Tentamen i MVE041 och MMGL32 Flervariabelmatematik
Den 28 August 2015, kl. 830-1230
Hjalpmedel: Formelblad (bifogat), inga riknare.
Telefon: Frida Svelander, 0703-088304

Totalpodng 50. For godkédnt pa tentan krévs antingen 25 utav 32 poédng pa godkéintdelen, inklusive eventuella bonuspo-
ang. For godkint pa kursen skall ocksd Matlabmomentet vara godkint. Maximalt poéng pa godkéntdelen ar 32 inklusive
bonuspoang. For betyg 4 eller 5 kravs dessutom 33 resp. 42 podng sammanlagt pa tentamens alla delar.

Losningar laggs ut pa kursens webbsida forsta vardagen efter tentamensdagen. Tentan réattas och bedéms anonymt. Re-
sultat meddelas via Ladok ca. tre veckor efter tentamenstillfillet. Forsta granskningstillfdlle meddelas pa kurswebbsidan,
efter detta sker granskning alla vardagar 9-13, MV:s exp.

Godkantdel

1. Betrakta funktionen f(x,y) = 2122 — 7y.

(a) (4 pts) Bestdim derivatan av f(z,y) i riktningen av vektorn = 2i + 3j i punkten P = (3,1)?

(b) (2 pts) For grafen z = f(x,y), skriv en ekvation for nivikurvan z = 14 och skissa den.

2. (3 pts) Bestiim alla kritiska punkter till funktionen f(z,y) = zy — = + y*.

3. (4 pts) Lat f(x,y) = x3y + 3y?, och antag att © = e',y = t3. Anviind kjedjeregeln for att beriikna %z(t) =

4 f(x(t),y(t)) och skriv den som en funktion av endast ¢.

4. (3 pts) Lat C vara helix kurvan 7(t) = 4cos(t)i + 4sin(t)j + 3tk fran t = 0 till ¢ = 27. Beriikna linjeintegralen
(kurvintegralen) I = [, zds.

5. (4 pts) Bestdm volymen av omradet 22 + y? < 2 < 2 — /22 + y2?

6. Betrakta vektorfiltet G(z,y) = (ye* + 32?y) 1+ (ze™ + 2°) .

(a) (3 pts) Berikna V -G och V x G.
(b) (3 pts) Bestéim en funktion ¢ si att G = V¢ och beriikna [, G - dF for en godtycklig kurva C fran P = (0,5)
#1 Q = (1,2).
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7. (6 pts) Skriv ner ekvationen fran Greens sats. Lat F(x,y) = (cos(x) sin(y) — %5 )1 + (sin(m) cos(y) + %) B

Beréikna [, F'-dF dir C ér den slutna kurvan som begréinsar triangeln med hérnen (0,0), (1,1), and (0, 1) orienterad
moturs.

Overbetygsdel
8. (6 pts ) Integrera f(z,y) = xy 6ver omradet i planet som definieras av y > 22, y < 522, och 1 < zy < 4.

9. Extremvéirden med bivillkor

(a) (3 pts) Lat C vara kurvan som definieras av g(x,y) = 0, och lat Py = (x¢,%0) vara en inre punkt pa C dir Vg
ar nollskilld och dér f(x,y) har ett lokalt extremviirde. Bevisa att det existerar ett Ao sddant att (xo, yo, \o)
ar en kritisk punkt till L(z,y,\) = f(z,y) + Ag(z, y).

(b) (3 pts) Vad &r stérsta och minsta virde av f(z,y) = z +y — 2% — 3y? pa omradet definierat av 22 + 3y < 1?7

10. (6 pts) Berikna flodet av F = y ( ut genom ytan {z = 1 — 2% — y%, 2 > 0,y > 0}. Kan man
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anvianda divergenssatsen i det héar fallet? Varfor eller varfor inte?



Exam for MVE(041 och MMGL32 Flervariabelmatematik
The 28 August 2015, kl. 830-1230
Help materials: Attached formula sheet. No calculators.
Telephone: Frida Svelander, 0703-088304

Total points are 50. Passing this course requires a) 25 points of 32 points on the Passing Part, and b) a pass on all six
Matlab labs. Your bonus points from this course apply to the passing part of the exam. The maximum score on the
passing part is 32 including bonus points. A grade of 4 or 5 is obtained with scores of 33, and 42 respectivley. Bonus
points do not apply to the mastery part of the exam.

Solutions will be posted on the course website on the first weekday following the exam. The exam is graded anonymously.
Results are available on Ladok starting three weeks after the exam day. The first day on which you may contest your
grade will be posted on the course website, and after that you may file a contest with the MV exp weekdays 9-13.

Passing Part

1. Consider the function f(x,y) = 212% — 7y.

(a) (4 pts) What is the derivative of f(z,y) in the direction of the vector ¥ = 21+ 3j at the point P = (%,1)?
(b) (2 pts) For the graph z = f(z,y), write the equation for the z = 14 level curve, and make a sketch.

2. (3 pts) Find all critical points of the function f(z,y) = 2y — x + y>.

3. (4 pts) Let f(x,y) = 23y + 3y>, and suppose x = e!,y = 3. Use the chain rule to compute %z(t) = %f(:z:(t), y(t))
and write as a function of ¢ only.

(3 pts) Let C be the helical curve 7(t) = 4 cos(t)i + 4sin(t)j 4 3tk from t = 0 to ¢ = 27. Compute the line integral
I= [, zds.

5. (4 pts) What is the volume of the region z? + y? < 2 < 2 — /a2 + 32?7

6. Consider the vector field G(z,y) = (ye™ + 3z%y) 1+ (we®™ + 23) .

(a) (3 pts) Compute V-G and V x G.
(b) (3 pts) Find a function ¢ such that G = V¢ and compute fc G- dr for any curve C from P = (0,5) to Q@ = (1,2).
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7. (6 pts) Write down the equation of Green’s theorem. Let F(x,y) = (cos(x) sin(y) — %5 ) i+ (sin(m) cos(y) + %) j-

Compute fc F - dF where C is the closed path bounding the triangle with corners (0,0), (1,1), and (0, 1) oriented
counterclockwise.

Mastery Part
8. (6 pts ) Integrate f(x,y) = zy over the region in the plane defined by y > 2%, y < 522, and 1 < 2y < 4.

9. Extreme Values with Constraints

(a) (3 pts) Let C be curve defined by g(x,y) = 0, and let Py = (x¢,%o) be an interior point on C at which Vg is
non-vanishing and at which f(z,y) has a local extreme value. Prove that there exists a Ag such that (xg, yo, Ao)
is a critical point of L(z,y,\) = f(z,y) + Ag(z,y).

(b) (3 pts) What are the maximum and minimum values of f(z,y) = 2 +y — 2% — 3y on the region defined by
2% +3y% <17

10. (6 pts) Compute the flux of F =y (\/ f+ —i+ 7 §+ 2i> out of the graph of the function f(z,y) =1 — 22 — y?
z2+y z2+y

over the first quadrant. Does the divergence theorem apply in this case? Why or why not?



Equations and Formulas MVE(041

Geometri

Cirkel av radie a: Omrade = ma?. Cylinder radie a, héjd h: Vol. = ma?h, Omrade = 2mah.
Sfar av radie a: Vol. = 3 a3, Omrade = 4ma? Cirulir kon rad. a, hdjd h. Vol. = 1/3ma?h
Trigonometri

sin(2x) = 2sin(x) cos(x) cos(z) cos(y) = (cos(z — y) + cos(z + y))
cos(2z) = 1 — 2sin?(z) sin(z) sin(y) = %(cos(z —y) —cos(x +y))
cos(z + y) = cos(z) cos(y) — sin(z) sin(y) sin(x) cos(y) = 5 (sin(z — y) + sin(x + y))
sin(z + y) = sin(x) cos(y) + cos(z) sin(y) cos?(z) + sin*(z) =1

Derivater

Lgo = qzrt, Ler = v 4 cos(z) = —sin()
dr=1yx Az)=L2>0 4 sin(z) = cos(z)

grad f(z,y,2) = Vf(z,y,2), div F(x,y,z) =V F(x,y,z), curlf‘(x,y,z) =V x F(x,y,z)

Integrals

/x“dm =271 +C /sin(x)dx = —cos(x) + C, /el'd:l; el
1 .
/;dm =In|z| +C, /cos(x)dx =sin(z) + C /1n(x)da: —zln(z) — 2+ C,
in?(2)dz = £ — L sin(22) + C 1 2
sin”(z)dz = 5718 sin(2z) + C, / = _§ sin?(x) cos(z) — 3 cos(z) + C,
2 o T 1 . C 2
cos™(z)dx = 571 sin(2z) + C, / = cosZ(x) sin(z) + 3 sin(z) + C,
dz .1 /(T d 1
/WZ*SIH1(5)+C7 (a>0,[z] <a) /az_xxzzﬁln rta +C (a>0)
dx 1 /(T d 1
——— = —tan —]14+C, (a>0 R —1‘E‘
/a2+:1c2 a (a) ( ) /x\/m—abec . +C, (a>0,|z|>a)
Maclaurinutvecklingar
e Z‘k e ka—l 00
e’ = Z — sinz = Z(—l)k_li 1 a _ o! k
k=0 it k=1 (2k — 1)t (1+2) kZ:o ko — k)!gj
In(l1+42) = i(—l)’“rlﬁ cosxT = i(—l)k 2" 1 = &
k=1 k k=0 (2k)! 1-=z :Zx



