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The space LpX q

Problem
Find methods of constructing Banach spaces X such that the
elements of LpX q have desirable properties.

Although there is a deep understanding on methods
constructing Banach spaces with desirable properties the
corresponding problem for the space LpX q does not have
sufficient general answer.
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In fact, the only general result in this direction is the W. T.
Gowers - B. Maurey Theorem as was extended by V.
Ferenczi on the structure of LpX q with X hereditarily
indecomposable.

Recent results yield Banach spaces with very few
operators (i.e. spaces with the "scalar-plus-compact"
property). The goal of the present talk is to discuss these
recent developments.
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Hereditarily Indecomposable Banach spaces

A Banach space X is said to be Hereditarily
Indecomposable if no closed infinite dimensional subspace
admits non trivial bounded linear projection.

Every HI space does not contain subspaces with an
unconditional basis.

Also it is not a subspace of a space with an unconditional
basis.

Hence the two classes are completely separated and
Gowers’ dichotomy explains that every Banach space
should contain a member of one of the above classes.
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Strictly Singular Operators

An operator T : X Ñ Y is called strictly singular, if its
restriction on every infinite dimensional subspace of X is
not an isomorphism.

The class of strictly singular operators is very similar to the
class of compact ones.

For example, in many spaces X the ideal of strictly singular
operators SpX q and the one of compact operators KpX q
coincide. In particular, this is the case in `ppNq spaces.

In the space Lpp0,1q,p � 2 and Cr0,1s the ideals SpX q
and KpX q are different.
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Operators on HI Banach spaces

Among the seminal properties of Hereditarily Indecomposable
Banach spaces is that they admit few operators in the following
sense:

(W. T. Gowers - B. Maurey) For every complex HI space X
dimLpX q{SpX q � 1
(V. Ferenczi) For every real Banach X one of the following
holds

LpX q{SpX q � R, LpX q{SpX q � C, LpX q{SpX q � H

Where H denotes the algebra of quaternions.
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A consequence of the above Theorem is that every
Fredholm operator T : X Ñ X is of index 0. Hence every
Hereditarily Indecomposable space is not isomorphic to
any of its proper subspaces. In particular, HI spaces
answer negatively Banach’s Hyperplane Problem.
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Problem (Scalar-plus-Compact)
Does there exist a Banach space X such that every operator
T : X Ñ X is of the form λI � K , with K : X Ñ X be a compact
operator.

This problem was stated by J. Lindenstrauss in 1969.

The solution of this problem is given in a joint work with
Richard Haydon.
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The solution of the "Scalar-plus-Compact" problem

Theorem (S. A., R. Haydon, Acta Math. 2011)
There exists a L8 Hereditarily Indecomposable Banach space
XK such that X�K is isomorphic to `1pNq and every T : XK Ñ XK
is of the form T � λI � K with K a compact operator.

A separable space is a L8 space, if it is the closure of the
union of an increasing sequence of finite dimensional
spaces, each one isomorphic to `8 of its dimension, with a
uniformly bounded constant.
Since the space XK has separable dual and it has a
Schauder basis, we have that the space LpXK q is
separable.

This property is not preserved for the space LpY q, where
Y is a closed subspace of XK .
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The solution of the "Scalar-plus-Compact" problem

To build the space XK we combine two fundamental
methods for constructing non-classical Banach spaces.

The first method due to J. Bourgain and F. Delbaen (Acta
Math, 1980) concerns spaces with minimal L8 structure.

The second one due to W. T. Gowers and B. Maurey
(JAMS 1993) is the fundamental technique for constructing
Hereditarily Indecomposable (HI) Banach spaces.
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The solution of the "Scalar-plus-Compact" problem

It is notable that the space XK belongs to the class of HI
spaces while its dual X�K � `1pNq is a space with an
unconditional basis. This fact describes the extreme
structure of XK .



More spaces with the “scalar-plus-compact” property

Theorem (S. A., R. Haydon, Th. Raikoftsalis)
There exists a L8 space X with the “scalar-plus-compact”
property and `1 ãÑ X.

This is clearly a non HI space with non separable dual and
with very few operators.
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Theorem (S. A., D. Freeman, R. Haydon, E. Odell, Th.
Raikoftsalis, Th. Schlumprecht, D. Zisimopoulou)
For every separable space X with X� separable , there exists a
L8 space X with separable dual such that X contains a
subspace X̃ which is isomorphic to X , the quotient space X{X̃
is hereditarily indecomposable and satisfies the
“scalar-plus-compact” property.
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Theorem (S. A., D. Freeman, R. Haydon, E. Odell, Th.
Raikoftsalis, Th. Schlumprecht, D. Zisimopoulou)
For every separable space X with X� separable and X�� does
not contain c0, there exists a L8 space X with separable dual,
the “scalar-plus-compact” property and X ãÑ X.



The compact operators of X

Theorem (J. Lindenstrauss)
If X is a separable L8 space and X a subspace of X, then the
subalgebra A of KpXq consisting of all operators having X as
an invariant subspace, has as quotient the compact operators
on X .



General Bourgain-Delbaen construction

The classical L8 spaces are the spaces CpK q with K a
compact set.

The BD L8 spaces are spaces with minimal L8 structure.

For example, the spaces which will be presented admit an
FDD i.e. X � p

°
nPN`Mnq and for every L � N such that

both L, NzL are infinite the subspace Y �
°

nPL`Mn is a
reflexive one.
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General Bourgain-Delbaen construction

By induction we choose a sequence of finite sets p∆nq
8
n�0

and we set Γn � Yn
k�0∆k , Γ � Y8

n�0∆n.
Also by induction we choose linear

φn : `8pΓnq Ñ `8p∆n�1q

and we define in,n�1 : `8pΓnq Ñ `8pΓn�1q as follows.

in,n�1pf qpγq �

#
f pγq, if γ P Γn,

φnpf qpγq, if γ P ∆n�1
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For every n   k we define in,k : `8pΓnq Ñ `8pΓk q to be the
composition described as follows.

`∞(Γn) `∞(Γn+1) `∞(Γk−1) `∞(Γk)
in,n+1 ik−1,k

in,k
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General Bourgain-Delbaen construction

A critical required property for the operators in,k is that
there exists a C ¥ 1 such that }in,k} ¤ C.

We set Γ � Y8
n�0∆n and we define

in : `8pΓnq Ñ `8pΓq as inpf q � limÐÝin,k pf q.

The operators in are well defined since for every n   p ¤ k ,
if f P `8pΓnq and γ P ∆p we have that

in,ppf qpγq � in,k pf qpγq.



General Bourgain-Delbaen construction

A critical required property for the operators in,k is that
there exists a C ¥ 1 such that }in,k} ¤ C.

We set Γ � Y8
n�0∆n and we define

in : `8pΓnq Ñ `8pΓq as inpf q � limÐÝin,k pf q.

The operators in are well defined since for every n   p ¤ k ,
if f P `8pΓnq and γ P ∆p we have that

in,ppf qpγq � in,k pf qpγq.



General Bourgain-Delbaen construction

A critical required property for the operators in,k is that
there exists a C ¥ 1 such that }in,k} ¤ C.

We set Γ � Y8
n�0∆n and we define

in : `8pΓnq Ñ `8pΓq as inpf q � limÐÝin,k pf q.

The operators in are well defined since for every n   p ¤ k ,
if f P `8pΓnq and γ P ∆p we have that

in,ppf qpγq � in,k pf qpγq.



General Bourgain-Delbaen construction

A critical required property for the operators in,k is that
there exists a C ¥ 1 such that }in,k} ¤ C.

We set Γ � Y8
n�0∆n and we define

in : `8pΓnq Ñ `8pΓq as inpf q � limÐÝin,k pf q.

The operators in are well defined since for every n   p ¤ k ,
if f P `8pΓnq and γ P ∆p we have that

in,ppf qpγq � in,k pf qpγq.



General Bourgain-Delbaen construction

∆0 ∆n ∆n+1 ∆n+2

Γn

f φn(f) φn+1(in,n+1(f))

in,n+2(f )
in(f )

If }in,k} ¤ C then inpf q P `8pΓq.

}f } ¤ }inpf q} ¤ C}f }.

Hence `8pΓnq �
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We set XpΓq � Y8
n�1inp`8pΓnqq ãÑ `8pΓq.

Clearly the space XpΓq is L8 space.

The variety of BD- L8 spaces arises from the different
φn : `8pΓnq Ñ `8p∆n�1q one can define.

In general, each φn is determined by a finite family
tc�γ : γ P ∆n�1u where each c�γ : `8pΓnq Ñ R.

`8pΓnq � f ÝÑ φnpf q � tc�γ pf q : γ P ∆n�1u.

Therefore, the variety of BD-L8 spaces is depended on
the choice of the functionals tc�γ : γ P Γu.
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The space will be depended on two sequences pλjqj , pFjqj
of parameters where

pλjqj is a decreasing to zero sequence of positive reals.

Each Fj is a compact family of finite subsets of N.
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If j � 2k � 1, then b� � e�ξ with weightpξq uniquely
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The definition of c�γ imposes the HI structure in the space
XK . In particular, the c�γ with weightpγq odd are the
conditional functionals and they are closely related to the
definition of the norming set in the Gowers Maurey
construction.
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Argyros Haydon L8 space

The Argyros Haydon hereditarily indecomposable and L8
space Xk is a BD construction of the previous form which
is based in the following parameters.

A strictly increasing sequence of natural numbers pmjqj
with m1 ¥ 4. (where λj �

1
mj

)

The sequence of compact families Anj such that pnjqj is
strictly increasing sequences of natural numbers growing
faster than pmjqj , where

Anj � tF � N : #F ¤ nju.
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The scalar-plus-compact property of XK

The space XK is HI. Therefore every T P LpXK q is of the
form λI � S with S strictly singular operator.

The scalar-plus-compact property of XK , (i.e.
SpXK q � KpXK q) is heavily depended on the L8 structure
of the space XK .

The proof is based on the following facts which occur in the
L8 setting.

For every γ P Γ we have assigned the weight of γ.

The space XK has local unconditional structure.
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The scalar-plus-compact property of XK

A sequence pxk qkPN is a block sequence if there exist:

p1   q1   . . .   pk   qk   . . . and yk P `8pY
qk
k�pk

∆k q such
that xk � iqk pyk q.

We define the local support xk as
supplocpxk q � supppyk q � tγ P Γ : yk pγq � 0u and

Gxk � tweightpγq : γ P supppyk qu.
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∆pk ∆qk∆pk+1 ∆pk+1

yk

supplocxk

xk = iqk(yk)



The scalar-plus-compact property of XK

Proposition

Let pxk qkPN be a normalized block sequence such that either
(i) the sequence pGxk qkPN is uniformly bounded, or
(ii)The sequence pGxk qkPN is strictly increasing.
Then for every strictly singular operator S : Xk Ñ Xk we have
that }Spxk q} Ñ 0.



The scalar-plus-compact property of XK

Proposition
Let T : Xk Ñ Xk be a bounded linear non compact operator.
Then there exists a normalized block sequence pxk qkPN such
that pGxk qkPN is either uniformly bounded or strictly increasing
and }T pxk q} Û 0.



The scalar-plus-compact property of XK

Theorem
Let T : Xk Ñ Xk be a bounded linear operator. Then there
exists a scalar λ such that the operator K � T � λI is compact,
where I : Xk Ñ Xk is the identity operator.



HI- Augmentations

Let XpΓq, Γ � Y8
n�0∆n be a BD L8 space with separable

dual (i.e. XpΓq� � `1).
Let also X be a subspace of XpΓq such that XK is of infinite
dimension and Q well disposed in `1pΓq, i.e.

tf P XK : f finite rational combination of e�γu

is dense in XK.
Combining a recent result of D. Freeman, E. Odell, Th.
Schlumprecht, (Math.Ann., 2011) with some classical
results of W.B. Johnson, H.P. Rosenthal and M. Zippin we
conclude that for every Banach space X with separable
dual there exists a BD L8 space XpΓq such that XK is Q
well disposed in `1pΓq.
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HI- Augmentations

Let XpΓq, X be as before.
A BD L8 space XpΓ̃q is an HI Augmentation of the pair
pXpΓq,X q if the following are satisfied:
Γ̃ � Y8

n�0∆̃n and ∆n � ∆̃n (Hence Γ � Γ̃).

There exists a linear bounded operator Φ : XpΓ̃q Ñ XpΓq.

There exists a subspace X̃ of XpΓ̃q such that ΦpX̃ q � X
and Φ|X̃ is an isomorphism.

The quotient space XpΓ̃q{X̃ is HI and satisfies the
scalar-plus-compact property.

If `1 does not embed complementary into X�, then XpΓ̃q
satisfies the scalar-plus-compact property.
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HI- Augmentations

Theorem (S. A., D. Freeman, R. Haydon, E. Odell, Th.
Raikoftsalis, Th. Schlumprecht, D. Zisimopoulou)
For every separable space X with X� separable , there exists a
L8 space X with separable dual such that X contains a
subspace X̃ which is isomorphic to X , the quotient space X{X̃
is hereditarily indecomposable and satisfies the
“scalar-plus-compact” property.
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HI- Augmentations

The HI Augmentation of the pair pXpΓq,X q essentially
augments the initial set Γ.

We start with two sequences of parameters pλjqj , pFjqj ,
where pλjqj is a decreasing to zero sequence of positive
reals and pFjqj is a sequence of compact families of N with
complexity greater than the local `1 complexity of XpΓq.

The sets ∆̃n are recursively chosen and for every γ P ∆̃n
we define a BD functional c̃�γ : `8pΓ̃n�1q Ñ R such that:
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HI- Augmentations

If γ P ∆n then c̃�γ pxq � c�γ pPn�1pxqq, where
Pn�1 : `8pΓ̃n�1q Ñ `8pΓn�1q is the natural restriction map.

If γ P ∆̃nz∆n then c̃�γ pf q � f pηq � λjb�pf � iq,npf |Γ̃q
qq, where

η P ∆̃qz∆q, idpηq � pq, jpηq � jpγq,F pηq � F pγqztnuq

b� P B`1pΓ̃nzΓ̃qq
X XK, where we consider X as a subspace

of XpΓq ãÑ `8pΓq and thus naturally embedded in
`8pΓY

n�1
p�0 ∆̃pq

If j � 2k � 1, then b� � e�ξ with weightpξq uniquely
determined by η. (Conditional part)
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HI- Augmentations

We consider the following subspace of XpΓ̃q ãÑ `8pΓ̃q

X̃ � ty P XpΓ̃q : y |Γ̃zΓ � 0, y |Γ P Xu.

We also define Φ : XpΓ̃q Ñ XpΓq by the rule

Φpzq � z|Γ

It follows from our construction that X̃ , Φ are well defined
and

ΦpX̃ q � X .
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