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Poincaré’s Theorem

Dn
r =

{
z = (z1, . . . , zn) ∈ Cn : |zi | < r ∀i = 1, . . . ,n

}
(polydisk);

Bn
r =

{
z = (z1, . . . , zn) ∈ Cn :

∑
|zi |2 < r2

}
(ball).

Dn
∞ = Bn

∞ = Cn.

Dn
r

&%
'$

Dn
r Bn

r

∼=
?

NO!

Theorem (H. Poincaré, 1907)
If n ≥ 2 and r <∞, then Dn

r and Bn
r are not biholomorphically equivalent.

Goal: prove a noncommutative analog of Poincaré’s theorem.
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Some complex analysis

X = a complex manifold;

O(X ) = the algebra of holomorphic functions on X .

Definition
X is a Stein manifold if

(S1) holomorphic functions on X separate the points of X ;
(S2) for each compact set K ⊂ X , the holomorphically convex hull

K̂ =
{

x ∈ X : |f (x)| ≤ sup
y∈K
|f (y)| ∀f ∈ O(X )

}
is compact.

Example
Each convex domain in Cn is a Stein manifold.

Theorem (H. Cartan, P. Thullen, 1932)
A domain D ⊂ Cn is a Stein manifold iff D is a domain of holomorphy (i.e.,
there exists f ∈ O(D) which cannot be holomorphically extended to a larger
domain).
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Some complex analysis

O(X ) has a canonical topology
(the topology of uniform convergence on compact sets).

O(X ) is a Fréchet algebra
(i.e., a complete metrizable locally convex topological C-algebra).

Theorem (O. Forster, 1967)
The functor {

Stein manifolds
}
→
{

Fréchet algebras
}
,

X 7→ O(X ),

is fully faithful.

As a consequence, X ∼= Y ⇐⇒ O(X ) ∼= O(Y ).
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Poincaré’s Theorem revisited

Theorem (H. Poincaré, 1907)
If n ≥ 2 and r <∞, then O(Dn

r ) and O(Bn
r ) are not topologically isomorphic.

Plan
For each q ∈ C \ {0}, define (noncommutative) Fréchet algebras Oq(Dn

r )
and Oq(Bn

r ) of “holomorphic functions” on the “quantum polydisk” and the
“quantum ball”, respectively;
Inetrpret them as “deformations” of O(Dn

r ) and O(Bn
r ), respectively;

Study whether or not Oq(Dn
r ) and Oq(Bn

r ) are topologically isomorphic.
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Algebraic prototype: Quantum affine space

Let q ∈ C× = C \ {0}.

Definition
The (algebra of regular functions on the) quantum affine space is

O reg
q (Cn) = C

〈
x1, . . . , xn | xixj = qxjxi , i < j

〉
.

If q = 1, then O reg
q (Cn) = C[x1, . . . , xn] = O reg(Cn).{

xk = xk1
1 · · · x

kn
n
}

k=(k1,...,kn)∈Zn
+

is a basis of O reg
q (Cn).

Both Oq(Dn
r ) and Oq(Bn

r ) will be completions of O reg
q (Cn).
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Arens-Michael envelopes

Definitions
Let A be a C-algebra (associative, with 1). A seminorm ‖ · ‖ on A is
submultiplicative if ‖ab‖ ≤ ‖a‖‖b‖ for all a,b ∈ A.

An Arens-Michael algebra is a complete topological algebra A such that
the topology on A can be defined by a family of submultiplicative
seminorms.

Examples
All Banach algebras, C∞(M), O(X ) etc.
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Arens-Michael envelopes

Definition
Let A be an algebra.

The Arens-Michael envelope of A is

Â = completion
(
A, { all submult. seminorms }

)
.

For each Arens-Michael algebra B we have

HomAlg(A,B) ∼= HomAM(Â,B).

The correspondence A 7→ Â is natural (the Arens-Michael functor).
J. L. Taylor (1972): “completed locally m-convex envelopes”;
modern terminology: A. Ya. Helemskii.

Examples
1 (J. L. Taylor, 1972). A = C[x1, . . . , xn] =⇒ Â = O(Cn).
2 (P., 2004). Let (X ,O reg

X ) be an affine scheme of finite type, and let
(Xh,OXh ) be the associated Stein space. Then O reg(X )̂= O(Xh).
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Â = completion
(
A, { all submult. seminorms }

)
.

For each Arens-Michael algebra B we have

HomAlg(A,B) ∼= HomAM(Â,B).
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Holomorphic functions on the quantum affine space

Definition
The algebra of holomorphic functions on the quantum affine space is

Oq(Cn)
def
=
(
O reg

q (Cn)
)
.̂

For q = 1, Oq(Cn) is O(Cn).

Explicit construction: define

wq : Zn
+ → R+, wq(k) =

{
1 if |q| ≥ 1,
|q|

∑
i<j ki kj if |q| < 1.

Proposition

Oq(Cn) =
{

a =
∑

k∈Zn
+

ck xk : ‖a‖ρ =
∑

k∈Zn
+

|ck |wq(k)ρ|k| <∞ ∀ρ > 0
}
.

Topology: {‖ · ‖ρ : ρ > 0}.
Multiplication: xixj = qxjxi (i < j).
Each norm ‖ · ‖ρ is submultiplicative.
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Holomorphic functions on the quantum polydisk

Definition
The algebra of holomorphic functions on the quantum n-polydisk of radius
r ∈ (0,+∞] is

Oq(Dn
r ) =

{
a =

∑
k∈Zn

+

ck xk : ‖a‖ρ =
∑

k∈Zn
+

|ck |wq(k)ρ|k| <∞ ∀ρ ∈ (0, r)
}
.

Topology: {‖ · ‖ρ : ρ ∈ (0, r)}.
Multiplication: xixj = qxjxi (i < j).

Each norm ‖ · ‖ρ is submultiplicative.
If q = 1, then Oq(Dn

r ) ∼= O(Dn
r ).
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Towards quantum ball: Aizenberg-Mityagin’s Theorem

Definition
A domain D ⊂ Cn is a complete Reinhardt domain if
∀z = (z1, . . . , zn) ∈ D ∀(λ1, . . . , λn) ∈ Cn satisfying |λi | ≤ 1 (i = 1, . . . ,n),
we have (λ1z1, . . . , λnzn) ∈ D.

Examples: Dn
r , Bn

r .

Given a complete bounded Reinhardt domain D ⊂ Cn, let

bk (D) = sup
z∈D
|zk | (k ∈ Zn

+).

Theorem (Aizenberg, Mityagin, 1967)

O(D) ∼=
{

f =
∑

k∈Zn
+

ck zk : ‖f‖s =
∑

k∈Zn
+

|ck |bk (D)s|k| <∞ ∀s ∈ (0,1)
}
.
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Towards quantum ball: Aizenberg-Mityagin’s Theorem

Examples

bk (Dn
r ) = r |k|;

bk (Bn
r ) =

(
kk

|k ||k|

)1/2

r |k|.

Corollary

For each r ∈ (0,+∞], we have

O(Dn
r ) ∼=

{
f =

∑
k∈Zn

+

ck zk : ‖f‖ρ =
∑

k∈Zn
+

|ck |ρ|k| <∞ ∀ρ ∈ (0, r)

}
;

O(Bn
r ) ∼=

{
f =

∑
k∈Zn

+

ck zk : ‖f‖ρ =
∑

k∈Zn
+

|ck |
(

kk

|k ||k|

)1/2

ρ|k| <∞ ∀ρ ∈ (0, r)

}
(Stirling)∼=

{
f =

∑
k∈Zn

+

ck zk : ‖f‖ρ =
∑

k∈Zn
+

|ck |
(

k !

|k |!

)1/2

ρ|k| <∞ ∀ρ ∈ (0, r)

}
.
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Holomorphic functions on the quantum ball

Given q ∈ C× and k ∈ N, let [k ]q = 1 + q + · · ·+ qk−1.

Let [k ]q! = [1]q · · · [k ]q ; [0]q! = 1.
For k = (k1, . . . , kn) ∈ Zn

+, let [k ]q! = [k1]q! · · · [kn]q!.

Definition
The space of holomorphic functions on the quantum n-ball of radius
r ∈ (0,+∞] is

Oq(Bn
r ) =

{
a =

∑
k∈Zn

+

ck xk : ‖a‖ρ =
∑

k∈Zn
+

|ck |

(
[k ]|q|−2 ![
|k |
]
|q|−2 !

)1/2

ρ|k| <∞ ∀ρ ∈ (0, r)

}
Topology: {‖ · ‖ρ : ρ > 0}.

Proposition
Oq(Bn

r ) is a Fréchet algebra w.r.t. the multiplication uniquely determined by
xixj = qxjxi (i < j). Moreover, each norm ‖ · ‖ρ is submultiplicative.

If q = 1, then Oq(Bn
r ) ∼= O(Bn

r ).
If r =∞, then Oq(Bn

∞) ∼= Oq(Cn).
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A relation to Vaksman’s quantum ball

Assume that 0 < q < 1.

Definition
Polq(Cn) is the ∗-algebra generated (as a ∗-algebra) by x1, . . . , xn and relations

xixj = qxjxi (i < j);

x∗i xj = qxjx∗i (i 6= j);

x∗i xi = q2xix∗i + (1− q2)
(

1−
∑
k>i

xk x∗k
)
.

Polq(Cn) is a q-analog of Pol(Cn) = C[z1, . . . , zn, z̄1, . . . , z̄n] ⊂ Fun(Cn).
W. Pusz, S. L. Woronowicz (1989): “twisted CCR”.
Polq(Cn) is one of the basic examples in the theory of “quantum bounded
symmetric domains”
(L. Vaksman, O. Bershtein, Y. Kolisnyk, D. Proskurin, S. Shklyarov,
S. Sinel’shchikov, A. Stolin, L. Turowska. . . ; 1998–present time).
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A relation to Vaksman’s quantum ball

Let H be a Hilbert space with an orthonormal basis {ek : k ∈ Zn
+}.

For k = (k1, . . . , kn) ∈ Zn
+ write ek = |k1, . . . , kn〉.

Theorem (Pusz, Woronowicz, 1989)
There exists a faithful irreducible ∗-representation π : Polq(Cn)→ B(H)
uniquely determined by

π(xj )ek =
√

1− q2
√

[kj + 1]q2 q
∑

m>j km |k1, . . . , kj + 1, . . . , kn〉.

Definition (Vaksman, 2003)
The completion of Polq(Cn) w.r.t. the norm ‖a‖∞ = ‖π(a)‖ is denoted by
Cq(B̄n) and is called the algebra of continuous functions on the (closed)
quantum ball.

Cq(B̄n) may be viewed as a q-analog of the algebra C(B̄n) of continuous
functions on the closed unit ball B̄n in Cn.
For n = 1: S. Klimek and A. Lesniewski (1993).
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A relation to Vaksman’s quantum ball

The subalgebra of Polq(Cn) generated by x1, . . . , xn is O reg
q (Cn).

For each ρ > 0 consider γρ ∈ Aut(O reg
q (Cn)) given by

γρ(xi ) = ρxi (i = 1, . . . ,n).
Define a norm on O reg

q (Cn) by ‖a‖∞ρ = ‖γρ(a)‖∞.
The above norm is a q-analog of ‖a‖∞ρ = sup

z∈B̄n
ρ

|a(z)|.

If q = 1, then the completion of C[z1, . . . , zn] = O reg(Cn) w.r.t. the family
{‖ · ‖∞ρ : 0 < ρ < r} of norms is topologically isomorphic to O(Bn

r ).

Theorem
The completion of O reg

q (Cn) w.r.t. the family {‖ · ‖∞ρ : 0 < ρ < r} of norms is
topologically isomorphic to Oq(Bn

r ).
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Holomorphic functions on the free polydisk

Let Fn = C〈ζ1, . . . , ζn〉 be the free algebra.
Let Wn =

{
α = (α1, . . . , αd ) : d ∈ Z+, αj ∈ {1, . . . ,n} ∀j

}
.

For α = (α1, . . . , αd ) ∈Wn, let |α| = d .
For α = (α1, . . . , αd ) ∈Wn, let ζα = ζα1 · · · ζαd .
Then {ζα : α ∈Wn} is a basis of Fn.

Definition (J. L. Taylor, 1972)
The algebra of holomorphic functions on the free n-polydisk of radius
r ∈ (0,+∞] is

F (Dn
r ) =

{
a =

∑
α∈Wn

cαζα : ‖a‖ρ =
∑
α∈Wn

|cα|ρ|α| <∞ ∀ρ ∈ (0, r)
}
.

Topology: {‖ · ‖ρ : ρ ∈ (0, r)}.
Multiplication: concatenation.

Each norm ‖ · ‖ρ is submultiplicative.
If r =∞, then F (Dn

r ) = F (Cn) is the Arens-Michael envelope of Fn.
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Quantum polydisk as a quotient of the free polydisk

Theorem

Oq(Dn
r ) ∼= F (Dn

r )/(ζiζj − qζjζi , i < j).

Moreover, for each ρ ∈ (0, r) the norm

‖a‖ρ =
∑

k∈Zn
+

|ck |wq(k)ρ|k|
(

a =
∑

k∈Zn
+

ck xk
)

on Oq(Dn
r ) is equal to the quotient norm of

‖a‖ρ =
∑
α∈Wn

|cα|ρ|α|
(

a =
∑
α∈Wn

cαζα
)

on F (Dn
r ).
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Holomorphic functions on the free ball

Definition (G. Popescu, 2006)
For each free formal series f =

∑
α∈Wn

cαζα (cα ∈ C),
the radius of convergence R(f ) is given by

1
R(f )

= lim sup
d→∞

(∑
|α|=d

|cα|2
) 1

2d
.

Let H be a Hilbert space, let T = (T1, . . . ,Tn) ∈ B(H)n ∼= B(Hn,H).
‖T‖ = ‖

∑n
i=1 TiT ∗i ‖1/2.

Theorem (G. Popescu, 2006)
For each T ∈ B(H)n such that ‖T‖ < R(f ), the series

f (T ) =
∞∑

d=0

(∑
|α|=d

cαTα
)

(1)

converges in B(H).
If H is infinite-dimensional, then for each R′ > R(f ) there exists
T ∈ B(H)n with ‖T‖ = R′ such that (1) diverges.
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Holomorphic functions on the free ball
Let F (Bn

r ) = {f : f is a free power series, R(f ) ≥ r}.

Theorem (G. Popescu, 2006)
F (Bn

r ) is an algebra under concatenation.
For each Hilbert space H and each T ∈ B(H)n such that ‖T‖ < r , the
map

F (Bn
r )→ B(H), f 7→ f (T ),

is an algebra homomorphism.
Fix an infinite-dimensional H, and, for each ρ ∈ (0, r) and each
f ∈ F (Bn

r ), let

‖f‖(P)
ρ = sup{‖f (T )‖ : T ∈ B(H)n, ‖T‖ ≤ ρ}.

Then F (Bn
r ) is a Fréchet algebra w.r.t. {‖ · ‖(P)

ρ : ρ ∈ (0, r)}.

Definition
F (Bn

r ) is the algebra of holomorphic functions on the free n-ball of radius
r ∈ (0,+∞].
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Definition
F (Bn

r ) is the algebra of holomorphic functions on the free n-ball of radius
r ∈ (0,+∞].

Alexei Yu. Pirkovskii Quantum polydisk and quantum ball 20 / 30



Holomorphic functions on the free ball

Let

p : Wn → Zn
+, p(α) = (p1(α), . . . ,pn(α)),

pj (α) = |α−1(j)|.

Proposition

F (Bn
r ) =

{
a =

∑
α∈Wn

cαζα : ‖a‖ρ =
∑

k∈Zn
+

( ∑
α∈p−1(k)

|cα|2
)1/2

ρ|k| <∞ ∀ρ ∈ (0, r)

}
.

Each norm ‖ · ‖ρ is submultiplicative.
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Quantum ball as a quotient of the free ball

Theorem

Oq(Bn
r ) ∼= F (Bn

r )/(ζiζj − qζjζi , i < j).

Moreover, for each ρ ∈ (0, r) the norm

‖a‖ρ =
∑

k∈Zn
+

|ck |

(
[k ]|q|−2 ![
|k |
]
|q|−2 !

)1/2

ρ|k|
(

a =
∑

k∈Zn
+

ck xk
)

on Oq(Bn
r ) is equal to the quotient norm of

‖a‖ρ =
∑

k∈Zn
+

( ∑
α∈p−1(k)

|cα|2
)1/2

ρ|k|
(

a =
∑
α∈Wn

cαζα
)

on F (Bn
r ).
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Fréchet algebra bundles

Let A and X be sets, and let
p : A→ X be a surjective map.
Suppose that each fiber Ax = p−1(x) is a vector space.
A function ‖ · ‖ : A→ [0,+∞) is a seminorm if its restriction to each Ax is
a seminorm.
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Fréchet algebra bundles

Definition
A Fréchet algebra bundle over a topological space X is a pair (A,p), where

A is a topological space;

p : A→ X is a continuous, open surjection;
An algebra structure on each fiber Ax (x ∈ X ) such that

A×X A→ A, (a,b) 7→ a + b,
C× A→ A, (λ,a) 7→ λa,

A×X A→ A, (a,b) 7→ ab,

are continuous;
There exists a family {‖ · ‖i : i ∈ I} of seminorms on A making each Ax
into a Fréchet algebra and such that, for each x ∈ X , the “rectangles”{

a ∈ A : p(a) ∈ U, ‖a‖i < ε
}

(i ∈ I, ε > 0, U 3 x open )

form a neighborhood base of 0 ∈ Ax .
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Deformations of the polydisk and of the ball

Theorem
Let r ∈ (0,+∞].

There exists a Fréchet algebra bundle (D,p) over C× such that for each
q ∈ C× we have Dq ∼= Oq(Dn

r ).

There exists a Fréchet algebra bundle (B,p) over C× such that for each
q ∈ C× we have Bq ∼= Oq(Bn

r ).

The proof is based on

Oq(Dn
r ) ∼= F (Dn

r )/(ζiζj − qζjζi , i < j);

Oq(Bn
r ) ∼= F (Bn

r )/(ζiζj − qζjζi , i < j).
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A q-analog of Poincaré’s theorem

Theorem
(i) If n ≥ 2, r <∞, and |q| = 1, then Oq(Dn

r ) and Oq(Bn
r )

are not topologically isomorphic.
(ii) If |q| 6= 1, then Oq(Dn

r ) and Oq(Bn
r ) are topologically isomorphic.

Idea of proof.
(ii) Elementary if |q| < 1.
(ii) |q| > 1 reduces to |q| < 1 via

Oq(Dn
r ) ∼= Oq−1 (Dn

r ), Oq(Bn
r ) ∼= Oq−1 (Bn

r ), xi 7→ xn−i .

(i) Use joint spectral radius.
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Joint spectral radius

Let A be an Arens-Michael algebra,

and let {‖ · ‖i : i ∈ I} be a directed defining family of submultiplicative
seminorms on A.

Definition
The joint `p-spectral radius of a = (a1, . . . ,an) ∈ An is

rA
p (a) = sup

i∈I
lim

d→∞

(∑
|α|=d

‖aα‖p
i

)1/pd
(1 ≤ p <∞);

rA
∞(a) = sup

i∈I
lim

d→∞

(
sup
|α|=d

‖aα‖i

)1/d
.

Banach algebras, p =∞: Rota and Strang (1960);
Commutative Banach algebras, any p: Sołtysiak (1993);
Noncommutative Banach algebras: V. Müller.
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Joint spectral radius

Simple properties
rA
p (a) does not depend on the choice of {‖ · ‖i : i ∈ I}.

If ϕ : A→ B is a continuous homomorphism, then rB
p (ϕ(a)) ≤ rA

p (a)
(where ϕ(a) = (ϕ(a1), . . . , ϕ(an))).
In particular, if ϕ is a topological isomorphism, then rB

p (ϕ(a)) = rA
p (a).

Example
Let |q| = 1, and let x = (x1, . . . , xn) denote the system of canonical generators
of Oq(Dn

r ) or Oq(Bn
r ). Then

rOq(Bn
r )

2 (x) = r ,

rOq(Dn
r )

2 (x) = r
√

n.
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Oq(Dn
r ) 6∼= Oq(Bn

r ): idea of proof

Let |q| = 1, q 6= 1.

Let A = Oq(Dn
r ) and B = Oq(Bn

r ).
Assume that ϕ : B → A is a topological isomorphism.
Let fi = ϕ(xi ) (i = 1, . . . ,n).
There exists a permutation σ ∈ Sn such that

fi = λixσ(i) + terms of higher degree,

where |λi | = 1.
For each α ∈Wn we have

fα = λαxσ(α) + terms of higher degree,

where σ(α) = (σ(α1), σ(α2), . . .).
‖fα‖Dρ ≥ ‖xσ(α)‖Dρ = ‖xα‖Dρ .

r = rB
2 (x) =

rA
2 (f ) ≥ rA

2 (x)

= r
√

n

.

Hence n = 1. �
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An open problem

Definition
A Fréchet algebra A is holomorphically finitely generated (HFG) if A is
topologically isomorphic to a quotient of F (Cn) for some n.

There is also an internal (more elegant) characterization of HFG algebras.

Theorem
P. (2010): A commutative Fréchet algebra A is HFG iff A ∼= O(X ), where X

is a Stein space of finite embedding dimension.
Forster (1966) + P. (2010): The category of commutative HFG algebras is

anti-equivalent to the category of Stein spaces of finite
embedding dimension via X 7→ O(X ).

There are many natural examples of noncommutative HFG algebras.
In particular, Oq(Dn

r ) is an HFG algebra.

Problem
Is Oq(Bn

r ) an HFG algebra for |q| = 1?
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