THEOREM

SECTION 16.2: Some Identities Involving Grad, Div, and Cori 915

(The Laplacian operatoi, V* = (8%/8x%) + (8%/8y%) + (8%/87?), is denoted by A in
some books.) Recall that a function ¢ is called harmonic in a domain D if V2¢ = 0
throughout D). (See Section 12.4.)

We collect the most important identities together in the following theorern. Most
of them are forms of the Product Rule. We will prove a few of the identities to illusirate
the techniques involved (mostly brute-force calculation) and leave the rest as exercises.
Note that two of the identities involve quantities like (G e V)F; this represents the
vector obtained by applying the scalar differential operator G o V to the vector field F:
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Vector differential identities

Let ¢ and y be scalar fields and F and G be vector fields, all assumed to be sufficiently
smooth that all the partial derivatives in the identities are continnous. Then the following

" identities hold;

Identities (a)-(f) are versions of the Product Rule and are first-order identities involving
only one application of V. Identities (g)—@) are second-order identities. Identities (g)
and (h) are equivalent to the equality of mixed partial derivatives and are especially
important for the understanding of div and curl.

PROOF We‘ will prove only identities (c), (e}, and (g). The remaining proofs are
similar to these.

(¢} The first component (i component) of V x {¢F) is
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The first two terms on the right constitute the first component of (V¢b) x I, and
the last two terms constifute the first component of $(V x F). Therefore, the
first components of both sides of identity (c) are equal. The equality of the other
components follows similarly.

(e} Again, it is sufficient to show that the first components of the vectors on both sides
of the identity are equal. To calculate the first component of V x (F x ) we need
the second and third components of I x G, which are

(Fx Q) =FG - FG ad (FxG)y=FG,— RGy.




