OPTIONER OCH MATEMATIK (CTH[T M A155],GU[M AM690])

LOSNINGAR

Skrivningsdag, skrivtid, sal: 20 maj 2006, 4 timmar, v
Inga hjilpmedel.

Varje uppgift ger maximalt 3 poing.

1. (The one period binomial model, where d < r < u) Consider a call with
the payoff Y = (S(1) — K)* at the termination date 1, where S(0)e? < K <
S(0)e*. (a) Find the call price IIy-(0) at time 0. (b) Prove that e™"Y > IIy(0)
if and only if S(1) = S(0)e".

Solution: (a) Let S(0) = s and S(1) = seX, where X = u or d. We have
Iy (0) = e ™" (qu(se” — K)* + q(se” — K))
= e_TQu(Seu - K)
where

r__ ,d

(& (&

ANSWER : TIy(0) = e "gqyu(se" — K)

(b) The event
[e7Y > TIy (0)] = [(S(1) — K)" > qu(se” — K)]

=[S(1) > K + qu(se" — K)] = [S(1) > (1 — qu) K + quse"]
=[X =u] =[5(1) = S(0)e"]

which proves the assertion in Problem 1(b).

2. A random variable X has the density function f(z) = %=e 2, z € R.
Find the characteristic function cx(§) = E [¢*¥] , £ € R.




Solution. By partial integration,
. o0 22
VorE [eZEX} :/ e T dr
2

) 227° o0 ) ) 22
= [—ezgxxe_T} —/ (—ite® ™y — )™ 2 da
o )

o0

:/ (zfezfxx+e’5x)_2dx—z§/ Tre” 2da:+v Te T
=& { [—ei&”e_é + zg/ £ro=% dx} + 27re_%
=(1-¢ )\/271‘6_%.

52

ANSWER : cx(&) = (1 —¢&He 7.

3. (Black-Scholes model) Suppose t; < t, < T and consider a financial
derivative of European type with payoff Y =| S(T) — S(¢.) | at time of
maturity 7" Find the delta A(t) of the derivative at time ¢ if

(a) t € |ti, T[. (Hint: Problem 5).

(b) t € Jto, t..

(c) Finally, compute A(t.—) — A(t.+).

Solution. (a) We have
Y = (S(T) = S(t.)" + (S(t.) = S(T)*
and, hence, for all t, <t < T,
Iy (t) = c(t, S(t), S(ts),T) + p(t,S(t), S(ts),T).
Thus by put-call parity,

Iy (t) = 2¢(t, S(t), S(t,), T) + S(t,)e " @Y — S(t) if t, <t < T



and we get
1 S(t) o? _
At) =20 | +(r+—=—)T—-1))—-1ift, <t<T
()= 28( el g (4 )T =)~ 1
— ANSWER
(b) Since
(b, S(t.), S(t.),T) = aS(t.)
where
1 0'2 _ T—t) 1 02
a=®(=(r+ =)VT —t,) —e " T 0(—(r — =)\/T —t,)
o 2 o 2

we get
Iy (t,) = (20 + e "7~ —1)S(¢,).

Thus by the dominance principle for all ty < t < t,,
Iy (t) = (2a + "I~ — 1)S(t)

= (2a+e"T7) —1)S(1)

and we have
A(t) =2a+ e T 1

— ANSWER

(c) From the above,

2

A(t—) — A(tat) = e T=1(1 — 28 (1(r — %) T-t,))

o

— ANSWER

4. Let W = (W(t))i>0 be a standard Brownian motion. (a) Prove that
W(s) — W(t) € N(0,] s—1t]). (b) Suppose a is a strictly positive real
number and set X = (\%W(at))tzg. Prove that X is a standard Brownian
motion.



5. (Black-Scholes model) Suppose 7 =T —t > 0 and

S 0'2

(In—=+ (r+ —)7).

d
! K 9

. 1
= \/_
Prove that

95 59y ) 1) -

(Hint: c(t,s, K,T) = s®(dy) — Ke " ®(dy), where dy = d; — 0/7)

OPTIONER OCH MATEMATIK (CTH[T M A155),GU[M AM690])

LOSNINGAR

Skrivningsdag, tid, sal: 2 sep 2006, fm, v
Inga hjilpmedel.

Skrivtid: 4 timmar

Varje uppgift ger maximalt 3 poéng.

1. (The one period binomial model, where d < 0 < r < u) Consider a call
with the payoff Y = (S(1) — S(0))" at the termination date 1. Find the
replicating strategy of the derivative at time 0.

Solution: Let S(0) = s and S(1) = se®, where X = u or d. If (hg,hp)
denotes the replicating strategy at time 0 we have

hsse® + hpB(0)e" = s(e* — 1)

and
hgse® + hgB(0)e" = 0.

From this it follows that

hss(e" —e?) = s(e* — 1)



and u_ 1
e —_—
hS o et — ed
Moreover, we get
1 sed™" 1 —ev
hp = ———hgse’™" =
BT B0)° B(0) e — ¢d
d—r

ANSWER : <=L qunits of the stock and L—c® ynits of the bond.

e
ev—ed B(0) ev—ed

2. (Black-Scholes model) Suppose 0 < t < T" and consider a financial deriv-
ative of European type with payoff Y = (S(T') — S(0))?/S(T) at time of
maturity 7. Find the price Iy (¢) and the delta A(t) of the derivative at time
t.

Solution. We have

Here

and
Is(0)(t) = S(0)e™"
where 7 =T — t. Moreover,

oo

Moy () = [ (S0 Hrmim et 2o

:S(t)le”e(’”ﬂT/ e*?*"ﬁx—_;

o d
_ S(t)16(022r)7—/ e*%(éﬂJra\/?)Q ;L‘ﬂ- — S(t>716(0272r)7‘

Iy () = S(t) — 25(0)e "™ + S(0)2%e”"2)75(t)~" — ANSWER



NOW, if Hy(t) - 'U(t; S(t))>

A(t) = %(t, S(t) =1— 5(0)2" 278t 2ANSWER

3. Suppose X is a non-negative random variable with probability density
f and such that 0 < E[X?] < oo. Let p = F'[X] and suppose a € [0,1].
(a) Prove that
/ zf(z)dr > (1 — a)p.
ap

(b) Prove that

Solution. (a) We have

0<pu= /Oau:cf(x)dx—l—/ooxf(a:)da;

ap

§/Owauf(:zr)dx%—/:oxf(x)dx§/Oooauf(:1:)dx+/:oxf(x)dx

" "

= au+/ooxf($)dx

o
and, consequently,

/00 zf(z)dr > (1 — a)p.

n

(b) We have

/:o rf(x)dr = /waml[au,m[($>md$

i

and the Cauchy-Schwarz inequality yields

/aoo zf(x)dr < (/00 fo(;n)dg;)é(/Ooo ]'[au,oo[(x)f(llf)dx)%

o 0

=

— (" taant( [ :of<x>dx>%



and, hence,

Wmf() )2
/ fa)de 2 et
(—ap _a2<E[X]>2
_f 22 f(x)dx =( )E[X2]'

4. (Dominance Principle) Show that the map
K —c(t,S(t),K,T), K>0
Is convex.
5. Let (X,,)52, be an i.i.d. such that P[X; =1] = P[X; = —1] = ; and set
L (X 4.4 X)), neN,.
\/ﬁ

Prove that Y,, — G, where G € N (0, 1).

Y, =

OPTIONS AND MATHEMATICS
(CTH[TM A155), GU[M AM690])

January 20, 2007, morning (4 hours), v
No aids.
Examiner: Christer Borell, telephone number 0704 063 461

FEach problem is worth 3 points.

Solutions

1. (The one period binomial model, where d < 0 < r < u) Suppose

S(0)e < K < S(0)e"



and consider a put of European type with the payoff Y = (K —S(1))" at the
termination date 1. Find the replicating strategy of the derivative at time 0.

Solution: Let S(0) = s and S(1) = se®, where X = u or d. If (hg,hp)
denotes the replicating strategy at time 0 we have

hsse" + hgB(0)e" =0

and
hsse® +hpB(0)e" = K — se’.

From this it follows that

hgs(e" —e?) = se? — K

and .
1 - K
po = Lo K
s et —e
Moreover, we get
1 et " K — set
hg = — hgse" " = ————.
b B(0) S5 B(0) e* — e

ANSWER : %de_l{ units of the stock and % K=s¢ units of the bond.

u—ed B(0) ev—ed

2. (Black-Scholes model) Suppose 0 < t < T and consider a financial deriv-
ative of European type with payoft

v _ 1if S(T) > K
"1 0ifS(T) <K

at time of maturity 7. Find the price Ily-(¢) and the delta A(t) of the deriv-
ative at time ¢. For which value of the stock price S(t) is A(t) maximal?

Solution. We have



where

where )
1 s o
dy = —=(In — — —)7).
2 Uﬁ(nK+(T 2>T>
From this we get
8 —rT 2
Al = Ly (t) = -5 %

0s so\/2nT

and

0 1 e 4 1 S o?
%A(t) =———F—¢ (1 + —(In 174 + (r — ?)7)) .

oV 2T 03T

Thus 2A(t) =0 if s = s,, where

2
5. = Ke 27,

Moreover, ZA(t) > 0 if s < s, and ZA(t) < 0if s > s, and it follows that
the delta of the option has a maximum for S(t) = s..

3. Set X(t) =W(t) —tW(1) and Y(t) = X(1 —t) if 0 < ¢t < 1. Prove that
the processes (X (t))o<t<1 and (Y(t))o<t<1 are equivalent in distribution.

Solution. Given ty, ...,t, € [0, 1] an arbitrary linear combination of X (¢;), ..., X (¢,)
is a linear combination of W (t1), ..., W(t,), W (1) and, hence a centred Gaussian
random variable. In a similar way a linear combination of Y (¢;),...,Y(¢,) is

a centred Gaussian random variable. Therefore it only remains to prove that
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the processes (X ())o<i<1 and (Y'(¢))o<t<1 have the same covariance. To this
end let 0 < s <t <1. Then

E[X(s)X(t)] = E[(W(s) — sW(1))(W(t) — tW(1)]

= E[W(s)W(t)] —tE[W(s)W(1)] — sE [W(L)W ()] + stE [(W?(1)]
=s—st—st+st=s—st
and
EYS)YH)]=FEXQ1-t)X1—-s)]=01—-t)—(1—-1)(1—s)=s—st.
Thus E[X(s)X(t)] = E[Y(s)Y(t)] = min(s,t) — st for all 0 < s,¢ < 1 and

it follows that the processes (X(t))o<i<1 and (Y (¢))o<t<1 are equivalent in
distribution.

4. Suppose a > 0. Prove the Markov inequality

PIX|2a < B[X].

5. (Black-Scholes model) Suppose ¢ < T and 7 = T — ¢. Prove that

c(t,s, K,T) = s®(dy) — Ke " ®(dy),

and
p(ta S, K7 T) = Ke_TTq)(_dQ) - S(I)(_dl)
where )
i — 1n%+(r+%)7
o\/T
and ,
iy — In&+4(r—%)7

OPTIONS AND MATHEMATICS
(CTH|[mwve095], GU[man690))
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May 26, 2007, morning (4 hours), v

No aids.

Examiner: Christer Borell, telephone number 0704 063 461
Each problem is worth 3 points.

Solutions

1. (The binomial model with u > 0, d = —u, r = %u, and T = 2). Suppose
glx) = 1if x = 0 and g(z) = 0 if = # 0. A derivative of European type
has the payoff ¢(S(T') — S(0)) at time of maturity 7. (a) Find the price of
the derivative at time 0. (b) Suppose the strategy h replicates the derivative.
Find hg(0). The answers in Parts (a) and (b) may contain the martingale
probabilities ¢, and qq.

Solution. (a) We have

el — €d 6u/2 e
Gu =
ev — ed el — e~
and
. et — eu/2
dd = _qu—eu_e_u'

Thus if v(t) denotes the price of the derivative at time ¢,

U(2)|X1 =u,Xo=u — 0
/U(z)‘ =d,Xo=u — 1
and
v()ixi=u = € (qu0+qal) =e"qq
v(Dix=a = € "(qul + qa0) = e "qu.
Now

v(0) = € "(que "qa + qae” " qu)
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= 2 quqq = 2€ " quqa.
(b) Recall that h(0) = h(1) and
hs(1)S(1) + hp(1)B(1) = v(1)
or

hs(1)S(0)e" + hp(1)B(0)e" = e "qq
hs(1)S(0)ed + hp(1)B(0)e" = e "q..

Hence

2. Suppose Z = (Z1(t), Z(t))+>o is a standard Brownian motion in the plane.
Find
E [A0+20] |

Solution. The process X (t) = \%Zl(t) + \%Zﬂt), t > 0, is a standard

Brownian motion since (%)2 + (\%)2 = 1. Hence X(t) € N(0,t) and it
follows that

E [el20+201] = E [eﬂlX(t)l] B [eﬁm]
where G € N(0,1). Thus

00 0
E [/ 0420 :/ (V-5 4T :2/ o—VEe—g 4T

V2 V2w
0 V2t
d d
= 2et/ e_é(er‘/ﬂ)Q\/% = 2¢ 6_;$2\/% = 2¢'P(V21).
—o0 7T —oc0 T

3. (Black-Scholes model) Suppose 0 < T < T and consider a simple deriv-
ative of European type with the payoff Y = min(S(7p), S(7)) at time of
maturity 7. Find IIy(¢) for all ¢ € [0, Tp] .
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Solution. If a and b are real numbers min(a,b) + max(a,b) = a + b and,
consequently, min(a,b) = a + b — max(a,b) = b — max(0,b — a). Therefore
Y = S(T) — max(0, S(T") — S(Tp)) and it follows that

Hy(Tg) = S(To) - C(TQ, S(Tg), S(TQ), T)

But ¢(Ty, S(Ty), S(To), T) = S(To)c(To, 1,1, T), where

Lo e
PP T — et el 2 T T,
g g

c(To,1,1,T) = (
Hence, if we define a = 1 — ¢(7p,1,1,7),
Hy<T0) = aS<T0>

and it follows that
Iy (t) = aS(t) if 0 <t < Tp.

4. (Dominance Principle) Show that the European call price ¢(t, S(t), K, T)
is a convex function of K.

5. (Black-Scholes model) Assume t, 7 € R, 7=T —t >0, and g € P.

(a) Define the price ITy (¢) at time ¢ of a European derivative with payoff
g(S(T)) at time of maturity 7.

(b) Let

1 s o?
— (ln= 7
A G RARE

and dy = d; — 0+/7. Show that

dq

c(t,s, K,T) = s®(dy) — Ke " ®(dy).

SOLUTIONS: OPTIONS AND MATHEMATICS
(CTH[mwve095], GU[man690])

September 1, 2007, morning (4 hours), v
No aids.



14

Examiner: Christer Borell, telephone number 0704 063 461
Each problem is worth 3 points.

1. (The binomial model in one period with p, = %) Suppose X = In %.

Show that
u = FE[X]+ /Var(X)

d=E[X]—+/Var(X) .

and

Solution. We have

1 1
EX] = JU + §d
and
EHﬂ_1ﬁ+1ﬁ
2 2
Consequently,

and it follows that

11, 1
E[X]++/Var(X) = §u+§d—|— i(u—d) =u
and
EX] = /Var(X) = ~u+ sd— *(u—d) = d
S22 2 B

2. (a) A random variable X has the density function
e if x>0,
ﬂ@_{ 0, if # < 0.

Find the characteristic function cy of X (recall that cy(§) = E [¢¥] if
¢eR).
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(b) A random variable Y has the density function

] 0, itz >0,
9(x) = e*, if x <0.

Find the characteristic function cy of Y.
(c) A random variable Z has the density function h(z) = le7 "l 2 € R.
Find the characteristic function ¢z of Z.

Solution. (a) For each £ € R,
0

cx(§) = E [¢*¥] = /Oo f(z)e*ds = / e e dy

:/ o2 iE=1) g — [ 1 ex(ig—l)] .
0 Zf -1 0

Here | e*(671 |=| e72¢%7 |= ¢77 | ¢ |= €7 and we get

1
1 —af

cx(§)

Alternatively, use that ¢ = cosa + isina and compute

oo . [e.e] o0
/ e et dr = / e “coséxdr +1 / e sinéxdx
0 0 0

by partial integration.
(b)Here P[-Y <y| =P[Y > —y] = [° g(x)de = [*_ g(=t)dt = [* f(t)dt

and it follows that the random varibles —Y and X have the same distribution.
Consequently, ¢y (€) = ¢_x(€) = ex(—€) = 1.

(c) Since h(x) = 5 f(z) + 3g(z) and hence

o) =3 (@) +aaneio =3 {2+ e
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1

14
3. (Black-Scholes model) Suppose 0 < Ty < t* < T and 0 < 6 < 1 and
consider a simple derivative of European type with the payoff

Y = 5(T) = 5(To) |
at time of maturity 7. Find Iy (0) if the stock pays the dividend §S(Tp) at
time ¢*.
Solution. First note that
Y =2(8(T) - S(Tp))" = S(T) + S(To).
If sg = S(Tp) and
g(z) =2(x — s0)t —x + 50

then

Iy (To) = Hyesery) (Th)
02
oT(T-T0) |7 [g((s() — §sge " —TO))G(T—7)(T—T0)+OMG)}

_ o (T-To) g [g((80<1 B 6€7T(t*,T0))e(rfﬁ)(T—To)Jra\/’lfToG)]

where G € N(0,1). Hence

Iy (Ty) = 2¢(Tp, so(1 — de " =10)) 55 T') — s50(1 — de " =T0)) 4 5T =T0)
and we get

Iy (To) = S(To) {(1 — 5e_r(t*_T°))A —eTT=Tp _ 1 4 e —T0) e_T(T_TO)}

where ,
In(1—de " =Ty 4 (r + Z)(T — Tp)

o T—TO

A=2( )

and
2

In(1 — e =10)) 4 (r — Z)(T — Tp)

B =29( oT — Ty :

).
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Since A and B are independent of S(7) we conclude that
Iy (0) = S(0) {(1 — e "IN g — " T=T0Ip 1 4 ("= T0) 4 o=r(T=T0)Y

4. Show that there exists an arbitrage portfolio in the binomial model in one
period if and only if

r & ld,uf.
5. Let W = (W(t));>0 be a standard Brownian motion. (a) Prove that
Wi(s) — W(t) € N(,| s—1[). (b) Suppose a is a strictly positive real

number and set X = (%W(at))po Prove that X is a standard Brownian
motion.

SOLUTIONS: OPTIONS AND MATHEMATICS
(CTH[mwve095], GU[M ANG690])

January 19, 2008, morning (4 hours), v

No aids.

Examiner: Christer Borell, telephone number 0705292322
Each problem is worth 3 points.

1. (Black-Scholes model) A derivative of European type pays the amount

1

Y:S(T)-f‘m

at time of maturity 7. Find Iy (¢) for all 0 <t < T.

Solution. We have
Hy(t) = HS(T) (t) + 11 1

S(T)

Here, if T =T —t, s = S(t), and G € N(0, 1),

().

02
Hsgry(f) = 7B [sel =376
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Moreover,
1

H#(t) =e¢ "FE |: g }
S(T) SG( — % )T+o/TG

2

—(r=%)

_ 6—7‘7—e 2 E [e—oﬁG}
S
gy
_ € ( 2 ) 6%027 _ ]‘6(02—27“)7'
S S

and it follows that

2. (Binomial model) Suppose d = —u and ¢ = $(e* + ). A financial
derivative of European type has the maturity date " = 4 and payoff Y =
f(X1+ Xo+ X3+ X4), where f(z) =1if x € {4u,0, —4u} and f(z) = —1 if
x € {2u, —2u} . Show that IIy-(0) = 0.

Solution. It follows that d < r < v and

e’ — et
qQu = = = q4-
el — 6d el — €d

Hence q, = q4 = % Furthemore,

4

ty(0) =3 (4 ) otttk + (4= 1y

k=0
a0 () abai sz -
=0

1
= e—47“(§)4(1 —44+6—-4+1)=0.
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3. (Black Scholes model) Suppose " > 0, N € N, h = N, and t, = nh,
n = 0 N and consider a derivative of European type paying the amount

S(t”“) 2 at time of maturity 7. Find ITy(0).

MZ

Solution. First consider a derivative paying the amount Y,, = (In t(’”)l)) at

time 7. Since Y,, is known at time t,,1, Iy, (t,41) = Y,e " ~+1) Note that
S(tny1) = S(tn)e(“*%)hJF‘T(W(th)*W(tn))

where W(t,, 1) — W(t,) € N(0,h). Thus, if G € N(0, 1),

My, (t,) =e™"E

) 2
o (T=tnr1) {(r _ %)h + O’\/EG} ]

o2

— o T(T=tn) {(r _ ?)QhQ —1—02h}
and since the expression for Ily, (t,) is known at time 0,
2

T 2p2 a2h}

o2
=e T {(T - ?)2h2 + 02h} :

Now it follows that

N-1 2
= Z Iy, (0) = Ne™"™ {(r — ?)2h2 + 02h}
n=0

2
=Te '™ {02 + h(r — %)2} .

4. Derive the delta of a European call in the Black-Scholes model. Recall
that the call price equals s®(d,) —Ke ""®(dy), where s = S(t), 7 =T—t > 0,
and ,
InZ 4+ (r+ %)
dy = —X& a(\/F 7) = dy + o\/T.
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5. Consider the binomial model in one period and assume d < r < u. A
derivative pays the amount Y = f(X) at time 1. Find a portfolio which
replicates the derivative at time 0.

SOLUTIONS
OPTIONS AND MATHEMATICS
(CTH[mwve095], GU[M M A700])

May 24, 2008, morning (4 hours), v

No aids.

Examiner: Torbjorn Lundh, telephone number 0731 526320
Each problem is worth 3 points.

1. (Binomial model) Suppose 7' =3, v > r > 0, and d = —u. A derivative of
European type has the payoff Y at time of maturity 7, where

v X=X =X,
~ | 0, otherwise.

Find Iy (0) (the answer may contain the martingale probabilities ¢, and g,
which must, however, be defined explicitely).

Solution. We have

er—e q e —e”
Qu = el — e~ U and qq = eu_efu'

Introducing Iy (t) = v(t), it follows that

U(2)|X1:u,X2:u = e_r(QU -1+ qdd - O) = e_TQU
V(2)1x,=uxs=d =€ " (qu-0+¢q4-0) =0
(2)|x1=dx2=u = € " (qu 0+ ¢qq-0) =0
)

v
V(2)1x1=dxs=d = € (qu-0+qs-1) =e"qq
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and
(1) 1x12u = € (qu€ "qu+qq - 0) = e ¥
v(1)x,=a = € "(qu - 0+ qae™"qq) = 7" q.
Thus

v(0) = e "(que @2 + qae” 7)) = e ¥ (g2 + ¢3).

Alternative solution. We have Y = 1g(0)e3u,5(0)e-2+3 (S(3)) and the derivative
is simple. Hence

3

—3r 3 — u+(3—k)(—u
My (0) = e ) < K ) 0edy " Lgs)esn s(0)e-suy (S(0)eMHE=M)
k=0

—3 3 r
—e3 Z (k)qsqgk_ 3(q2+q§).

ke{0,3}

2. Suppose Z = (Z;(t ) Zy (t))t>0 is a standard Brownian motion in the plane

and define R(t) =| Z(t) |= \/Z3(t) + Z3(t), t > 0. Find F [efR t)} if t >0

and£<2it

Solution. Suppose t > 0, £ < 5, and G € N(0,1). Then

B [€5R2<t>] _E [egz%u)egzg(t)} —F [€£Z%<t>] o [€£Z§<t>]

_ (E [6£tG2} )2
and setting n = &t,
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Hence,
1

E [eng(t)] = .
1—2¢t

3. (Black-Scholes model) A derivative of European type pays the amount
Y=1+5T)InS(T)

at time of maturity 7. (a) Find IIy(¢). (b) Find a hedging portfolio of the
derivative at time t.

Solution. (a) If s =S(t),7=T —t,and G € N(0, 1), then

o2 2
y(t)=e"FE [1 + selr=F)THoVTG {lns + (r— %)7‘ + a\/?GH

2

=e " +5 {lns + (r — %)7’} e 2'F [e“ﬁG] + so/TE [Ge_THU‘EG}

2

o & o2 22 dx
=e """ +s<Ins+(r— —)1rp +so 7'/ re TTTOVTI=G
{ ( 2 ) } V7 o V2

o? o @—ovn)? dx
=e " +sqns+(r——)7p+so 7'/ re T 2 — =
e e I~
dx
Vo

2

=e " +5 {lns +(r — %)7’} -+ sa\/F/ (y +ovT)e =

o2
=e T +5s {lns + (r — ?)T} + so?T

2

= e’”—i—slns—ks(r—i—%)T

2

= T SO WS + SO + )7

(b) A portfolio with

hs(t) = <% {e” +slns+ s(r+ ?)r}) .

=S(t)
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o2
=1+ (r+ ?)T—FIHS(t)

units of the stock and
hp(t)
2 2

= (7 + S I S(t) + S(t)(r + %>T S+ (r+ %)T +1nS(1)/B()
= (e = 5(t)/B(t)

units of the bond is a hedging portfolio at time t.
4. (Dominance Principle) State and prove the Put-Call Parity relation.

5. (Dominance Principle) Suppose tyg < t* < T and let D be a positive
number, which is known at time ty. Now consider an American put with strike
K and time of maturity 7', where the underlying stock pays the dividend D
at time t* and

D> K(e" =) 1),

Prove that it is not optimal to exercise the put in the time interval |to, t*].

SOLUTIONS
OPTIONS AND MATHEMATICS
(CTH[mwve095], GU[M M A700))

August 30, 2008, morning (4 hours), V

No aids.

Examiner: Christer Borell, telephone number 0705292322
Each problem is worth 3 points.

(Black Scholes model) A derivative of European type pays the amount

2D at time of maturity 7. Find ITy (0).

1.
Y T/2)
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Solution. For any ¢ € [0, 7] and real number a, Il,s(1)(t) = aS(t) and, hence,

1
I (T/2) = Ty si(T/2) = g7y o (T/2
= LS(T/Q) =1
- S(1/2) -
Accordingly from this,
My (0) = e 2.

2. Suppose Z = (Z1(t), Z2(t))i>o0 is a standard Brownian motion in the plane.
Find £ [ Z2(0) + Zg(t)] it t > 0.

Solution. Let ¢ > 0 be fixed. Since (Z;(t), Z2(t)) has the same distribution

as Vt(Z1(1), Zy(1)),

B |20+ 30| - £ |z + 230)

_ \/%// \/We_zz-gzﬂ d:Cdy _ |: pOlaI‘ :|
R2

o coordinates

:\/%/Oo 2”T267§d7’d9: ; OOTQGfdr:[ partial ]
o Jo

integration

3. (Black-Scholes model) Suppose K is a positive real number and consider
a simple derivative of European type with the payoff

at time of maturity 7. Moreover, suppose 0 < t* < T and 0 < § < 1. Find
I1y-(0) if the stock pays the dividend 65(t*—) at time ¢*.
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Solution. Let s = S(0) and suppose G € N(0,1). We have

1
Iy (0) =e''E — K)*
Y( ) € (<1 o 6)S€(T—§)T+U\/TG ) ]
_ e~ T 5 [(6_(7~—§)T—0\/TG o L)+]
(1—9)s

where L = (1 — 0)sK. Here

— 1 (InL+(r—%)T)

B[esmeme ] - [ (=TT e

oo V2T

1 (In rfﬁ
v r=50T) o3 @toVT - Lo(= L L+ (r— 5 )T))

:@( ovT
L Y n r— —o? — ! n 7“—0—2
B~ In Lt (r = 5oN)T) ~ L8 L+ (r = T)T))
Thus
6(0'2721')T 1 | ) o 1 | 2
Iy (0) = (1—5)3(1)( a\/T(nL—i—(T——U )T))—e K‘P(—J\/T(HL—F(T——

4. Prove that there exists an arbitrage portfolio in the single-period binomial
model if and only if

r & |d,uf.

5. (Black-Scholes model) Consider a European call on a stock with price
process (S(t))i>0. If K denotes strike price and T' time of maturity, the
Black-Scholes price of the call at time ¢ < T" equals

c(t,S(t), K,T)) = s®(dy) — Ke ""®(dy),

where 7 =T — ¢t and

(In @ + (r+ J—2)7).

dy =dy+ o1 = I 5

1
o\/T
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(a) Find the delta of the call.
(b) How is the call price formula changed if the stock price pays the
dividend D at time t* € |t,T[, where D is a fixed amount known at time ¢?

SOLUTIONS
OPTIONS AND MATHEMATICS
(CTH[mwve095], GU[M M A700])

January 17, 2009, morning (4 hours), v
No aids.
Examiner: Christer Borell, telephone number 0705292322

Each problem is worth 3 points.

1. (The one period binomial model, where d < 0 < r < u) Consider a put
with the payoff Y = (S(0) — S(1))" at the termination date 1. Find the
replicating strategy of the derivative at time 0.

Solution: Let S(0) = s and S(1) = seX, where X = w or d. If (hg,hp)
denotes the replicating strategy at time 0 we have

hgse® + hgB(0)e" =0

and
hgse® + hpB(0)e" = s(1 — ).

From this it follows that

hgs(e" — e?) = s(e? — 1)

and .
e —1
hs = ol
Moreover, we get
1 se " 1 — e
h ——hgse"™" =
5= TR0y 5 B(0) ev — ¢d
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2. Suppose p(x) = %e’% and ®(z) = [*__¢(t)dt, —o0o < x < co. Prove
that
1—(I>(x)§£), if x >0,
x
and ()
zo(x
1—®(z) > 22 ifreR

Solution. For any = > 0,

|- &(z) = /oo o(t)dt = /oo %tgo(t)dt

> 1 1 t=00 30(3:)

< [ Ztot)dt = =[—p(t =22
< [ St = < ool

This proves the first inequality. To prove the second inequality define
flx)=(1+2*)(1 - &(x)) — ap(z), if v € R.

It is obivous that f(z) > 0 if x < 0 and therefore it is enough to prove that

f(z) > 0 for every « > 0. To this end, first note that

lim (1 + 2%)(1 — ®(2)) =0

12
since 0 <1 —®(x) < @ = - 12ﬂ_6_7 for every = > 0. Hence
lim f(z)=0

and it is enough to show that f'(z) <0 if x > 0. Now for every = > 0,

fi@) =22(1 - ®(x)) — (L +27)¢(z) — ¢(z) + 2°¢()

and we are done.

3. (Black-Scholes model) (a) Consider a derivative of European type with

the payoff

1~ kT
Yy = — -
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at time of maturity 7. Find IIy(0).
(b) Consider a derivative of European type with the payoff

at time of maturity 7. Find I15(0). (Hint: 12 4 22 4 ... 4 p2 = 2etbCntl)

6

KLY at time

Solution. (a) Consider a derivative paying the amount Y = S(

T. Then
1
My (0) = — > Ty, (0).
k=1
Moreover, Ily, (££) = e’(T’%)’”S(%T) and, hence,
Iy, (0) = e~ =575(0).
Thus
S(0)
ITy (0) = 5(0) e~ (1=3)Tr
n
k=1
S(0) =~ izejm _ S(0) 1—e7™"
on ;6 on 1—e T/’

k=1
o2 (n4+1)T g kT
— s =) R [€; Shes ww]
=0,...,n. Then



=Vi+. .+ Voa+2V, 1+ (V= V1)
=Vi+..+ Vn—3 + 3Vn—2 + 2(Vn—1 - Vn—Q) + (Vn - Vn—l)
=n(Vi = Vo) + ... +2(Voer = Vo) + (V, — Vi)

and we get

n
. _ 52
F lefia W(%T)] _ | | E [67"(”*;} k)(vk—vk,l)] e S

k=1
o2 n(n+1)(2n+1) T 2 (D (@nt1)
= €2n2 6 n —= e 12n2

2
1—n 2
o)T
12n2 ) .

o2 (7L;i)T+a_2T(n+l)(2n+l)

I1,(0) = se "TH=%) 2 = S(0)el =T

29

4. Let (X,)52; be an i.i.d. such that P[X; =1] = P[X; = —1] = ; and set

1
V,=—X1+..+X,), ne N,.

vn

Prove that Y,, — G, where G € N(0,1).

5. (Black-Scholes model) Suppose 7 =T — ¢ > 0 and

2

1 s o
d1 = U—\/?(IHE + (7” + 7)7’)
Prove that
9 15 K. T) = B(dy)
aS ) 9y y - 1)

(Hint: c(t,s, K,T) = s®(dy) — Ke " ®(dy), where dy = di — 0/7)

SOLUTIONS
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OPTIONS AND MATHEMATICS
(CTH[mwve095], GU[M M A700])

May 25, 2009, morning (4 hours), m

No aids.

Examiner: Christer Borell, telephone number 0705292322
Each problem is worth 3 points.

1. (The one period binomial model, where 0 < d < r < u) Consider a call

with the payoftf Y = % % — % | at the termination date 1. Find the

replicating strategy of the derivative at time 0.

Solution: Let S(0) = s and S(1) = seX, where X = u or d. If (hg,hp)
denotes the replicating strategy at time 0 we have

hsse® + hgB(0)e" = sinhu

and
hgse® + hpB(0)e" = sinh d.

From this it follows that
hgs(e" — e?) = sinhu — sinh d
and

sinhu — sinh d
s(e* — e?)

hs =
Moreover, we get
hpB(0)(e™ — e"t%) = e*sinh d — e sinh u

and
e*sinh d — e®sinh u

B(0)er(e* — e?)

inh y—sin —u— : e¥sinh d—e® sinhu
ANSWER : ;(g)(ef_;gl (or = 251(0) (14+e74~4)) units of the stock and %

(e + e~%)) units of the bond.

hp =

e "

2B(0)

(or = —
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2. (Black-Scholes model) Suppose t*, Ty, T', and § are positive numbers sat-
isfying the inequalities Ty < t* < T and § < 1. Moreover, suppose t < t*. A
stock pays the dividend 6S5(t*—) at time ¢t*. Find the price IIy(t) at time ¢
of a derivative of European type paying the amount

— 1)+
at time of maturity 7'

Solution. Set s = S(t) and 7 =T —t.
To begin with we assume Ty <t < t*. If

we know that
Iy (t) = e " E |g((1 — §)sel" =7 )THovTE)

where G € N(0,1). Hence, by the Black-Scholes price formula for a European
call,

1
Iy (t) = S(T0) c(t, (1 —0)s,S(Tp), T)
1 —rT
= ST {(1=8)S(t)®(D1(t)) — S(To)e " @((Daft)) }

where

Di(t) = 01 ~(In c ;((;)j(t) +(r+ %)r)
and

1 (1—-06)S(¥) o?
Do (t) a\/F(ln S(To) + (r — ?)7')

In particular,
Iy (To) = (1 = 8)®(D1(Tp)) — ¢ "0 ®((Ds(To))

where
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and
2

Dy(Ty) = (In(1 = 8) + (r = )(T = Ty)).

1
U\/T—TO

Since Iy (Tp) is non-random (= a numerical constant) we conclude that

Oy (t) = e "D (1 = §)B(Dy(Ty)) — e " O((Do(Ty)) } if t < T

3. (Black-Scholes model) Let a, K, T > 0. A financial derivative of European
type pays the amount Y = (min(S(7T) — K, a))* at time of maturity 7. Show
that the delta of the derivative is positive and does not exceed

In(1+ %)
o/ 2n(T —t)

at time t < T

Solution. Note that Y = (S(T) — K)* — (S(T) — (a + K))". The delta of
a call is standard (see Problem 4) and we get that the delta of Y at time ¢
equals
1 S(t) o? 1 S(t) o?
Ay (t) = &(—=(In —= —)7)— @ 1 —
H(0) = @ 2+ (o ) = B = (o )
where 7 = T —t. Hence Ay (t) > 0 since ® and In are increasing in the strict
sense. Moreover, if

1
p(u) = NGr

exp(—u?/2)

we have

Ay (t) = {Uj/?((ln% +(r+ %2>7_) ~ (In as_itk o2

for an appropriate £ € } U—\lﬁ(ln ff}){ + (r + %2)T, U—\%(ln e+t 072)7) [

But ¢(¢§) < \/%777 and we get

L (In(a + K) — In K)

1
Av(t) < _
Y()_OT V2T
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and the result is immediate.

4. (Black-Scholes model) Suppose t < T and 7 = T' — ¢. A simple financial
derivative of European type with the payoff function g € P has the price

o2
Hg(S(T))<t) — e g<56(r77)T+oﬁG)

at time ¢, where s = S(t) is the stock price at time ¢t and G € N(0,1).
(a) A European call has the strike price K and determination date T
Show that the call price equals s®(d;) — Ke ""®(dy), where
1 S 2
dy = ——=(In— —
1 a\/F(nK+(r+2)T)

anddgzdl—a\/?.
(b) Show that the delta of the call in Part (a) equals ®(d;).

5. (Black-Scholes model) A European call on a US dollar has the strike strike
price K and determination date 7. Derive the price of the derivative at time
t, if the US interest rate equals r; and the volatility of the exchange rate
process, quoted as crowns per dollar, equals . As usual the Swedish interest
rate is denoted by 7.

SOLUTIONS
OPTIONS AND MATHEMATICS
(CTH[mwve095], GU[M M A700))

August 29, 2009, morning (4 hours), v

No aids.

Examiner: Christer Borell, telephone number 0705292322
Each problem is worth 3 points.

1. Find a portfolio consisting of European calls and puts with termination
date T such that the value of the portfolio at time T equals

Y = min(K, | S(T) — K |).
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Solution. By drawing a graph of Y as a function S(7T") we get Y = (K —
S(THT + (S(T) — K)" — (S(T) — 2K)*. Thus a portfolio with long one
Furopean put with strike K and expiry 7', long one European call with
strike K and expiry 7, and short one call with strike 2K and expiry T will
satisfy the requirements in the text.

2. The Black-Scholes call price equals ¢ = s®(dy) — Ke ""®(dy), where
r=T—t>0and d; = (o+/7) H{In(s/K) + (r + 02/2)7} = dy +0+/7. Show
that 5

c

K = —e T dP(dy).
Solution. Let ¢ = ®'. We have
e sl T () — K () 9o
= —eTTB(d) + St {se(d) — Keo(d)
—e T D(dy) + \/%7% {seﬂﬁ/2 — Ke’”e’dg/z}
= e D(dy) 0_[( { Te—d§/2+dlaﬁ—a27/2}
A i a_K {s/I = om0k — e a(dy).

3. Let a be a positive real number and suppose the function wu(t, s) satisfies
the Black-Scholes differential equation

2.2

g-s
u;_I_TU;IS_‘_TSU;_Tu:O, 0§t<T, S>O

Show that the function v(t,s) = sl_%u(t, %) satisfies the Black-Scholes dif-
ferential equation.
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Solution. We have

2 r z
ot s) = (1= ) Pu(t, 2) — as ™ Hul (1, %)
o
and
27" 27" 2r a 2r 2r
" =23 2 .
Vallys) = =55 (1= Z5)s7ult, ) —all = Z5)s (4 0)
2r. 5 20, 2.-3-2 1
+CL(1 _2)3 ZUS(t, _) +a’s o? uss(t7 _)
o
_2r 2r. 1oz ar o2 257824 (t, 2
—al =gl D) Faggs Tt D) ats (1 ).
Thus 2 9
, o8t , ,
v, + Vg + TSV, — TV
) 9
= s (U, D) = (1= )ult, ) + a2rsTh (1, D) + 2 sl (1 )
S S
(1= 2l %) — ars (6, 2) - ruft, 9)
o? s ’ 5
2
= B )+ TP D) + S D) — (e, D) = 0
S S

4. Let (X,)52; be an i.i.d. such that P[X; =1] = P[X; = —1] = ; and set

1

Prove that Y,, — G, where G € N (0, 1).

5. (Dominance principle) Show that the map
K —c(t,S(),K,T), K>0

1S convex.
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SOLUTIONS
OPTIONS AND MATHEMATICS
(CTH[mwve095], GU[M M A700])

January 16, 2010, morning (4 hours), v

No aids.
Examiner: Christer Borell, telephone number 0705292322

Each problem is worth 3 points.

1. (Binomial model, T" periods) Set

Prove that E[Y] = d + p,(u — d) and Var(Y) = 7p,(1 — p,)(u — d)%

Solution. Using standard notation
S(t)=5S(t—1)e*, t=1,.,T
where X1, ..., X1 are independent and

{ P[X; =u] = p,

P [Xt = d] = Pa-
Note that
E[Xi] = pyu+ pad = d + p,(u — d),
E [X?] = pu® + pad®,
and
Var(X;) = puu2 + pdd2 — (puu + pdd)2
= pu(1l — p,)(u® + d*) — 2pupgud = p,(1 — p,)(u — d)*.
Now since
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we have that .

ElY]= =S BIX) = d+pulu—d)

and
T

Var(Y) = %2 3 Var(X,) = %pu(l — pa)(u— d)2.

2. (Black-Scholes model) Let a, K,T > 0 be given numbers and consider a
simple derivative of European type with time of maturity 7" and payoft K if
S(T') < a and payoff 0 if S(7') > a. (a) Find the price of the derivative at
time ¢ < 7. (b) Find the delta of the derivative at time ¢t < T (c) Find the
vega of the derivative at time ¢t < 7T

Solution. (a) Set 7 =T —t and let G € N(0,1). The price of the derivative
at time ¢ equals 7(t) = v(t, S(t)), where

0,2
v(t,s) =e ""E [Kl]gﬁa[(se(’"’T)T*"‘ﬁG)]

G <

o2
= e "TKP |serm )TV < a] =e "KP

In¢—(r— %2)7
o\T

— —TTK@ S .
v
Hence 5
In% — (r—%)r
—rr 5(t 2
7(t) = e K ( ”Uﬁ ).
(b) Let ¢ = @'. The delta at time t is given by %|S:S(t), where
v In¢—(r— é)T -1

— e*TTKSO( S

0s
Thus the delta equals

e K Ingl - (r—%)7

Tomsm T o
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(c) The vega at time ¢ is given by 2%(¢, 5(t)) and equals

In <& — (r — 27 In % —rr
0 2Ty | M50 N VT
o\/T o2\T 2
. ln (t) -7 /T ln% —(r— %2)7
e "K ; + 5 ¢ ¢l ).
N o\/T
3. Suppose Z = (Z1(t), Z2(t))+>0 is a standard Brownian motion in the plane
Find

1
E [\ Z0(t) — Zo(t) | e O+72(0)° ] ifo<t<-.

Solution. Note that (Z;(t)+ Zs(t), Z1(t) — Zo(t)) is a Gaussian random vector
in the plane such that Z;(t) + Z»(t) € N(0,2t). Moreover, since

Cov(Zy(t) + Za(t), Z1(t) — Za(t)) = E[(Z1(t) + Z2(1))(Z1(t) — Z2(1))]

_ B[(Z30) - Z3(t)] =t —t =0,
the random variables Z; () + Z»(t) and Z,(t) — Z,(t) are independent. Hence,
if0<t¢t<1and Ge N(0,1),

E [| Z0(t) — Zo(t) | B0+ Z2(0) }

= B 2:(t) - Z2(t) || B [e%“)ww]

22 2 dx
=F||V2G || F =2 7 -5
[| |] [ / ol V2 V2
= 2\/_/ xe 17 -Gt do
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4. Let W = (W(t))>0
Wi(s) — W(t) € N(0,
number and set X = (
motion.

+>0 be a standard Brownian motion. (a) Prove that
| s —t|). (b) Suppose a is a strictly positive real
W (at));>0. Prove that X is a standard Brownian

3|~

5. (Black-Scholes model) A simple derivative of European type with the
payoff Y = ¢(S(T")) at time of maturity 7" has the price v(t, S(t)) at time
t < T, where

ot s) = e TE [g(se(r_%)7+‘7w(7))]

and 7 = T — t. Use this formula to find the price of a European styled call
with strike price K and time of maturity 7.



