FOURIER ANALYSIS & METHODS

JULIE ROWLETT

ABSTRACT. Caveat Emptor! These are just informal lecture notes. Errors are
inevitable! Read at your own risk! Also, this is by no means a substitute
for the textbook, which is warmly recommended: Fourier Analysis and Its
Applications, by Gerald B. Folland. He was the first math teacher I had at
university, and he is awesome. A brilliant writer. So, why am I even doing
this? Good question...
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Theorem 1. The Legendre polynomials are orthogonal in £2(—1,1), and
2
2n+1°

Proof: We first prove the orthogonality. Assume that n > m. Then, since they
have this constant stuff out front, we compute

1Pall* =

1 dm dm
(2? = 1)"— (2% — 1)"dx.

2"n12mmi(P,, Py,) = / T

1 dz™
Let us integrate by parts once:

dnfl m 1

2 n 2 m ! dn71 2 n dm+1 2 m
:W(I -1) dxim(x -1) _1/1dx”—1(x1) W(UC -1
Consider the boundary term:
dn71 2 n nl n n
T (z2—1)" = e (x —1)™"(xz+1)™.

This vanishes at * = +1, because the polynomial vanishes to order n whereas we
only differentiate n — 1 times. So, we have shown that
1 dn—l (:L,Q B " dm+1

2" 2" m!(P,, Py = —/ 2 —1)™.

1 dxnfl ) dxm+1(

We repeat this n — 1 more times. We note that for all j < n,
47
dai
For this reason, all of the boundary terms from integrating by parts vanish. So, we
just get

<1>n/1<2 )L 2y <1>"/1<2 L4 e qymg
- ‘= 1)——— (2" — x=(— ‘= 1)——(a* — x
1 dan-i-n 1 dxn dxm

(x? —1)" vanishes at x = +1.

Remember that n > m. We computed that dd;l (J:2 —1)™ is a polynomial of degree
m. So, if we differentiate it more than m times we get zero. So, we'’re integrating

zero! Hence it is zero.
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For the second part, we use the formula we computed for

1 - n—k [T\ 2k—n (e ;
Pal@) = 5o 3 (1 )at o T k).
k>n/2 j=0

Differentiating n times gives us just the term with the highest power of x, so we
have

dar 2n)!

dan” " Q“n'
Consequently,

2nn! 21np)

(P, P,) = (—-1)" ! (2n)!/_ (2% — 1)"dx = (—1)"231(12(2!))!2/0 (% —1)"dx

= (-1 "an e /0 <k>x2kdx

= g 2 g ()]
:(71)71237(123. " (>
1

n
22”71'22 <>2k+1

This looks super complicated. Apparently by some miracle of life

' ovn . L(n+1I'(1/2)
/0(1—x)dx— Tnt3/2)

Since

<Pn7Pn> _ (_1)n2§7<3’z'))'2/0 (332 _ 1)nd£L' — 227(12(:2'))'2/0 (1 — l’z)ndiﬂ,

we get
° I(n+1)I(1/2)2(2n)!
22n(n!)20(n + 3/2)

We use the properties of the I' function together with the fact that I'(1/2) =

to obtain
V72(2n)!
22npl(n+1/2)0(n+1/2)°

Let us consider

2(n+1/2)T'(n+1/2) = 2n+ 1)I'(n + 1/2).
Next consider

2(n—=1/2)T'(n—1/2) = (2n — H)I'(n — 1/2).
Proceeding this way, the denominator becomes

2"n!(2n+1)(2n —1)...1y/7.
However, now looking at the first part
2"n! =2n(2n —2)(2n—4)...2.

N
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So together we get
(2n + 1)/
Hence putting this in the denominator of the expression we had above, we have

Vr2(2n)! 2
2n+ )7 2n+1

0c

Corollary 2. The Legendre polynomials are an orthogonal basis for L on the
interval [—1,1].

Theorem 3. The even degree Legendre polynomials {Pap}nen are an orthogonal
basis for £2(0,1). The odd degree Legendre polynomials {Psyp11}nen are an orthog-
onal basis for £2(0,1).

Proof: Let f be defined on [0,1]. We can extend f to [—1,1] either evenly or
oddly. First, assume we have extended f evenly. Then, since f € £2 on [0, 1],

1 1
[ @ipa =2 [ 1@ <
1 0

Therefore f. is in £2 on the interval [—1,1]. We have proven that the Legendre
polynomials are an orthogonal basis. So, we can expand f, in a Legendre polynomial

series, as
NATLS

n>0

where

£ _ <feaPn>
T

By definition,
1
-1

Since f. is even, the product f.(x)P,(z) is an odd function whenever n is odd.
Hence all of the odd coefficients vanish. Moreover,

1
<f€7P2n> = 2/ f(f)PQn(iL’))dx
0
We also have

1
1Pl =2 [ |Pon(a) P
0

1
s (fo f(l“)Pzn(I)dﬂﬂ> .

1
neN fo |P2n($)|2dx
We can also extend f oddly. This odd extension satisfies

1 0 1 1
° 2dx = ° 2d ° 2da = ° 2d .
[1|f<x>| v [1|f<x>| x+/0 o) P 2/0 o) Pz < o0

Consequently
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So, the odd extension is also in £2 on the interval [—1,1]. We can expand f, in a
Legendre polynomial series, as
> foln)Pa,

n>0

where

By definition,
1
<fO7Pn> - / fo(I)Pn(x)d:r
-1

Since f, is odd, the product f,(x)P,(z) is an odd function whenever n is even.
Hence all of the even coefficients vanish. Moreover,

1
(for Ponsr) = 2 / F(2) Panys (1)),

because the product of two odd functions is an even function. We also have

0 1 1
[P |” = / | Papg1 ()] *da +/ | Papir (2)Pde = 2/ | Papr ()P dex.
1 0 0

Fo Z (fo f(fU)Pszrl(x)dx) Ponis.

1
neN fo |P2n+1(x)|2d$

Consequently

0c

1.1. Hermite polynomials.

Definition 4. The Hermite polynomials are defined to be

2 d" 2
H,(z)=(-1)"e" el .
Proposition 5. The Hermite polynomials are polynomials with the degree of H,

equal to n.

Proof: The proof is by induction. For n = 0, this is certainly true, as Hy = 1.
Next, let us assume that

d”L

e O
is true for a polynomial, p,, which is of degree n. Then,
dn+1 _z2 d _z2 22 _z2 g2
s LA (pn(x)e ) =pl(z)e”™ —2xp,(x)e™ = (pl,(z) — 2zp,(z)) e ™ .
Let

Pr+1 = P (@) — 2apn(2).
Then we see that since p,, is of degree n, p,+1 is of degree n + 1. Moreover
dn+1 5

—x

2
T = pn (e

—x

So, in fact, the Hermite polynomials satisfy:

Ho=1, H,y1 =—(H) (x)—2xH,(x)).
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0c

Proposition 6. The Hermite polynomials are orthogonal on R with respect to the
weight function e~ Moreover, with respect to this weight function ||H,||*> =

2"nl\/T.

Proof: Assume n > m > 0. We compute

AH"(x)Hm(w)e‘mzdx - /R(_Dn

1‘2

n

T e H,,(x)dz.

We use integration by parts n times, noting that the rapid decay of e~ kills all
boundary terms. We therefore get

2 d
/Re dx—nHm(x)d:r =0.

This is because the polyhomial, H,,, is of degree m < n. Therefore differentiating
it n times results in zero. Finally, for n = m, we have by the same integration by

parts,
dn
/HS(x)e_xzdx:/e_xz—Hn(ac)dx.
R R da™

The n'" derivative of H, is just the n'" derivative of the highest order term. By
our preceding calculation, the highest order term in H,, is

(22)™.
Differentiating n times gives
2"nl.
Thus
/RH,QL(x)e_xde = Q”n!/Re_xzda: = 2"nl\/7.

0c

We may wish to use the following lovely fact, but we shall not prove it.

Theorem 7. The Hermite polynomials are an orthogonal basis for £? on R with
2
respect to the weight function e™*

What we shall prove, however, is a theory item concerning the Hermite polyno-
mials.

1.1.1. The generating function for the Hermite polynomials. This is similar to the
analogous result for the Bessel functions, but with a bit of a twist.
Theorem 8. For any x € R and z € C, the Hermite polynomials,

g2 dr 2

—x
dx™

H,(z)=(-1)"e

€ )
satisfy

> 2" 2 2
S ()% = 2

n=0
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Proof: The key idea with which to begin is to consider instead

(p—=)2 2242 s—22
e (x—2) — T H2wz—z"

We consider the Taylor series expansion of this guy, with respect to z, viewing x
as a parameter. By definition, the Taylor series expansion for

_ _ 2
e~ (®=2)" = g anz",

n>0

where .
0, = LI @2y
nldzm
To compute these coefficients, we use the chain rule, introducing a new variable
u =z — z. Then,

evaluated at z = 0.

—Uu

R R

= ——=e ,
dz du
and more generally, each time we differentiate, we get a —1 popping out, so
A" -2 _ (_1)"7dn e’
dzm dun ’
Hence, evaluating with z = 0, we have
1 ar
ap, = (71)"767“27 evaluated at u = z.

du™

The reason it’s evaluated at uw = x is because in our original expression we’re
expanding in a Taylor series around z =0 and z =0 <= u = x since u = — z.
Now, of course, we have

d” d"
d—ne_uz7 evaluated at u =z = d—ne_m2
u T

Hence, we have the Taylor series expansion

n n
7(:1:7,2)2 2% 42rz—2%2 z n d —x?
e =e = —(=1)"—=—e".
n! dx™
n>0

n!

Now, we multiply both sides by ¢ to obtain

2wz—2z2 z2 z" n ar —x?
e =€ —(=1)"——e .
Z n! (=1) dx™
n>0
We can bring e®” inside because everything converges beautifully. Then, we have
n dn 2
n

2wz—2z2 z z? —x
e = E —et (—1)"—e"" .
n! (=1) dx™

Voila! The definition of the Hermite polynomials is staring us straight in the face!
Hence, we have computed

2 Zn
AT =) i Ha(w).
n>0

0c

The Hermite polynomials come from solving PDEs in parabolic shaped regions
of R2.
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1.2. The Laguerre polynomials. The Laguerre polynomials come from under-
standing the quantum mechanics of the hydrogen atom. We shall not get into

thig]
Definition 9. The Laguerre polynomials,
% d"

Ly (x) = ol dCTn(anrne_z)-

We summarize their properties in the following

Theorem 10 (Properties of Laguerre polynomials). The Laguerre polynomials are
an orthogonal basis for £2 on (0,00) with the weight function x“e~*. Their norms

squared,
I'n+a+1)

al|2
g = ="

They satisfy the Laguerre equation
[T e (L)) + nz®e LY = 0.

Forxz >0 and |z| <1,
e—a;z/(l—z)

1.3. Answers to the exercises to be done oneself.
(1) (5.5.5) Solve the problem
Upr + 7 0 + 17 2ugg + ., =0in D = {(r,0,2): 0<r <b,0< 2< 1}
u(r,0,0) =0, wu(r,0,l)=g(r,6), u(b0,z)=0.
Answer:
u(r,0,z) = Z Z(a"k cos(nB) + by sin(nh))Jp, (Anxr/b) sinh( A5 2/b),
n>0k>1

where A, is the k' positive zero of J,,, and

2 b JoAuir)
b = P simbe /—7\'~/0 g(r, 0)7Jn+1()\nk)2 sin(n@)rdrde,

and

T b
n )\n
ank = frac2b®rT sinh )\"k/ / g(r, G)Lk”z cos(n@)rdrdf.
—7JO Jﬂ+1 (Aﬂk)

(2) (5.2.4) Demonstrate the identity:

/Ox sdo(s)ds = xJ1(x), /Ox Ji(s)ds =1 = Jo(x).

Hint: Use the recurrence formulas. Integrating by parts is a reasonable
idea as well.

L Alex Jones does get into it: https://www.youtube.com/watch?v=191XV07VscO. Check out the
Alex Jones Prison Planet https://www.youtube.com/watch?v=kn_dHspHd8M. Turns out that Alex
Jones’s crazy ranting makes for decent death metal vocals. The gay frogs and America first remix
are pretty decent too.


https://www.youtube.com/watch?v=i91XV07Vsc0
https://www.youtube.com/watch?v=kn_dHspHd8M
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(3) (5.2.8) Prove the reduction formula:

/w s"Jo(s)ds = 2™ Jy(z) + (n — 1)z Jo(x) — (n —1)? /w s"2Jo(s)ds
0 0

Hint: Integrate by parts, using the facts that (zJ;) = xJy and Jj = —J;.
(4) (5.4.2) Expand the function f(x) = b? — 22 in a Fourier-Bessel series of the

form
> erdo(Mex/b),
E>1
where A, is the k' positive zero of the Bessel function Jy. OBS! Remember
to integrate with respect to xdx, polar coordinate style.
Answer: T /b
2 0 kT
8 Z )\3,]1 Ak)
(5) (6.4.6) Let f(x) = 1 for x > 0 and 0 for x < 0. (Heavyside function
basically). Expand f in a series of Hermite polynomials.
Answer:

L+ 2 i (D" H
5110 2k 2k+1-
2 2/m 4= 22 (2k + 1)k!
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