. Semrl (1996))

Let X be a complex Banach space and let ®: L(X) — L(X) be a bijective
linear mapping with the property that

r(®(T)) =r(T) (T € L(X)).
Then there exist A € C with |\| =1 and either

an isomorphism W L(X) — L(X) such that & = AWV, in which case there
exists a linear homeomorphism U: X — Y such that ®(T) = UTU! for
each T € L(X), or

an anti-isomorphism V: L£(X) — L(X) such that & = AV, in which case
the spaces X and Y are reflexive and there exists a linear homeomorphism
V: X* =Y such that ®(T) = VT*V~! for each T € L(X).
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

After Kaplanky's problem: spectral isometries

1959 m A and B commutative.
2002 Mathieu, Schick

2003 Mathieu, Schick

2004 Mathieu,
Sourour

2007 Mathieu, Ruddy
2007 Lin, Mathieu

2011 Mathieu,
Sourour

2010 Costara, Repovs
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

After Kaplanky's problem: spectral isometries

1959 Nagasawa m A and B commutative.
2002

2003
2004

m some classes of C*-algebras.

2007
2007
2011

2010 Costara, Repovs
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

After Kaplanky's problem: spectral isometries

1959 Nagasawa m A and B commutative.
2002 Mathieu, Schick

2003 Mathieu, Schick
2004 Mathieu, m B having a separating family of finite-dimensional

Sourour irreducible representations.
2007 Mathieu, Ruddy

2007 Lin, Mathieu

2011 Mathieu,
Sourour

2010

m some classes of C*-algebras.
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras
The problem (1)

Let ®: A — B be a linear map between complex unital Banach algebras A and B

o(®(a)) is near o(a) 0 ® is near a (Jordan)
foreacha € A multiplicative map
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras

The problem (1)

Let ®: A — B be a linear map between complex unital Banach algebras A and B

foreacha € A

[ o(®(a)) is near o(a)

sup| =1 distr (0(®(a)), o(a))

is small

J. Alaminos | Universidad de Granada
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g

® is near a (Jordan)
multiplicative map

~N

dist(®, Isom(A, B)UAntilsom(A, B))

is small

~N




Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras
The problem (2)

Let ®: A — B be a linear map between complex unital Banach algebras A and B,

if r(®(a)) is near r(a) for each a € A, what can we say about ®?

J. Alaminos | Universidad de Granada
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Spectral Isometries = Introducing the problem = Kaplansky's problem for operator algebras
The problem (2)

Let ®: A — B be a linear map between complex unital Banach algebras A and B,

if r(®(a)) is near r(a) for each a € A, what can we say about ®?

sup|ja=1 r(®(a)) — r(a)l | 2

dist(®, T Isom(A, B) U T Antilsom(4, B))
is small

is small
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Spectral Isometries = Some answers

Some answers

Section 2
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Spectral Isometries = Some answers = Finite dimensional case

Finite dimensional case

Theorem (M. Marcus and R. Purves)
Let n € N. A linear map ®: M,, — M,, satisfies the property

o (D(M)) = o(M) (M € M,)

if and only if ® € Aut(M,) U AntiAut(M,).
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Spectral Isometries = Some answers = Finite dimensional case

Finite dimensional case

Theorem (M. Marcus and R. Purves)
Let n € N. A linear map ®: M,, — M,, satisfies the property

o (D(M)) = o(M) (M € M,)

if and only if ® € Aut(M,) U AntiAut(M,).

Theorem

Let n € N. Then for each K,e > 0 there is § > 0 such that if ®: M,, — M, is a
linear map with
sup disty (o(¢(M)),a(M)) <6,
IM][=1

and |0 < K, then dist(cb, Aut(M,) U AntiAut(Mn)) <e.

J. Alaminos | Universidad de Granada 16 / 34



Spectral Isometries = Some answers = Finite dimensional case

Finite dimensional case

Theorem (M. BreZar and P. Semrl “finite-dimensional version”)
Let n € N and let ®: M,, — M,, be a bijective linear mapping with the property

r(®(M)) = r(M) (M € M,).

Then ¢ € 'H‘Aut(M,,) U ']I‘AntiAut(M,,).

J. Alaminos | Universidad de Granada 17 / 34



Spectral Isometries = Some answers = Finite dimensional case

Finite dimensional case

Theorem (M. BreZar and P. Semrl “finite-dimensional version”)
Let n € N and let ®: M,, — M,, be a bijective linear mapping with the property

r(®(M)) = r(M) (M € M,).

Then ¢ € ']I‘Aut(M,,) U ']I‘AntiAut(M,,).

Theorem

Let n € N. Then for each K,e > 0 there is 6 > 0 such that if : M, — M, is a
bijective linear mapping with

sup ’r(d)(/\/l)) - r(M)’ <0,
IM]|=1

and ||®|| < K, then ® € TAut(M,) U TAntiAut(M,,).
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Spectral Isometries = Some answers = Finite dimensional case
Proof

Given K,e,6 > 0 put

= {cb € L(M,) : |®]| < K, dist(, TAut(M,) U TAntiAut(M,)) > s} is
compact.

nG= | {q> € L(M,) : [r(®(M)) — r(M)] > 5} is open.
[IM]|=1

m CC U Gs = C C Gg for some ¢ > 0 and this proves the theorem.
5>0
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Spectral Isometries = Some answers = Finite dimensional case

The role of the boundedness

For each € > 0, we define ®_.: M, — M by
o (? b\ [(a e?b+cla
f\c d)  \&c d ’

U(CDE (i Z)) ={AeC:(a=A)(d—)) = bc +eac},

Then

i o (j 3) ={reC:(a—2)(d—A)=bc}.

This implies that

w disty (0 (®(M)),0(M)) < Ve (M| =1).
= dist(®., Aut(M,) U AntiAut(M,)) > e~ — 1.
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Spectral Isometries = Some answers = Infinite dimensional case

Infinite dimensional case

An approximate version of Jafarian-Sourour Theorem

Theorem

For each ¢ > 0 there is 6 > 0 such that if X and Y are Banach spaces
and ®: L(X) — L(Y) is a bijective linear map with

|\STlﬂ21 disty (a(tb( 7)), o( T)) <46

then

dist(¢, Iso(L(X), £L(Y)) U Antilso(ﬁ(XLE(Y))) <e.
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Spectral Isometries = Some answers = Infinite dimensional case

Infinite dimensional case

An approximate version of Jafarian-Sourour Theorem

Theorem

For each K,e > 0 there is 6 > 0 such that if X and Y are Banach spaces
and ®: L(X) — L(Y) is a bijective linear map with

|\STlﬂ21 disty (a(tb( 7)), o( T)) <46

and |07, [|®]| < K, then

dist(¢, Iso(L(X), £(Y)) U Antilso(ﬁ(XLE(Y))) <e.
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Spectral Isometries = Some answers = Outline of the proof

Infinite dimensional case

Spectral isometries in operator algebras

Theorem (M. BreZar and P. Semrl, 1996)

Let X be a complex Banach space and let ®: L(X) — L(X) be a bijective
linear map with the property that

r(®(T)) =r(T) (T € L(X)).

Then there exist A € C with |A\| =1 and either

a linear homeomorphism U: X — X such that ®(T) = A\UTU™! for each
T € L(X), or

a linear homeomorphism V: X* — X such that ®(T) = A\VT*V~! for
each T € L(X), in this case the space X is reflexive.

Main ingredient

Preservation of nilpotency

J. Alaminos | Universidad de Granada 21 /34



Spectral Isometries = Some answers = Outline of the proof

Operators preserving nilpontents

Based on a characterization of rank one nilpotents in terms of spectral properties:

P. Semrl, 1995

Let N(X) be the set of all nilpotent operators in £(X), and let N € N(X),
N £ 0. Then N has rank one if and only if for every A € N(X) satisfying
A+ N ¢ N(X) we have A+ AN ¢ N(X) for every nonzero € C.

J. Alaminos | Universidad de Granada



Spectral Isometries = Some answers = Outline of the proof

Operators preserving nilpontents

Based on a characterization of rank one nilpotents in terms of spectral properties:

P. Semrl, 1995

Let N(X) be the set of all nilpotent operators in £(X), and let N € N(X),
N £ 0. Then N has rank one if and only if for every A € N(X) satisfying
A+ N ¢ N(X) we have A+ AN ¢ N(X) for every nonzero € C.

Theorem (P. Semrl, 1995)
Let X be a complex Banach space and let ®: Lo(X) — Lo(X) be a surjective

linear map that preserve nilpotent operators in both directions.
Then there exist A € C with |\| =1 and either
a linear homeomorphism U: X — X such that ®(T) = A\UTU™! for each
T € Lo(X); or
a linear homeomorphism V: X* — X such that ®(T) = A\VT*V~! for
each T € Lo(X), in this case the space X is reflexive.
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Spectral Isometries = Some answers = Outline of the proof

Operators preserving ...

How to construct the linear homeomorphism?

Study the behaviour on rank-1 elements:
Ly={x®h:he X*}
i e X

(L) = L, 0 ®(L,) = Ry

J. Alaminos | Universidad de Granada
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Spectral Isometries = Some answers = Outline of the proof

Infinite dimensional case

An approximate version of BreSar-Semr|l Theorem

Theorem

For each K,e > 0 there is 6 > 0 such that if X and Y are Banach spaces and
& L(X) — L(Y) is a bijective linear map with

|\3‘l|J\F:)1 r(<1>(T)) — r(T)‘ <0

and ||, [|® < K, then

dist (d),’]I‘Iso(E(X), L(Y)) U ’]I‘Antilso(C(X),E(Y))) <e.

J. Alaminos | Universidad de Granada 24 /34



Spectral Isometries = Some answers = Outline of the proof
Proof’s sketch

The main tool: wltraproducts
Let U be a free ultrafilter on N.
The ultraproduct of a sequence (X,) of Banach spaces is the Banach space
(Xl = €N, X,)/ {x € (N, X,)  limye[}] = O}.
The ultraproduct of a bounded sequence (T,) of operators T, € L(X,, Y»)
is the operator (T,) € L ((Xn)“, (Ya)") defined through (x,) — (Ta(xn)).
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Spectral Isometries = Some answers = Outline of the proof
Proof’s sketch

Assume towards a contradiction that the theorem is false.

Then there exist ®,: L(X,) = L(Y5) (n € N) such that
r(O(T)) = r(T)| 0,

sup
ITl=1

& [[@all < K,
iggdist(d)n,ﬂl‘lso(ﬁ(X,,),E(Yn)) U’H‘Antilso(ﬁ(Xn),E(Yn))) > 0.

J. Alaminos | Universidad de Granada 26 / 34



Spectral Isometries = Some answers = Outline of the proof
Proof’s sketch

Let U/ be a free ultrafilter on N.

Let us consider the mapping

O = (004 (LX) — (L)Y, S(T) = (0a(T))".
—— N——
cL () ce((va)

J. Alaminos | Universidad de Granada 27 / 34



Spectral Isometries = Some answers = Outline of the proof
Proof’s sketch

Let U/ be a free ultrafilter on N.

Let us consider the mapping

O = (004 (LX) — (L)Y, S(T) = (0a(T))".
—— N——
cL () ce((va)

® is bijective.
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Spectral Isometries = Some answers = Outline of the proof
Proof’s sketch

Let U/ be a free ultrafilter on N.

Let us consider the mapping

O = (004 (LX) — (L)Y, S(T) = (0a(T))".
—— N——
cL () ce((va)

® is bijective.
r(®(T)) = f(T) (T € (£x))").

J. Alaminos | Universidad de Granada 27 / 34



Spectral Isometries = Some answers = Outline of the proof

Proof’s sketch

Let U/ be a free ultrafilter on N.

Let us consider the mapping

O = (004 (LX) — (L)Y, S(T) = (0a(T))".
—— N——
cL () ce((va)

® is bijective.
r(@(T) = r(T) (T e (£06)").

Both (L£(X, )) and (£( ,,))u are irreducible unital closed subalgebras of
the Banach algebras £ ((X,)") and L ((Y,)), respectively, which have
finite-rank operators.
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Theorem

Let A and B be unital primitive Banach algebras and let A and B have
minimal idempotents. Assume that ®: A — B is a surjective spectral

isometry. Then there exist A € C with |\| =1 and eihter an
isomorphism or an anti-isomorphism V: A — B such that ® = \V.
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Spectral Isometries = Some answers = Outline of the proof

WV is an isomorphism

Then there exists a linear homeomorphism U: (X,)¥ — (Y,) such that
®(T) = AUTU"L. Then

m U= (U,)4 for some U, € L(X,,Y,) for each n € N, and

m lim sup ||®,(T)— AU, TU; || = 0.
“T)=1

Hence lim dist(dD,,,']I‘Iso(E(Xn),E(Yn))) =0, a contradiction !

WV is an anti-isomorphism
Then there exists a linear homeomorphism V: (X)¥ — (Y,,)" such that
®(T) = AVT*V~L. Then

m V= (V,)¥ for some V, € L(X},Y,) for each n € N, and

= lim sup ||®,(T)— AV, T*V, || =0.
“Ti=1

Hence IiZ/rln dist(d),,,']I‘Antilso(L(X,,),E(Y,,))) =0, a contradiction !
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Spectral Isometries = One step further: the pseudospectrum

One step further:

the pseudospectrum

Section 3

J. Alaminos | Universidad de Granada



Spectral Isometries = One step further: the pseudospectrum = Recap
Recap

4
[ sup distn (o(P(a)), o(a)) ]/N[ dist (P, Jlsom(A, B))]

llall=1

v
[ sup |r(®(a)) — r(a)] ]/\[dist(tb,’]I‘JIsom(A,B))]

llall=1

J. Alaminos | Universidad de Granada



Spectral Isometries = One step further: the pseudospectrum = Recap
Recap

4
[ sup distn (o(P(a)), o(a)) ]/N[ dist (P, Jlsom(A, B))]

llall=1
?

v
[ sup [r(®(a)) — r(a)| ]Q[ dist(®, TJIsom(A, B))]

llall=1
i3

J. Alaminos | Universidad de Granada



Kakutani

There exists a sequence (T,) € £(¢2) such that
w || To — Tol| = 0 for some Ty € L£(¢?), with || To|| = 1,
m r(To) = ry # 0, while
m r(T,) =0 for each n € N.
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Kakutani

There exists a sequence (T,) € £(¢2) such that
w || To — Tol| = 0 for some Ty € L£(¢?), with || To|| = 1,
m r(To) = ry # 0, while
m r(T,) =0 for each n € N.

Pick ¢ € (L(?))", ¢(To) = |l¢]| = 1 and define ®,: L(£?) — L(¢?) by

O (T)=T+o(T)NT,—To) (T €L({?),neN).

Then ||®, —1|| = || T, — Tol| = 0, and
B lim,_ o dist(®,, JIsom) = 0,
= ro <sup{[r(®s(T)) — r(T)|: T € By} for each ne N.
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Spectral Isometries = One step further: the pseudospectrum = Recap
Recap

4
sup disty(o(P(a)),o(a dist(®, JIsom(A, B
[ p distu(o(®(2)), 0(2)) ]/-\”[ (@, JIsom( ))]

llall=1

v
[ sup |r(®(a)) — r(a)] ]/\[dist(tb,’]I‘JIsom(A,B))]

llall=1
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Spectral Isometries = One step further: the pseudospectrum = The pseudospectrum

The pseudospectrum

and the pseudospectral radius

Definition
Let X be a Banach space and let T € £L(X) and e >0
m The =-pseudospectrum of T is defined to be the set

o(T)={XeC: |(T-Ax)"!|>e"}

(we adopt the convention that ||(T — Mx)7!|| = o if A € o(T)).

. Alaminos | Universidad de Granada



Spectral Isometries = One step further: the pseudospectrum = The pseudospectrum

The pseudospectrum

and the pseudospectral radius

Definition
Let X be a Banach space and let T € £L(X) and e >0

m The e-pseudospectrum of T is defined to be the set
o(T)={XeC: |(T-Ax)"!|>e"}

(we adopt the convention that ||(T — Mx)7!|| = o if A € o(T)).
m The of T is defined as

re(T) =sup{|\| : A € 0(T)}.
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Spectral Isometries = One step further: the pseudospectrum = The pseudospectrum

The pseudospectrum

i © 4 "
A= =f @2 @
0.7i 02 0.5

Albrecht Béttcher and Marko Lindner
(2008) Pseudospectrum. Scholarpedia,
3(3):2680.

Figure : Pseudospectra of A
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Spectral Isometries = One step further: the pseudospectrum = The pseudospectrum

Preservation of the pseudospectrum

How to measure the pseudospectral behaviour?
Let X and Y be Banach spaces and let ®: £L(X) — L(Y) be a linear map.

m Preserving the pseudospectrum
Po(®) =inf{e > 0:0(P(T)) Coe(T)and o(T) Coe(P(T)) (T € Beixy)}
m Preserving the pseudospectral radius

Pi(®) =inf{e>0:r(®(T)) < re(T)and r(T) < re(®(T)) (T € Bexy)}-

Remark
m & preserves the spectrum < P.(d) =0.

m P/ < oo and & surjective = & is continuous.
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Spectral Isometries = One step further: the pseudospectrum = The pseudospectrum

State of the art

[ sup distH(a(d)(a)),U(a))] - [ ) ] [ dist (&, JIsom(A, B))]
lall=1 =

v v

[ Hiﬁgl\r(cb(a))—r(a)\ ]>[ PI() ] [dist(d>,'JI‘JIsom(A,B))]
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Spectral Isometries = One step further: the pseudospectrum = The pseudospectrum

State of the art

[ sup distH(a(d)(a)),U(a))] [ ) ] [ dist (&, JIsom(A, B))]
lall=1

[ Hiﬁgl\r(cb(a))—r(a)\ ] [ PI() ] [dist(d>,'JI‘JIsom(A,B))]

\\://r
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Spectral Isometries = One step further: the pseudospectrum = The pseudospectrum
State of the art

[ sup distu (o(®(2)), 7(a)) ]=,[ ) ]ﬁ[ dist (&, JIsom(A, B))]
lall= el

[ Hiﬁi’l‘r(q’(a))_'(a)‘ ]:,[ PL(®) ]@[dist(da'JI‘Jlsom(A,B))]
<>
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Spectral Isometries = One step further: the pseudospectrum = The pseudospectrum
State of the art

[ sup distu (o(®(2)), 7(a)) ]=,[ ) ]ﬁ[ dist (&, JIsom(A, B))]
lall= el

[ Hiﬁi’l‘r(q’(a))_'(a)‘ ]:,[ PL(®) ]@[dist(da'JI‘Jlsom(A,B))]
<>
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