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Notation

A: complex unital Banach algebra, with unit 1
» o(a) =oa(a) = {A € C: A1 — a is not invertible}
[Spectrum of a]

> pla) = sup{[A| : A € o(a)}
[Spectral radius of a]

> 0(a) =sup{|]A —pl : A, p € o(a)}
[Spectral diameter of a]

> #o(a)

[Number of elements in the spectrum of aj

> #o'(a)

[Number of nonzero elements in the spectrum of 3]



The following theorem of Aupetit is crucial in the proofs of some
results and is sometimes referred to as the Scarcity Principle:

Theorem (B. Aupetit)
If f is analytic from a domain D C C into a Banach algebra A,

then either
De = {X € D :o(f(N\)) is finite }

is a Borel set with zero capacity, or there is n € N and a closed,
discrete subset E C D such that #o(f(\)) = n for A € D\E and
#o(f(N\)) < n for X € E. In this case the n points of o(f()\)) are
locally holomorphic on D\E.



Objective

On which subsets L of A can the pair of spectrum functions
x> oa(ax) and x — oa(bx), x € L
or, alternatively, the pair
x> oala+x) and x — oa(b+x), xe L

distinguish between a and b?



Theorem
Let A be a semisimple Banach algebra and a,b € A. Then a= b if
and only if any one of the following holds:

(i) o(ax) = o(bx) forallx € A
(i) o(@a+x)=0(b+x) forallxec A



Theorem
Let A be a semisimple Banach algebra.

(i) If b € Ais invertible and #o(ax) < #o(bx) for all x in a
neighborhood of b™1, then a = ab for some ov € C. In
particular if o(ax) = o(bx) for all x in a neighborhood of b1,
then a = b.

(ii) If #o(a+ x) < #0o(b+ x) for all x in a neighborhood of —b,
then a= b+ al for some o € C. In particular if
o(a+ x) = o(b+ x) for all x in a neighborhood of —b, then
a=b.



Theorem

Let A be a semisimple Banach algebra. If o(ax) and o(bx) are
finite and equal for all x in some open set N, then a=b. In
particular the above characterization holds if A is finite
dimensional.



Corollary

Let A be a semisimple Banach algebra. If o(a+ x) and o(b + x)
are finite and equal for all x in some open set N, then A is finite
dimensional and a = b.



Theorem

Let A be a semisimple Banach algebra, and suppose o(ax) and
o(bx) have at most 0 as accumulation point for all x € A. If
o(ax) = o(bx) for all x in some open set N, then a = b.



Theorem
Let (A, || -||) be a semisimple Banach algebra and let a, b € A.
Then a = b if and only if any one of the following conditions holds:

’

(i) For each Banach algebra norm || - ||o equivalent to || -

Ix —1]jo < 1= o(ax) = o(bx).

(ii) o(ax)
(i) o(ax)

(iv) o(a+ x) = a(b+ x) for all exponentials x € A.

o(bx) for all x satisfying p(x — 1) < 1.
o

bx) for all exponentials x € A.



Example

(A) Let By = B(0,1) and B, = B(2, %) and let A be the
semisimple algebra of complex functions (under the usual pointwise
operations) which are continuous on By U By and holomorphic on
By. Define a norm on A by

11l = p(f) + o(f).

Define L
[ X ifaxeB
"(A)_{ 0 ifFAeB,
and _
A if A € By
b(\) = TAC D0
®) { IA=2) ifrxeB

Then o(af) = o(bf) for all f satisfying ||f — 1| < 1 but a # b.



(B) Let A be the same algebra as in (A), but with the norm on A
given by the spectral radius. Fix any 0 < r < 1. Define

a()\):{ A ifAe By

0 ifAeB;
and _
A if A € By
b(\) = As 20
) {14'@—3) if A€ By

Then o(af) = o(bf) for all f satisfying p(f —1) < r but a # b.



(C) Let 0 < r € R be arbitrary but fixed. Let A be the Banach
algebra in (A) with the spectral radius norm. Define

A ifAEB

A) = _-
) {g(Ag) if A € B,
- 7rA ifAeBy
b(A)_{g(Az) if A€ By

Then o(a+ ) = o(b+ f) for all f satisfying ||f|| < r but a # b.



Following a paper by Aupetit and Mouton
[Trace and determinant in Banach algebras, 1996]:
The rank of a € A is defined by

rank(a) = sup #0'(ax) < .
XEA

The set
E(a) = {x € A: #0'(ax) = rank(a)}

is dense and open in A. Moreover, the socle of A is given by
{a € A:rank(a) < oo} = soc(A).

An element a € soc(A) is said to be maximal rank if

rank(a) = #0o'(a).



The trace of a € soc(A) is defined by

tr(a) = Z Am(\, a)

A€o (a)

where m(\, a) is the multiplicity of a at \.

A brief description of the notion of multiplicity: Let a € soc(A),

A € o(a) and let V), be an open disk centered at A such that V)
contains no other points of o(a). It can be shown that there exists
an open ball, say U C A, centered at 1 such that # [o(ax) N V,] is
constant as x runs through E(a) N U. This constant integer is the
multiplicity of a at A.



It can be shown that
tr(a+ b) = tr(a) + tr(b).

The trace of a maximal rank element is simply the sum of its

spectral values:
tr(a) = Z A.
AEa(a)
If f is an analytic function from domain D of C into soc(A),
then tr(f(\)) is holomorphic on D.

For a fixed a € soc(A), if tr(ax) = 0 for all x € soc(A) then
a=0.



