FOURIER ANALYSIS & METHODS

JULIE ROWLETT

ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...

1. 2018.02.21
Let us recall that

£f(2) = /0 Tt f(t)dt = / " RG-S f(t)dt.

0
For this to be well defined we assume that f satisfies:

(1.1) ft)y=0 Vvt<o,
and that there exists a, C' > 0 such that
lapa| (1.2) |f(#)] < Ce™ vt >0.

We begin with one more property of the Laplace transform.
Proposition 1. Ift~1f(t) satisfies (ﬁ and (ﬁ, then
SO = [ S,

z

The integral is any contour in the w-plane which starts at z along which Sw stays
bounded and Rw — co.

Proof: Note that by @, if t=1f(t) satisfies this, then at the point ¢t = 0
apparently the function f vanishes, so that the function ¢t~ f(t) is well defined. So,
don’t panic about this point!!! We next define the holomorphic function

o0 ~
F(z) =/ f(w)dw.
Since f(w) — 0 when R(w) — oo and (w) stays bounded, the fundamental
theorem of calculus says that

F'(z) = —f(2).
On the other hand,

d

@/o t—lf(t)e—ztdt:/o —f(t)e *dt = —f(z).

1



2 JULIE ROWLETT

Hence,

F(z)= /OO t=Lf(t)e *tdt + c,

0
for some constant c. Since

lim F(z)=0= lim t f(t)e Hdt = c¢=0.

Rz—00 R(z)—o0 Jo
U
\...

1.1. Inverting the Laplace transform. We know that the Laplace transform is
closely related to the Fourier transform. Let’s write it down

2) :/ f(t)e dt :/ f(t)e—ﬂ(z)t—iﬁ(z)tdt.
0 0

For this reason, let’s define
g(t) = e MO f(1),
so we also have

F(t) = e"Pg(1).
Then

£1() = 3(:)) = [ fOe " ay

because f(t) =0 for all ¢ < 0. Let’s apply the FIT to the function, g:

o) = 5= [ a©as = o [ erRe) + ig)eag,

To make this look less imposing, let us write y = £. So, we have

/ FR(z) + iy)e™'dy.
T or
Since f(t) = e®*)tg(t), we have

I(t) = e%)tw / FR(2) + iy)e¥tdy = / FR(2) + )R @tHivt gy,

We would like to understand this as a complex integral. If we parametrize the
vertical path for w € C with R(w) = R(z) by w = R(z) + iy, then dw = idy. We
do not have an i. Hence, what we are computing is

1 ~ ¢
—— wt g
5] /FZ fw)e™ dw,

where T', is the upward vertical path along the line $(w) = R(z). This is the LIT:
Laplace inversion formula:

£t = 5 / Flw)evtdw.

By definition of the lace transform, this should hold for z € C with R(2) > a
where a comes from . If we naively look at this equation, we see that the left
side is independent of z. So, the right side ought to be as well.
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b+ iR c+iR

b—iR c—1iR

FIGURE 1. The contour over which we integral. Call the contour I'r. As one can
see, we assume that ¢ > b.

Theorem 2 (LIT). Let F(z) be analytic in R(z) > a. For b > a, R > 0, and

teR, let
1 b+iR
F 2.
frolt) = g [ F)eta:

Assume that for some a > 1/2 and C > 0 we have
|F(z)] < C(l + \z|)_°‘, Vz € C with R(z) > a

and assume that fo ) converges pointwise as R — oo to some
f(t) which satzsﬁes and Then

lim fR,b(t) = f(t) Vb > a,
R—o0
and
Proof: Let us draw and define a contour, with our amazing tikz skillz yo.
By assumption the function F' is analytic inside the box, and e*! is an entire
function. Therefore

F(2)e*'dz = 0.
T'r
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So, we wish to show that the limit as R — oo of the top and bottom integrals is
zero. To obtain this, we either wave our hands like Folland or actually estimate:

ctiR C
F(2)|le*!|dz < |c — ble®* max ———————.
[ PG < o= bl max e
Above we used the fact that between b + iR and ¢ £ iR, |e*!| < e together with
the estimate assumed on F. Next, we note that

|z +iR| = /2% + R? > R.

Therefore we estimate from above by

lc — blec! — —0as R— oo.

(1+R)
Therefore, if for some b > a,
lim fru(t) = f(¢),
R—o0
this means that
b+iR c+iR
lim F(z)e*dz — / F(z)e*'dz = 0.
R—oo Jy_ir c—iR
To see this, observe that

/ F(2)e*'dz=0 VR.
T'r

Moreover, the top and bottom integrals go to zero as R — co. Hence the sum of
the left and right integrals also tends to zero as R — oo. So,

b+iR c+iR
lim F(2)e*'dz = lim F(2)e”'dz = Rlim frp®) = f(t) = lim fr.(¢).
— 00

R—o0 b—iR R—o0 c—iR R—o0

Now, let us parametrize the complex integral. We use y(s) = b+ is so ¥(s) = ids.
Hence

b+iR R 4 R |
/ F(2)e*dz = / F(b+ is)e(b-i'w)tids — bt / F(b+is)e*tds.
b—iR —R _R
Moreover, we have assumed that

iebt R ist
. _ . o~ - 18 —
Jim fal) = Jim 5 [ PG it = )
SO
R .
lim F(b+is)e™tds = 2me " f(1).
R—o0 —-R
Let us define here
_JF(b+is) [s|<R
gR,b(S) = {0 Is| > R
Then
R ‘ ,
[ Foisettas = [ gna(s)eas = gt
—R R
Moreover,

—

lim ggu(—t) = 27re_btf(t).
R—o0
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Similarly
lim gRJ,(t) = 27T€btf(—t).
R—o0
On the other hand,
lim gru(s) = F(b+is).
R—o0

By the FIT,
1 )
Fb+it)=— / omes f(—s)e'tds.
2 R
It is more natural to do a change of variables, letting 0 = —s, so do = —ds, and
we get

og=—00

e—baf-(o.)e—ita(_do_) — ‘/OO e—a(b+it)f(o.>do.

— 00

F(b+it) :/

g=00

= / " orin f(o)do = £f(b+it).

0
Here we use the fact that f satisfies @

1.2. Computing an inverse Laplace transform. For the case in which our
telegraph equation is the heat equation, we have a = =0, and 8 =1, so

q=z

So, our Laplace-transformed solution looks like

Flz)e V7"
We are therefore looking for g(x,t) so that

glz,z) = e V7",
Now, we know from solving the heat equation on R that we used
e~ /(D) (47rt)*1/2.

So, maybe because the Laplace and Fourier transforms are closely related, we can
use this. The idea is to compute its Laplace transform. This probably won’t give
us the function we want, but maybe the process will show us how to modify the
function above in order to get g(z,t) whose Laplace transform is §(z, z) = e~ V%,

We proceed like this because the inverse Laplace transform looks pretty scary to
compute. So, let us call

* = /Oo etEem e/ (41) (4mt) =24t
0

We are computing the Laplace transform of ©(t)h(z,t) where
h(z,t) = e /U0 (4mt)~1/2,

Now, we see that

- /Ooo(m)—l/? exp (-(wfz)? - (2392) dt.
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We do the completing the square trick in the exponent:

* = /000(47rt)1/2 exp (— (\/t»— ;/%>2 - xﬁ) dt

e [T e <_ (\/7—237?)2)

To compute this we need to use a very very clever trick. First, let us clean up our
integral just a little bit to remove that pesky v/t which is getting divided. We let
s =+/t. Then

dt

ds = —=
2Vt
So,

e~ TVz
Nis

Trick 1 (Cauchy-Schlémilch transform).

/ " af((as — bfs)?)ds = / " Py

Proof: The proof is so clever. I don’t know if Cauchy and Schlomilch actually
had anything to do with this formula... As a funny aside, Oscar Schlomilch was
elected a foreign member of the Royal Swedish Academy of Sciences in 1862. He
was a German mathematician who lived 13 April 1823 to 7 February 1901. On
the other hand, Cauchy was a French mathematician and physicist who lived 21
August 1789 to 23 May 1857. So, they briefly had some overlap. Did they ever
meet? Why is this named after them? It is a big mystery...

We do a substitution in the integral. Let ¢ = %. Then

* =

/ o~ (svE-e/(2))° gg.
0

b as?
as
We see that
2 b? N a’s? _ 42 as®> b
T a2s2 b2 b at?’

Next, when s — 0 and s > 0 we see that t — co. On the other hand, when s — oo,
t — 0. We also see that

as = = —ta.

toob
b’ s
So, let us call

@:/Oooaf((as—b/s)2)ds:/:af((t/b—ta)?) (-b) dt

at?

- /OO F((t/b— at)?) L at.
0 t

Note that
(t/b—at)? = (—(at — t/b))? = (at — t/b)>.

Hence we have computed

@:/0 F((at = £/6)%) Sy t.
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Therefore

20 = /OOO af((as —b/s)?)ds + /000 f((at — t/b)2)t%dt
:a/ f((as—b/s)2)ds+b/ f((as—b/s)Q)g.
0 0

As a consequence,

0= ;/OOO F(as —b/s)?) <a+ ;’2) ds.

Now we let
b b
y=as—- = dy=a+ .
S S
We note that when s — 0, y — —o0o, and on the flip side, when s — oo, y — oo.
Therefore

0= %[m f(yg)dy=/0 fW?)dy,

since f(y?) is an even function.

We will use this transform with
a:\/ga 6:77 f(s):eis'

Then, it says that

X

/000 Vzexp(—(as — b/s)*)ds = /000 Vzexp ( (s z— 25)2> ds

:/ e_yzdy:ﬁ.
0 2

Now we were computing

etV / ¥ —ovE-a/@? gy €V
VT Jo vVTz Jo
i

Nl

T Jre Va9 g

* =

So, we have computed
e~ TVE

2z
We are off by the denominator. However, let us consider
e~ TVE

T

L(OB)h(z,1)) (2) =

o0

dw = —

Vw x

The property we proved today says

s - | " Fw)dw.

/oo e—a:\/ﬁ efz\/w
. 2

w=z

So,

dw =

LELO)h(x, 1)) (2) = N .

o efz\/a efw\/g
z 2 '
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because we computed
i
L(O)h(2,1)) (2) = ——F=

We can simply multiply both sides by = to get
Lt 2Oz, t))(2) = e "VZ

as desired. Therefore going back to our problem, the solution

u(ar 1) = (£(3) * (s 2O(s)h( /f (t — 8)g(x, 5)ds

t
:/ flt— s)silmest/(‘LS)(4778)71/2d5.
0

This is because f is zero for negative times. Here, the function g was the function
whose Laplace transform gives us e"*VZ?. We can re-write things a little prettier:

—'rz/ (4s)
u(x,t) / flt—29) xds.

sv/Ars

Remark 1. One of the things I love about this class is that you begin to approach

actual research mathematics. I think that must be exciting for you, because calculus

(envariabelanalys) is like 300 years old. Cauchy’s complex analysis is also a few

hundred years old. That’s not very close to actual current year 2018 math! Here is

an example of how the Cauchy-Schlomilch transform is super awesome (and look,

this paper is only 8 years old which is super young by research terms):
https://arxiv.org/abs/1004.2445


https://arxiv.org/abs/1004.2445
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