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Preface

The aim with this book is to give an introduction to the mathematical theory
of financial derivatives based on classical differential and integral calculus. In
addition, the presentation requires some knowledge of probability. So called
Lebesgue integration and It6 calculus will not be used.

The book is founded on different undergraduate courses given at the
Chalmers University of Technology and University of Gothenburg during
more than ten years and it is still not quite completed.

Finally I would like to express my deep gratitude to the students in my
classes and to Per Horfelt, Carl Lindberg, and Olaf Torne for suggesting a
variety of improvements.

Goteborg, January 19, 2010
Christer Borell
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CHAPTER 1

The Dominance Principle

Introduction

In this book we will study so called financial derivatives, that is financial
securities defined in terms of other financial securities. The most common
examples of financial derivatives are ordinary stock options.

A call option on a stock is a contract between the writer (or seller) of the
call and the buyer of the call. The buyer has the right but not the obligation
to buy from the writer the stock at a fixed price called exercise price or strike
price. For a European call, the right to buy can only be exercised on the
expiration date of the contract. In an American call, the right to buy can
be exercised at any time on or before the expiration date of the call. If we
replace the right to buy in the definition of a call by the right to sell we get
a so called put on the stock. The writer of an option is said to have a short
position and the buyer a long position. The expiration date of an option is
also called maturity date or termination date.

If an investor borrows and then sells a stock, the investor is said to have
a short position in the stock.

Suppose S(t) denotes a stock price at time ¢ and S = (S(t)):>o the corre-
sponding stock price process. A European call on the stock, or for short on
S, with the strike price K and the termination date T has the value

max(0,S(T) — K)

at the date T" and a European put on S with the same strike price and
termination date has the value

max (0, K — S(T))

at the date 7. Here the functions g.(x) = max(0,z — K) and g,(z) =
max (0, K —x) are called payoff functions of the call and the put, respectively.



The payoffs ¢.(S(T)) and ¢,(S(T")) are called the intrinsic values of the call
and put, respectively.

If g is a real-valued function on the interval ]0, 00|, a contract which
pays the amount Y = ¢(S(T")) to its owner at maturity 7" is called a simple
European derivative on S with payoff function g. The American version can
be exercised at any time t before or on the date 7" and pays, upon exercise,
the amount ¢(S(t)).

A forward contract on S is an agreement to buy or sell the stock at a
fixed price K at a given delivery date 7. The buyer is said to have a long
position and the seller a short position. Initially neither party incurs any
costs in entering into the contract. The price K is called delivery price or
forward price and is denoted by S7,.(t) if the agreement is made at time ¢.
The payoff to the holder of the long position is S(7') — K and for the short
position it is K — S(T).

To simplify the presentation, we will assume a constant interest rate r
and suppose there is a bond with the price

at time t, where B(0) is a strictly positive real number. The saving account
yields the same interest rate and, moreover, it is possible to borrow money
at the rate r. If not otherwise stated, it will be assumed that r > 0.

Our main concern here is to define prices of financial derivatives from
given mathematical assumptions. However, to start with in this chapter we
assume that the prices are already defined and, only assuming minimal con-
ditions, we will derive interesting relations between them. In this context,
and elsewhere in this presentation, it will be assumed that there are no trans-
action costs and it is possible to trade in fractions of shares. Furthermore,
if not otherwise stated, it is assumed that the stocks do not pay dividends.
Option pricing for dividend-paying stocks will be treated in Chapter 7.

1.1 The Dominance Principle

Consider a model with n financial securities Uy, ...,U,, where the n : th
security is the bond. The price of the i : th security equals I1“(¢) at time ¢.



A portfolio is an ordered n-tuple of real numbers
A= (ay,...,ay,)

where a; is the number of units of asset U; (a negative value on a; means a
short position corresponding to —a; units in U;). Thus a portfolio is a vector
in R™ and we can define the sum of two portfolios as the corresponding vector
sum. In a similar way, we define A\A if A is a portfolio and A € R.

The value of a portfolio A = (ay, ..., a,) at time ¢ is, by definition,

Va(t) = Z a4 (t).

Thus
Vaarus(t) = AVa(t) + uVa(t)

if A and B are portfolios and A, 1 € R.
Below we assume time is restricted to the interval 0 < ¢ <T.

Axiom 1. (Dominance Principle) Suppose t < T is the present time. If
the holder of a portfolio A can ensure that A exists at time T and V4(T') > 0,
then V4(t) > 0.

At a first glance, the formulation of Axiom 1 may look complicated but
here recall that the writer of an American option cannot prevent the owner
from exercising the option before time 7. Thus, in general, the holder of a
portfolio containing American contracts can not guarantee the existence of
the portfolio at a later point of time.

In fact, Axiom 1 is very plausible. To see this assume there is a portfolio
A such that the holder can act so that V4(T") > 0. If V4(¢) < 0 at the present
time ¢, the investor may add bonds to the portfolio A in such a proportion
that the new portfolio is of no value. Thus by investing the amount zero
today the investor, with certainty, has a positive portfolio value at a later
date, which is absurd in a mathematical model.

If a European derivative on S pays the amount Y at the termination
date T', we denote its price at time ¢ by Ily (¢) or Iy (¢, T) if it is important



to emphasize the termination date. The following notation is standard for
European call and put prices:

C(t,S(t),K, T) = H(S(T)_K)+(t,T)
pt, S), K, T) = Ik_say+(t,T)

Here a™ = max(0,a) if a is a real number. The price of an American
call {put} on S with strike price K and termination date 7" is denoted by
C(t,S(t), K,T) {P(t,5(t), K,T)} .

Example 1.1.1. Consider a portfolio A consisting of a long position in an
American put on S with strike K and maturity 7" and, in addition, a short
position in its European counterpart. By not exercising the American put,
the holder of the portfolio can ensure that the portfolio is exists at time 7.
Clearly the value of the portfolio then vanishes at time 7. Thus, by Axiom
17

P(t,S(t), K, T)—p(t,S(t), K,T) = Vy(t) >0

that is,
P(t,S(t), K,T) > p(t,S(t), K,T).

In other words the value of an American put is not smaller than the value of
its European counterpart. We leave it as an exercise to prove that

p(t,S(t), K, T) > 0.

Next let us consider a portfolio containing a short position in an American
put and a long position in its European counterpart. Now the holder of the
portfolio is also the writer of the American put and moreover, if S(¢) is small
enough (for example (K —S(t))e" ™ > K) it is not optimal for the owner of
the American put to retain this security until the termination date 7. Thus
Axiom 1 does not apply in this case.

Example 1.1.2. Suppose a portfolio A consists of a long position in an
American call with strike Ky and termination date 7" and a short position in
an Amercan call on the same underlying asset and termination date but with
strike K; > Ky. Suppose the portfolio owner decides to exercise the long as



soon as his counterparty exercises the short. As (S(A\)—Ky)™ > (S(A)—K;)™"
for all \ it is tempting to conclude that C(t, S(t), Ko, T)—C(t,S(t), K1,T) >
0. However, this is not an immediate consequence of Axiom 1 but will follow
from Theorem 1.1.3 below.

Theorem 1.1.1. Suppose t < T is the present time and let A and B be
portfolios not containing any American options.

(a) If VA(T) = 0, then VA(t) =0.

(b) If Va(T) = Vp(T), then Va(t) = Vi(t).

(C) ]f VA(T) Z VB(T), then VA(t) Z Vg(t).

PROOF (a) Axiom 1 implies that V4(¢) > 0. Moreover, V_4(T") = —V4(T)
0 and Axiom 1 yields V_4(¢) > 0 or —V4(t) > 0. It follows that VA( ) =
and Theorem 1.1(a) is proved.

(b) Part ( ) yields V4_g(t) = 0 and the result follows from the relation

Va-s(t) = Va(t) — Vs(t).
(¢) The proof follows in a similar way as the proof of Part (b).

0

Theorem 1.1.2. (Put-Call Parity) If ¢t <T and 7 =T —t, then

S(t) — ct, S(t), K,T) = Ke™'™ — p(t, S(t), K, T).

PROOF Consider a portfolio A consisting of a long position in the stock,
a long position in the European put on S with strike K and maturity 7', a
short position in the European call on S with strike K and maturity 7', and
a short position in the bond corresponding to K /B(T") units. Then

VA(T) = S(T) + (K — S(T))*" — (S(T) — K)* %Bm.

Thus if S(T') > K,

Va(T) = S(T) + 0 — (S(T) — K) — K =0



and if S(T') < K,
Va(T) = S(T)+ (K - S(T)) —0—-K =0
and Theorem 1.1.1(a) implies that V,4(¢) = 0, that is,
S(t) +p(t, S(t), K, T) — ¢(t,S(t), K,T) — Ke™ '™ =0

which is equivalent to the call-put parity relation.

A reader who prefers to avoid short positions in the proof of Theorem
1.1.2 can base the proof on Theorem 1.1.1(b) instead. The details are left to
the reader.

Regarding Theorem 1.1.2 and the next theorem recall that the stock does
not pay dividends. In this case the next result says that it is never optimal
to exercise an American call before expiry. Note however that Chapter 7.2
shows that it may be optimal to exercise an American call option before the
maturity date if the underlying asset pays dividends.

Theorem 1.1.3. If t < T,
Ct,St), K, T)> S(t)— K
and, as a consequence,
C(t,S(t), K, T) =c(t,S(t), K,T).

Moreover, the map

T = c(t,S(t), K,T)

18 increasing.

PROOF Since K > Ke™"" and p(t, S(t), K,T) > 0 the Put-Call parity gives
c(t,S(t), K,T) > S(t) — K.

As in Example 1.1.1 one proves that C(t,S(t), K,T) > ¢(t,S(t), K,T) and
hence, C(t,S(t), K,T) > S(t) — K. As a consequence, it is not optimal to
exercise the American call at time ¢t < 7.
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Suppose the portfolio A is long one European call option with maturity 75
and strike price K and short one European call option with maturity 77 and
strike price K, where T, > 17 > t. The put-call parity gives, as above,
that C(Tl,S(Tl),K, Tg) > S(Tl) — K and therefore C(Tl,S(Tl),K7 Tg) >
c(Th, S(TY), K,T1). Thus, V4(T1) > 0 and the dominance principle implies
Vu(t) > 0 for t <T). Hence

c(t, S(t), K, Ty) > c(t, S(t), K, T1)

and the proof is complete.

A real-valued function f defined on an interval [ is said to be convex if

f0z+ (1—0)y) <Of(z)+ (1—0)f(y)

for all z,y € I and 0 < 6 < 1. An affine function f(x) = ax + b is convex and
so is the maximum of two convex functions f; and f, defined on the same
interval /. To prove this claim, define h(z) = max(fi(2), f2(z)), when z € I.
Nowifz,y e I and 0 < 0 < 1,

SOz + (1= 0)y) < Ofi(x) + (1 —0)fu(y), k=1,2
and, consequently,
fr(0x + (1 = 0)y) < O0h(x)+ (1 —0)h(y), k=1,2

and
h(0x + (1 —0)y) < Oh(x) + (1 — O)h(y).

In particular, the payoff functions g.(s) = max(0, s—K) and g,(s) = max(0, K —
s) are convex functions of s for fixed K and convex functions of K for fixed
5.

Theorem 1.1.4. The maps
K —¢(t,S(t),K,T), K >0

and
K —p(t,St),K,T), K>0



11

are convex.

PROOF Suppose Ky, K1 > 0 and 0 < # < 1. Consider a portfolio A con-
sisting of a European call on S with strike K + (1 — 0) Ky and maturity 7'
and a portfolio B consisting of # units of a European call on S with strike
K, and maturity 7" and, in addition, (1 — @) units of a European call on S
with strike Ky and maturity 7. Then, since the function f(x) = (S(T)—z)*
is convex, we get

VA(T) = (S(T) = (K1 + (1 = 0)Ko)) "

< O(S(T) — Ky)* + (1= 0)(S(T) — Ko)* = V(T).
Hence, by Theorem 1.1.1(c), V4(t) < Vi(t), that is,

c(t, S(t), 0, + (1 — 0) Ko, T) <

Oc(t, S(t), K1, T) + (1 — 0)c(t, S(t), Ko, T).

The convexity in the strike price K of the put price p(¢, S(t), K, T) is proved
in a similar way or, alternatively, follows from Put-Call Parity and the first
part of Theorem 1.1.4.

Finally, in this chapter, we will discuss forward contracts on S. First
consider a derivative with payoff function ¢g(s) = s — K and termination date
T. If A is a portfolio with one stock and a short position in the bond of
K/B(T) units, V4(T) = g(S(T')). Hence V(t) = Hgs(r)(t), that is

Hy(s(ry(t) = S(t) — Ke™'™.
If K is chosen such that Ilys(r))(t) = 0, we find that
Stoe(t) = S(t)e.

A forward contract on a foreign currency, say US dollars, is of a slightly
different nature. Let £(¢) denote the exchange rate at time ¢. That is, at time ¢
the value of 1 US dollar equals £(¢) Swedish crowns. First consider a contract
with the maturity date T'" which gives the holder the right and obligation to
buy one US dollar at the price of K Swedish crowns. At maturity the value
of this contract equals

Y =¢T)-K
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Swedish crowns. In the following we assume the US interest rate 7 is strictly
positive and constant and let By(t) = B(0)e"* be the price in US dollars of
a US bond. Then the process

S(t) = Br(t)s(t), £ =0
can be viewed as the price process of a traded Swedish security. Indeed, we

may exchange Swedish crowns to US dollars, buy the US bond, and when
selling the US bond exchange the cash to Swedish crowns. Now

(S(T) = Bf(T)K)

and we get
1

() = By(T)

If K is chosen such that Iy (¢) = 0, K is called the forward price on the US
dollar with delivery date 7" and K is denoted by §?Or(t). Thus

(S(t) = Bp(T)Ke™™).

5,0 () = £(1)er .

To check this price, at time ¢ we borrow the amount {(t)e™"/7 crowns
in a Swedish bank and buy e~"/"/By(T") units of the US bond.The value of
the bond has grown to 1 US dollar at time 7" and the amount of debt in
the Swedish bank to &(t)e("~"7)™ Swedish crowns at time 7". This means that,
today at time ¢, we are certain to obtain 1 US dollar at the delivery date T’
at the price of £(t)e" /)7 Swedish crowns.

A futures contract is similar to a forward contract but the trading takes
place on an exchange, and is subject to regulation.

Exercises

Below it is assumed that the Dominance Principle holds.
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1. Suppose AK > 0. A butterfly spread on call options pays at the
maturity 7' the amount

max(0, S(T)—K—-AK)—2max(0,S(T)—K)+max(0,S(T)-K+AK).
Show that the value of this option is non-negative at any point of time.

2. Consider a model where S(t) = B(t) for all t > 0. (a) Prove that
c(t,S(t), K,T) = 0 if S(0)e’” < K. (b) Suppose K < S(0)e". Prove
that p(t,S(t), K,T) = 0. (c) Prove that P(¢,S(t), K,T) > 0 for small
t>0if S(0) < K.

3. The price of a contract at time ¢t is N units of currency and it pays at
the maturity date 7' > ¢t the amount

N +aN(S(T) — K)*.

Show that
1— efr(Tft)
“T d(tSM). K, T)

if ¢(t,S(t), K,T) >0 and N # 0.

4. Suppose H is the Heaviside function, i.e. H(z) = 0 if x < 0 and
H(z) =1if x > 0, and, moreover, suppose K, AK are positive numbers
such that K — AK > 0. A digital call option with cash settlement has
the payoff function

Yo = H(S(T) - K)

and a digital call option with physical settlement has the payoff function
Yi=S(T)H(S(T) - K).

Digitals option are also known as binary or bet options. Below we
assume that the contracts are of European type.

a) Show that
c(t,S(t), K,T) —c(t,S(t), K + AK,T) < AKTly,(t)

< e(t,S(t), K — AK,T) — c(t, S(t), K, T).
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and conclude that

My (1) = — e (6, 5(0), K, T),

if the derivative exists.
b) Show that

Oy, (t) = e(t, S(t), K, T) + KIly,(t).

. Suppose Ky < K;. Show that

c(t, S(t), Ky, T) < e(t, S(t), Ko, T)

and conclude that

—c(t 1), K, T) <0
et S0, K.T) <
if the derivative exists.
. Prove that
c(t, S(t), K, T) < S(t)
and

lim c(t,S(t), K,T) = S(t).

T—oo

. Suppose Ky < K;. Prove that

C(t, S(t),Kl,T) > C(t7 S(t), Ko,T> - 67TT<K1 - Ko)

and 5
a—KC(t, S(t), K) > —e 7
if the derivative exists.
. Show that
li t.S(t), K)=0.
ﬂﬁfb(%)
. Show that 5 5
Eit,s, K, T) — L(t,s, K, T) =1

O0s

if the derivatives exists.

O0s
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11.

15
Suppose tg < T and n € N,. Set h = %(T — to) and t; = to + ih,

1 = 1,...,n. Moreover, suppose K > 0 and consider two European
derivatives on S with time of maturity 7" and payoffs

1 n
Y, = — 3" s() -
. = max(0, P S(t;)

and
Y, = (0, K — E
max( n+1 =
respectively. If ¢ € [t,,—1, t,,[, show that
m—1
e T 1— e—r(n—m—i—l)h S(t)
S(t; — 1Ly (¢
+1 4 )+ — =1~ el

=Ke ' — Hyp (t)

Find a similar formula if ¢ < ¢;. The contracts Y, and Y, are usually
referred to as Asian call and put options.

Below 0;, i = 0,...,n, are positive numbers such that >360; = 1.

a) Show that if f is convex function on I and z; € I, 7 =0, ...,n, then
f(E0ix:) < XG0, f ().

b) Show that a geometric mean is smaller than or equal to an arithmetic
mean, i.e. show that if a; > 0,7=0,...,n, then

c¢) Consider the payoff functions
Y, = max(0, 135 (t;)" — K)

and
Y, = max(0, X(0,5(t;) — K),

where o < t; < ... <¢, <T and K > 0. Show that if ¢t < ¢, then

Ty, (t) < Ty, () < c(t, S(t), K, T).
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12. Let t < T and N € N.. Set 7 =T —t, h = 7/N, and t,, = t + nh,
n =0,..., N. A financial contract has the following description: at each
point of time ¢,,_; the holder of the contract gets a forward contract on
S with delivery date ¢,, and, furthermore at time ¢,, the holder’s saving
account adds the amount S(t,,) — S}Zr(tn_l) forn =1,..., N. Prove that
the sum of the depositions will grow to the amount S(T') — S},.(t) at
time 7.

1.2 Problems with solutions

1. Find a portfolio consisting of European calls and puts with termination
date T such that the value of the portfolio at time 7" equals

Y =min(K,| S(T) — K |).

Solution. By drawing a graph of Y as a function S(7T') we get Y = (K —
S(T))* + (S(T) — K)* — (S(T) — 2K)*. Thus a portfolio with long one
European put with strike K and expiry 7', long one FEuropean call with
strike K and expiry 7', and short one call with strike 2K and expiry 7' will
satisfy the requirements in the text.
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CHAPTER 2

The Binomial Model

Introduction

In this chapter we will study the so called binomial model introduced in 1979
by Cox, Ross och Rubinstein [C RR] och Rendleman och Bartter [RB].

The binomial model in 7" periods is a discrete time model where the time
index ¢ belongs to the set {0,1,...,7} . The model has two underlying assets,
a stock with strictly positive price S(t) at time ¢ and a bond with strictly
positive price B(t) at time ¢. The bond price dynamics is given by

B(t+1)=B@t)e, t=0,1,...,T -1

where 7 is a positive constant called interest rate. To explain the stock
price dynamics, we suppose u and d are given reals such that v > d and let
X1, ..., X7 be independent identically distributed random variables such that

pu:P[Xt:u]v
pd:P[Xt:d]

and
pu+pd:17 0<pu<1-

In this presentation, for simplicity, it will be assumed that the event
[Xi ¢ {u, d}]
never happens for any t. The stock price dynamics is defined by
S(t+1)=S(t)e**, t=0,..,T — 1.

Above we have chosen a set up of the binomial model, which will make
the step to the famous Black-Scholes model as simple as possible.
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2.1. The Single-Period model

Let h = (hg, hp) be a portfolio consisting of hg units of the stock and hp
units of the bond. The portfolio value at time ¢ is given by

Vi(t) = hsS(t) + hpB(t).
The portfolio A is called an arbitrage portfolio if
Vi(0) =0, V4(1) >0, and E[V4(1)] >0
or, stated otherwise,
Vi(0) =0, V4(1) >0, and V,(1) #0

(here recall, if X : Q@ — R is a function the inequality X > 0 means that
X(w) > 0 for all w € © and the relation X # 0 means that X (w) # 0 for
some w € ). More explicitly, h is an arbitrage portfolio if

hsS(0) + hpB(0) =0
and

hsS(O)e“ —+ hBB(O)eT Z 0
hsS(0)e? + hpB(0)er > 0

where strict inequality occurs in at least one of these inequalities.

Theorem 2.1.1.  There exists an arbitrage portfolio in the single-period
binomial model if and only if

r & |d,uf.

PROOF Suppose h = (hg, hp) is an arbitrage portfolio so that

hsS(0) + hpB(0) = 0
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and
hsS(0)e" + hpB(0)e" > 0
hsS(O)@d + hBB(O)lET Z 0

where strict inequality occurs in at least one of these inequalities. Then
heB(0) = —hgS(0)

and, hence,
hsS(0)(e* —e€") >0
hsS(0)(e? —er) >0
where strict inequality occurs in at least one of these inequalities. Then
hS%Oandith>0,
e —e" >0
ed —er > 0.

Thus r < d and r ¢ |d,u[. The case hg < 0 is treated in a similar way.
Conversely, suppose 7 ¢ |d, u[. Assume first r < d and choose hg = 1 and
hp < 0 so that
S(0) = (—=hg)B(0).

Then
hgS(0) + hpB(0) =0
and
hSS(O)e“ + hBB(O)GT >0
hSS(O)Gd + hBB(O)e“ Z 0
and it follows that h = (hg, hp) is an arbitrage portfolio. The case r > u is
treated in a similar way.

Next we enlarge the single-period binomial model by adding a derivative
security of European type paying the amount Y = ¢(S(1)) to its owner at
time of maturity 1. Here the so called payoff function g : {S(0)e*, S(0)e?} —
R is a deterministic function. What is a natural price IIy (0) of this derivative
at time 07

To simplify, set f(z) = g(S(0)e”), © € {u,d} and note that Y = f(X).
In the next step we try to find a portfolio h = (hg, hpg) consisting of hg units
of the stock and hp units of the bond which replicates the derivative, that is
Vi(1) = f(X) or, what amounts to the same thing,

hsS(0)e" + hpB(0)e" = f(u)
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and
hsS(0)e? + hpB(0)e" = f(d).

From these equations we have

fu) = f(d)

eu_ed

hsS(0) =

and
—ef(d) = el flu)

eu_ed

hBB<O) =€
In particular, the quantities hg and hp are unique and
Vi(0) = hgS(0) + hpB(0)

= e " [quf(u) + qaf(d)]

where
er — et
q g
u et — ed
and
et —¢e"
qq = .
ev — ed
We define

Iy (0) = Vi(0) = " [quf(u) + qaf(d)] -
Clearly, II51)(0) = S(0) as

S(0) = e7"(que"S(0) + gaeS(0))

or
que® + qget = €.

Suppose the model is free of arbitrage, which depending on Theorem 2.1.1
means that v > r > d. Then ¢, > 0, ¢; > 0 and ¢,+ ¢4 = 1 and the numbers
¢» and g4 are called martingale probabilities. Moreover, if we go back to the
derivative above with payoff Y and recall that V(1) = Y we conclude that
the enlarged model is free of arbitrage in the following sense:

if z,y and z are real numbers satisfying

zS(0) + yB(0) + 211y (0) =0
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then the following cannot occur

zS(1)+yB(1) 4+ zY >0 and 2S(1) + yB(1) + 2Y # 0.

Example 2.1.1. Suppose u > 0 > d. A derivative has the payoff

S(0) 4+ S(1)

Y = 0
max(0, 5

—5(0))

at time of maturity 1. We want to determine its price at time 0. To this end
set S(0) = s so that

S(1) = se*
and
Y = max(0, = (S(1) — S(0)) = smax(0, = (e* — 1)) =405 f(X).
Now 5
fw) =2~ 1)
and
f(d)=0
Thus s
Iy (0) = e_rqu§(e“ -1)
se” " e —el s 1—edr
T2 <€u_1)e“—ed :§< = et —ed

Example 2.1.2. Suppose d < 0 < r < u and consider a call with the payoff
Y = (S(1)—S(0))* at the termination date 1. We want to find the replicating
strategy of the derivative at time 0. To solve this problem let S(0) = s and
S(1) = seX, where X = u or d. If (hg, hg) denotes the replicating strategy
at time 0 we have

hgse" + hgB(0)e" = s(e* — 1)

and
hsse’ + hpB(0)e" = 0.
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From this it follows that

hgs(e® —e?) = s(e* — 1)

and v q
e JR—
hs = ol
Moreover, we get
1 sed 1 —ev
h — hgsed™" = —— :
b B(0) S5 B(0) ev — ed

Exercises

1. A derivative has the payoff function
g(s) = max(0,s — K)
where
S(0)e? < K < S(0)e".
Suppose the portfolio h = (hg, hp) replicates the derivative. Show that

hg >0 and hg < 0.

2. Suppose
S(0)ed < K < S(0)e"

and consider a put of European type with the payoff Y = (K — S(1))*
at the termination date 1. Find the replicating strategy of the derivative

at time 0. (Answer: <= s’ K ynits of the stock and f;&); I;__S:; units of

S(0) ev—ed
the bond)

3. (A-hedging) Assume u > r > d and consider a derivative with payoff
Y = f(X) at time 1. Choose a portfolio D consisting of the derivate
and —A units of the stock, where A is chosen such that Vp(1) is deter-
ministic.

(a) Prove that
A )~ (@)
S(0) (e —e)
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and, hence,
VD<1) = VD(O)GT.

(b) Give a new motivation of the definition
Iy (0) = e™"(quf (u) + qaf(d)).

. Suppose X is a Rademacher distributed random variable, that is

Find all A € R such that
E [(a + )\bX)ﬂ <(E [(a + bX)ﬂ)2

for every a, b € R.

. Suppose d < r < u and consider a call with the payoff Y = (S(1)— K)*
at the termination date 1, where S(0)e? < K < S(0)e*. (a) Find the
call price I1y(0) at time 0. (b) Prove that e="Y > IIy(0) if and only if
S(1) = S(0)e.

2.2. The Multi-Period Model

Set X = (X, ..., Xr) and
{u,d}" ={z; = (z1,..,xr) and 2y, =uwor dfort =1,...,T}.

The set {u,d}” has 27 elements. The range of X may be represented
by a 27 x T matrix here denoted by R%, where the rows correspond
to the different realizations of X. Thus

" U
= (4)
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QU
QA & a s

ud
Ry" =

Ry = (
U
[
u
u
d
d
d
d

QLA & aa e g
QA8 AR acg a s

and so on.
Since the random variables X, ..., X7 are independent

P [Xl =T, '--7XT = :CT] :pxl . .pr

if z1,...,x7 = u or d. Therefore if f : {u, d}T — R,

E[f(Xy,... Xp) = Y f(@,.n2r)P Xy =21, .., Xp = 27]

= Z F(Z1y ooy ) Pay * v * Py
Below we will often meet a sum of the type

Z f(xlw"vxT)q:El C e Qg

where ¢, and ¢4 are as in Section 2.1.1 and it is convenient to introduce the
notation

EOf (X1, Xp)l = > f@1, ) ey g

Next recall the stock price dynamics introduced in the Introduction of
this chapter. Since
S(t) — S(0>6X1+...+Xt
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the stock price at time ¢ is a deterministic function of Xi,..., X; and it is
sometimes useful to indicate this by writing

S(t) = S(t: X1, ..., Xy).

A sequence h = (hg(t),hp(t))L, of real numbers is called a portfolio
strategy (or, for short, strategy) if h(0) = h(1) and h(t) is a deterministic
function of Xj, ..., X;_; for every ¢t € {1,...,T}. If so, we sometimes write

h5<t) = hs(t; Xl, cees Xt—l)

and
hB(t) = hB(t, Xl, ceey Xt—l)-

The corresponding value process Vj, = (V;,(t))L, is defined by
Vi(t) = hs(t)S(t) + hp(t)B(t), t =0,1,..,T.
Since V},(t) is a deterministic function of Xj, ..., X;, we will often write
Vi(t) = Vi(t: X1, ooy X0)

fort=0,...,T.

We have the picture that a portfolio strategy h = (hs(t), hp(t)){, is an
investment consisting of hg(t) units of the stock and hp(t) units of the bond
in the ¢ : th period for t = 1, ..., T. Therefore, if

Vi(t) = hs(t +1)S(t) + hp(t+1)B(t), t =

L
the strategy is said to be self-financing. Since h(0) = h(1) the latest relation
is also true for t = 0, that is,

T —1

V3,(0) = hs(1)S(0) + hi(1)B(0).

Theorem 2.2.1. If h = (hs(t),hp(t))L, is a self-financing portfolio strat-
€qy,
Vi(0) = e Z Gy ooe Qo V(T 21, oy Tr)

that s,
Vh(o) = eirTEQ [Vh<T7 X17 s XT)]
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" Vi(0) = e T EQ [Vi,(T))].

PROOF The case T' =1 is treated in Section 2.1. Now suppose T > 2 and
Theorem 2.2.1 is true for 7' — 1 periods. Moreover, let h = (hs(t), h(t))L,
is a self-financing portfolio strategy. Then, since

Va(1) = hs(2)S(1) + hp(2) B(1)
we get from the induction assumption that

Vi(1; X)) = e @70 Z Quy * o Qo Vi (T3 X1, 209, ... 7).

But

and it follows that

Vi(0) =e™" Z 0y {e‘T(T_l) Z Qg * o " Qug Vi (T 21, 29, ...,xT)}
2

r1=u or d

=e T Z Quoy * o Qo Vi (T 21, 0, ).

T1,...,L7=u OT d

This concludes the proof of Theorem 2.2.1.

A self-financing strategy h = (hs(t), hp(t))L, is said to be an arbitrage
strategy if

Vh(O) = 0, Vh(T> > 0, and F [Vh(T)] >0

or, stated otherwise,

Vh<0) = O, Vh(T) 2 O, and Vh(T> 7é 0.

Theorem 2.2.2. There exists an arbitrage strategy if and only if

r & |d,uf.
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PROOF First suppose r ¢ |d,u[. By Theorem 2.1.1 there is an arbitrage
strategy in the first period. At time 1 the corresponding portfolio is rebal-
anced and its total value is invested in the bond until time 7'. Clearly, this
gives us an arbitrage portfolio.

Next assume r € |d,u[ and consider a self-financing portfolio strategy
h = (hs(t),hg(t))L, with V;,(0) = 0 and V,(T) > 0. Then, by applying
Theorem 2.2.1,

0=e "t Z Qg -Qug Va(T5 21, .y T7)

Z1,...,Lp=u OT d

However, if u > r > d, then ¢, > 0 and ¢; > 0. Hence V,,(T") = 0, which
completes the proof of Theorem 2.2.2.

From now on it will always be assumed that the model is free of arbitrage,
which equivalently means that v > r > d.

Suppose g : {S(0)eF+T=Rd; | =0,.., T} — R is a function. A deriva-
tive paying the amount Y = ¢(S(T')) to its owner at maturity 7" is called a
simple derivative of European type and the function g is called payoff func-
tion. If the payoff Y at time T is a deterministic function of the stock prices

S(0), S(1), ..., S(T)

we speak of a contingent claim of European type. For example, a contract
ensuring the owner to buy the stock at the lowest price during the time points
{0,1,..., T} is equivalent to a so called lookback option with the payoff

Y =S(T) te{(I)I,}lfl.,T} S(t)
at time T'

The payoff of a contingent claim of European type may be written ¥ =
f(Xy, ..., X7) for an appropriate function f : {u,d}’ — R. What is a natural
price Iy () of this contingent claim at time ¢?

We define I1y (T") = Y. Next suppose ¢t < T and that IIy(j) has already
been defined as a deterministic function of X;,...,X; for j = T, ...t + 1.
To complete the definition of Ily- we have to define Ily () as a deterministic
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function of Xy, ..., X;. To this end we note that there exists a unique portfolio
(hs(t+1),hp(t+1)) in the (t+ 1) : th period, only depending on Xj, ..., X},
which replicates a derivative with payoff IIy (¢ + 1) at time ¢ + 1. To be more
precise, let

H%(t + 1) = HY(t + 1)|Xt+1:”u

and
HdY<t + 1) = HY<t + 1)|Xt+1=d'
Then ( ) d( )
et +1) -1 (t+ 1
he(t + 1)S(t) = =X Y
s(t+1)S() -
and

eI (t+ 1) — edTIE (¢ + 1)
6u_ed

hy(t+1)B(t) = e

where, as usual,

e’ — et
qu = ot _ od
and
e' —e"
U= o
Hence

Iy (t) = e (quIly (t + 1) + qulIy (t + 1)).

Finally, define h(0) = (hg(0),hp(0)) = h(1) so that V,(¢) = IIy(t) for all
t =0,1,...,T. The above construction gives a self-financing portfolio strategy
h with

Vi(T)=Y

and we say that h replicates the derivative in question. Since every contingent
claim of European type is replicable the model is called complete. Note also
that

My (0) =e "TE[Y]

in view of Theorem 2.2.1.

Exemple 2.2.1. Suppose u >7r >0,d = —u, T =2, and

Y = max(S(0), S(1), S(2)).
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We want to determine Iy (0) and to this end let S(0) = s and remember
that
S(t+1) = S(t)eXt“, t=0,1.
To simplify, let v(t) = Iy (¢) and we obtain
'U<2)\X1=u,X2:u — max(s, Seu’ S€u+u) —_ 862u
U(2>\X1=U,X2:d — max(s, S@u, Seu-‘rd) — gev

0(2)|x,2d,x,—u = max(s, se?, sedt) = s
V(2)|x,=d,Xo=d = Max(s, sed, sedtd) = s
and
U<1)\X1:u - €7T<Qu862u + queu)
v(1)x,=a = €' (qus + qas) = e "s.
Hence

HY(()) =e " {que_r(qusezu + QdS€u> + qde_rs}

2u

= s {qne™ + qugae” + qa}

where, as usual,
e’ — et

Quzeu_edzl—qd.

Example 2.2.2. Suppose u > r > d and T = 2 and consider a European
derivative with the payoff Y at time of maturity 7" = 2, where

Y _ 0, lf Xl — X2
"] 1, otherwise.

We want to find IIy(0) and hg(0). To this end set v(t) = [y (¢) and

er — el
qu = " - = 1 [— qd
et —e
Then
U<2)\X1=u, Xo=u — 0
V(2)1x,=u, Xo=d = 1
U(2>\X1:d, Xo=u — 1
U<2)\X1:u7 XQ:u - 0
and

v(D)ixi=u =€ (qu 0+ qa-1) =€ "qq
v(1)ix,=¢ =€ "(qu-14+q4-0) = e7"qu.
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Hence
Iy (0) = v(0) = e "(que™"qa + qae”"qu) = 26> quqa.

Futhermore, as h(0) = h(1),

or

and it follows that

Again consider a contingent claim of European type with the payoff Y =
f(Xy, ..., Xr) at time T and choose a replicating portfolio strategy h so that
Vi(T) =Y. Then, by Theorem 2.2.2,

To simplify this formula set

Ry = (aji)i<j<om n<her -
Moreover, let r; be the j : th row of the matrix R}, let
b= (u—dyr; +[d...d

and let n; number of u : s in the vector b;, that is
T
nj = Z ajk
k=1
for j =1,...,27. Then

2T
My (0) =T gy ™ f(by).
j=1
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Here the sum in this series contains 27" terms, which is an extremely large
number even if 7' is of a rather moderate size.

A simple derivative with payoff Y = ¢(S(T")) = g(S(0) exp(Xi+...+X71))
is much simpler to handle numerically. Since there are

sequences of length T' that have exactly k u : s, we have

T
r T wt (T—
0)=e TZ( ; )QSq§ Cg(S(0)ek 1),
k=0

Setting 7 =T — t, note that
Iy — e r(T—t) Z < > qﬁq; k <S<t)eku+(rfk)d)

which implies that IIy(¢) is a deterministic function of S(¢). In connec-
tion, with computations it is often preferable to proceed recursively. Writing

Iy (t) = v(t, 5()),
v(T, S(0)erHT=Rdy — 4(S(0)eketT=hdy L =0, .. T
and for every t =T —1,...,1,0,
u(t, S(0)ekutt=hdy

= " (quu(t + 1, 5(0)eFHDuHE=RA) 4oyt 4 1, 5(0)ekutE+1-R)Y)

for k =0,...,t. We get I1y(0) = v(0,.5(0)).
Next let k € {0,...,T} be fixed and define

[ 1ifS(T) = S(O)ek HIT—k)d
ADy, = { 0 if S(T) # S(0)ekut(T=k)d

so that
(T k T—k
Il4p,(0) =e e ) Qs
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The quantities II4p, (0), & = 0,1,..., T, are called the Arrow-Debreu prices.
For a simple derivative of European type with payoff Y = ¢(S(7")) at time
of maturity 7,

My (0) = ) Iap, (0)g(S(0)e™ =01

(the Arrow-Debreu prices serve the same role a Green function in mathemat-
ical physics).
Finally in this section we consider so called American contingent claims.
For any t = 0,1, ..., T, suppose Y; is a deterministic function of X1, ..., X;
given by the equation
Y, = ft(Xb ---,Xt)

where

fe - {u,d}' = R.

Here Yj is a real number known at time 0. A contingent claim of American
type with payoff process Y = (Y;)Z, gives its owner the right to exercise the
contract at any time point ¢t € {0,1,...,T} and, if so, the contract pays the
amount Y; to its owner and expires at the same time. What is a natural price
I1y (¢) of this derivative at time t7 As above we will make use of the notation

Hl}i(t + 1) = HY(t + 1)|Xt+1:u

and
N9 (t+ 1) =y (t + 1)1x,,,—a-

First we define Iy (T")) = Y. If
e (quITy(T) + @y (T)) > Yy

it is not optimal for the owner to exercise the derivative at time 7' — 1. We
therefore define

Hy(T — 1) = maX(YT,l, €7T(quH$ (T) + Qng/ (T))
and, in general,

Iy (t) = max(Y;, e " (g% (t + 1) + qalI (¢ + 1)), t =T, T — 1, ..., 0.
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Again, in many interesting cases it is impossible to compute IIy (0) since
27 is an extemely larege number even if T is of a rather moderate size.
The situation is much simpler if each Y; is a deterministic function of S(t).
Introducing
Y, = g:(5(1))
we find that Iy (¢) is a deterministic function of function v(¢, S(t)) of (¢, S(t))

and
(T S( ) ku+(T— k)d) gT(S<O)€ku+(T—k)d)7 k=0,..T.

Moreover, for every t =T —1,...,1,0,
u(t; §(0)ekur(t=k)d)
equals
max(g;(S(0)eF R o= (g u(t+1, S(0)ek+H DR Loy (141, §(0)ekur(HHI=hIdY)
for each £k =0, ..., ¢

Exercises

1. A European derivative pays the amount Y at time of maturity T = 2,

where
v [0 X =X
| 1, otherwise.

(a) Find the price IIy(0) of the derivative at time zero. (b) Suppose
(hs(t), hp(t))L, is a self-financing portfolio which replicates the deriv-
ative. Find hg(0).

2. Suppose T' = 2 and consider a contingent claim of European type with
the payoff )
Y = max(0, (5(0)5(1)5(2))s — K)

at time of maturity 2, where K is a real number satisfying
S(0)e? < K < S(0)es*+id,
Show that
Iy (0) = e [S(0)g3e" + S(0)quga(e™ 5" + e5"+5%) — gu(1 + q0) K | .
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3. Suppose T' = 2 and consider a contingent claim of Furopean type with
the payoff

1
max <O, 5(5(0) +S(1)+ 5(2)) — K)
at time of maturity 2, where K is a real number satisfying

_Sé()) (1+el 4+ < K < _SE))O) (14 e 4 vt ),

4. A contingent claim of European type pays

Y=5T)— min S(t)

te{0,1,....T}
at time 7. Find I1y(0) if u = —d = 0.1, r = 0.05 and
(a) T =1 (Answer : 0.0731 S(0))
(b) T'= 2 (Answer: 0.124 S(0))
5. Suppose u > r > 0 > d. A contingent claim of European type and

termination date 7" has payoff Y = S(T) if S(0) < S(1) < ... < S(T))
and Y = S(0) otherwise. Find IIy(0).

(Answer: e~'T {1 + ( jZZZZ)T (e — 1)} S(0))

6. Let h = (hs(t),hp(t))L, be a portfolio strategy. The gain process
(G(t))L, is defined by G(0) = 0 and

G(t) = hs(1)(S(1) = S(0)) + ... + hs(t)(S(t) — S(t — 1)
+hp(1)(B(1) — B(0)) + ... + hp(t)(B(t) — B(t — 1))

for t =1,...,T. Prove that h is self-financing if and only if

Vi(t) =Vi(0) + G(t), t=0,...,T.

2.3 Problems with solutions
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1. (The binomial model with u > 0, d = —u, r = %u, and T' = 2). Suppose
glx) = 1if x = 0 and g(z) = 0 if = # 0. A derivative of European type
has the payoff ¢(S(T") — S(0)) at time of maturity 7. (a) Find the price of
the derivative at time 0. (b) Suppose the strategy h replicates the derivative.
Find hg(0). The answers in Parts (a) and (b) may contain the martingale
probabilities g, and qg.

Solution. (a) We have

e — e e — €
Qu = u d_ u —u
e” —e€ e” —e€
and
. eu_eu/Q
qd = _qu_eu_eiu

Thus if v(t) denotes the price of the derivative at time ¢,

U(2)|X1 =u,Xo=u 0
0(2)\ —d Xo=u = 1
/U(2>‘X1 dX2 — 0
and
U(l)|X1:u = e—T<qu0+qd1) — e—rqd
v(1)ix,=a = € "(qul + q0) = e "qu.
Now

v(0) = e "(que " + qae”"qu)
= 2¢ %" q,qq = 2¢ " quqa-
(b) Recall that h(0) = h(1) and
h,g(l)S(O)Gu + hB(l)B«))@T = €_qu
hs(1)S(0)ed + hp(1)B(0)e" = e "q..

Hence
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2. (The single-period binomial model with p, = %) Suppose X = In S

5(0)
Show that
u = E[X]+ +/Var(X)

and

d=E[X]—+/Var(X) .

Solution. We have ) .

EX]= Jut §d
and
E[XY = tur 4 L2
2 2
Consequently,

and it follows that

1 1 1
E[X]+ +/Var(X) = §u+§d+ §(u—d) =u
and
EX] = /Var(X) = ~u+ sd— *(u—d) = d
r =gutgd—35(u =
3. (Binomial model) Suppose d = —u and ¢” = i(e" + e?). A financial

derivative of European type has the maturity date 7" = 4 and payoff ¥ =
f(X1+ Xo+ X3+ Xy), where f(z) =1 if x € {4u,0, —4u} and f(z) = —1 if
x € {2u, —2u} . Show that IIy-(0) = 0.

Solution. It follows that d < r < u and

e’ — e e —e”

Qu = qd-

et —ed v —ed
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Hence ¢, = q4 = % Furthemore,

Iy (0) = e Z ( : ) g f(ku+ (4 — k)d)

oy ( ! ) gt (2 — 1)

4. (Binomial model) Suppose T' = 3, u > r > 0, and d = —u. A derivative of
European type has the payoff Y at time of maturity 7', where

Y:{ 1, it X7 = Xo = X,

0, otherwise.

Find Iy (0) (the answer may contain the martingale probabilities ¢, and gq,
which must, however, be defined explicitely).

Solution. We have

e’f' _ e—u d eu _ e’l‘
Gu= o and ga = ————.

Introducing Iy (t) = v(t), it follows that

U(Q)\X1=u,X2=u = e_T(Qu -1 + qa O) = e_TQu
V(2)|x,=uxs=d = € "(qu-0+¢qs-0) =0
V(2)x,=d,Xo=u =€ "(qu -0+ ¢q4-0) =0

V(2)x,2d,xo=d = € "(qu-0+qa-1) =€ "qq

and
v(1) 1 x,=u = € (que "G+ qa - 0) = €72
v(1)1x,2a = € " (qu - 0+ que™"qa) = e "¢,
Thus

v(0) = e "(que '@ + qae " qy) = e (@ + 7).
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Alternative solution. We have Y = 1yg(g)esu,s(0)e-2u} (S(3)) and the derivative
is simple. Hence

3

L 3 B i
My (0) = e ) ( k ) 05 L 50y s 0y (S(0)eF BRI
k=0

L 3 e
=y (k)qZQ3k=63(Q§+QS)-

ke{0,3}

5. (The one period binomial model, where d < 0 < r < u) Consider a put
with the payoff Y = (S(0) — S(1))" at the termination date 1. Find the
replicating strategy of the derivative at time 0.

Solution: Let S(0) = s and S(1) = seX, where X = u or d. If (hg,hp)
denotes the replicating strategy at time 0 we have

hsse" + hgB(0)e" =0

and
hgse + hpB(0)e" = s(1 — ).

From this it follows that

hgs(e" —e?) = s(e? — 1)

and .
e —1
hS - ev — €d
Moreover, we get
1 se" " 1 — e
hg = ———hgse" " = —— .
i B(0) S5 B(0) e* — e

6. (Binomial model; T' periods, d < 0 < r < u) A financial derivative of
European type pays the amount Y at time of maturity 7', where

[ 03 S(T—1) < S(T)
Y—{ 1if S(T = 1) > S(T).
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Find a self-financing portfolio strategy h = (hg(t), hp(t))L_, which replicates
Y.

Solution. Set Iy (t) = v(t),

7‘_€d el

and ¢ = :
ev — ed ev — €d

r

€ — e

Gu =

We have U(T - ]_, X1 = T, ....,XT_l = (L’T_l) = e"”(qu -0+ qa 1) = €_rqd
for all zy,...,z7_1 € {u,d}. Hence

U(t) _ 6—(T—1—t)7“€—rqd _ 6—(T—t)rqd if 0 <t< T_1.

Now

-T
"qa

B(0)

if1<t<T—-1

hs(t;xq,...,x4—1) = 0 and hp(t;xq, ..., 24-1) =

and, as usual, h(0) = h(1). Moreover,

{ h5<T, L1y eeny IT_l)S(
hs(T, L1y eeny fL‘T_l)S(

ye' + hp(T;x1,...,xp—1)B(T — 1)e" =0

T—-1
T — el + hg(T;xq,...;xp_1)B(T —1)e" = 1

and we get

{ hs(T, xIy, ...,ZET_l) = —m

hp(T;y, ... xp-1) = W&,ed)'



40

CHAPTER 3

Review of Basic Concepts in Probability

Introduction

If you intend to buy a share of a stock at time 0 at the price S(0) and have
the time horizon T it is interesting to know the return

S(T) — S(0)

=50

of the investment during the time interval [0,7"]. However, R is not known
until time 7" and, before the investment, it is natural to view the return as
a random variable. In fact, probability seems to be an inevitable tool in
finance.

The purpose of this chapter is to recall some basic definitions in prob-
ability theory and to go a little bit further than in the previous chapter.
The approach is rather intuitive and will not be based on measure theory.
However, certain results stated below require measure theory for their proofs.

3.1 Basic Concepts

Consider a fixed sample space 2. An event is a subset of 2 and a random
variable is a map from 2 into the real numbers. The probability of an event
A is denoted by P [A] and the expectation of a random variable X by F [X].
If A is an event we define a random variable 1, by setting

1= 1 if A occurs
47 ) 0if A does not occur.

Thus
P14 =1] = P[4]
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and
P[l,=0]=1-P[A].

Hence
El4]=0-(1-P[A])+1-P[A] = PA].

If X is a random variable with a finite second order moment E [X?] < oo
it is interesting to note that F [| X |] < oco. Indeed,

E|X[|=E[ X[ Ix<y] + £ [] X [ 11x1]
<E[]+E[X?] =1+ E[X?] < o0.
Moreover, in this case, we define the variance of X by
Var(X) = E [(X — E [X])?]

and it follows that
Var(X) = E [X?] — (B [X])%.

The variance of X is a measure on how much X deviates from its expectation.
If ¢ is a real number X and X + ¢ have the same variance.
If a > 0, the important Markov inequality states that

1
Pl X |za < -E[X].
The proof is simple. First
1
Lixiza < — | X |

and by taking the expectation
1
E[ljxjzq] < B =] X|

which is the same as Markov’s inequality. In particular,

1
Pl| X |>al=P[X?>d®] < SE[X?].
a
Here assuming F [X?] < oo and replacing X by X— F[X], we get the so
called Chebyshev inequality

1
P[| X -FE[X]|>a] < ﬁVar(X) ifa>0.
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The distribution function of a real-valued random variable X is defined
by
Fz)=P[X <z], z € R.

Furthermore, the function
ex(6) = B[], ceR
is called the characteristic function of X. Note that
cx(0) =1.

For example, if X is a random variable with probability distribution
given by

then

1 . 1 .
cx(€) = 5625 + 56”5 = cos&.

Two random variables X and Y are said to have the same distribution if
they have the same distribution function or, equivalently, if

P[X e Aj=P[Y € 4]

for every set A which is a finite union of intervals. Moreover, by a fairly
deep theorem in Fourier analysis, this property equivalently means that the
random variables X and Y have the same characteristic function.

If X is a random variable with a density function f,

E [e’ﬁX} = /+00 e f(z)dx, € € R.

[e o]

In the special case when

M)

| —
@) = e

we write X € N(0,1) and say that X has a standard Gaussian distribution.
In this case

BIX] = /+°° +f(x)dz = 0
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and
Var(X)=F [(X - F [X])Q}

=E[X?] - (E[X]))? =1

A standard Gaussian random variable X has the distribution function

O(x) = / V2P zeR
—s0 V2

and the characteristic function
2
ex(§) =e 2

To prove the last claim first note that the Gaussian function

22

e 2, reR

is even. Hence

cx(€) = /_OO (cos (€x) +isin(éx)) e \;l;c_ﬁ

> o2 dx
:/oocos(fx)e N

and we get
d > d 2 d
d—fcx(f) :/Ood_fcos(fx) 6_2\/2%_

< 22 dx
= — 2 S11 xr)e 2 .
/ Casin(gr) e F L

Now by partial integration,

d
d_ch(@ = —ex(§)

that is, ;
£
d_§<e zex(§)) =0.

Since cx(0) = 1 it follows that

ex() =7,
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Suppose a € R and ¢ > 0 are given real numbers. A random variable X
is said to belong to the class N(«, 0?) if

X=a+0G
where G € N(0,1). Moreover, in this case
EX]|=«

Var(X) = o?

and
Cx(f) _ eiag—%a2£2 _ 6i£E[X}—%§2Var(X).

A random variable in the class N(«,c?) is said to have a Gaussian distribu-
tion with expectation o and variance o2.

A random variable X is said to have a uniform distribution in the interval
[a,b] if a < b and X possesses the density function

1 .
= ifa<a<b
f(ac)—{ Oifx <aorxz>h.

If X € N(0,1) the random variable ®(X) has a uniform distribution in the
unit interval [0, 1].
Two real-valued random variables X and Y have a density f if

Eg(X,Y)] = //g(x,y)f(rc,y)dxdy

for each function ¢ : R? — R such that gf is integrable. Here the double
integral may be evaluated by iterated integration,

J[ szt = [ ([ s@anis = [ ([ sy
A JB B JA
AxB
In particular, an event of the type [X € A,Y € B] has the probability

P[XGA,YGB]://f(m,y)dxdy

AxB

where A x B ={(z,y); v € Aand y € B}.



45

Suppose two real-valued random variables X and Y have finite second
order moments. Then, for any real numbers a and b,

E[(aX +0Y)*] >0

that is,
a’E [X?] + 2abE [XY] + V’E [Y?] > 0.

Hence
(aE [X?] +bE[XY])*+0*(E [X?| E[Y?| — E*[XY]) >0

and we get the so called Cauchy-Schwarz inequality,

| E[XY] < VE[XYVEY?].
Replacing (X,Y) by (1,| X |) yields

E[l X [[<VE[X?].

The covariance of two random variables X and Y with finite second order
moments is defined to be

Cov(X,Y)=FE[(X — E[X])(Y - E[Y])].
Note that
Cov(X,Y)=F[XY]-E[X]E[Y]
and
Var(X +Y) = Var(X) + 2Cov(X,Y) + Var(Y).
If, in addition,
Var(X) > 0 and Var(Y) >0
the correlation of X and Y is defined to be
Cov(X,Y)

oY) = R O Var (V)

We find it convenient to define Cov(X,Y) = 0 if either Var(X) = 0 or
Var(Y') = 0. If Cov(X,Y) = 0 the random variables X and Y are said to be
uncorrelated and if Cov(X,Y) > 0 (< 0) the random variables X and Y are
said to be positively (negatively) correlated.
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The correlation between two random variables is a measure of codepen-
dence for some distributions such as Gaussian, as shown below. However,
there are uncorrelated random variables that are not independent (see the
exercises in this section).

Example 3.1.1. Let U and V' be random varibles and suppose Var(V') > 0.
In many applications it is important to find an @ € R such that Var(U —
aV') < Var(U — zV) for every z € R.

To solve this problem set Uy = U — E'[U | and Vy =V — E [V]. We have

f(x) =gef Var(U — V) =FE [(Uo _ x‘/o)Q]
= E [Up?] = 22E [UgVp] + 2°E [Vo?]

5 L1Vl 2 _ (LUl
= (VETR = ) + B 0] = ()
Hence
min f = f(a)
where

_ EUV]  Cov(U,V)
- E[Vp?]  Var(V)

The real-valued random variables X1, ..., X,, have a joint density f if f > 0

and
Elg(X1,..., X / / g(x1, oy ) f (21, ooy 2y )y dy,

for each function g : R — R such that ¢ f is integrable, where the integration
in R™ may be evaluated by iterated integration. In particular, an event of
the type [X; € Ay, ..., x, € A,] has the probability

P[Xl GAl,.. X EA / /f T1y..3 T dl’l d.??n

A1 X...XApn

where A; X ... x A, ={(z1,...,2,); 71 € Ay, ..., x,, € A, } . Note that

/ /f X1y ey T )dxy...dxy = 1.
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A collection of random variables (X (t));er is called a stochastic process.
Below we will often write X; instead of X (¢). The index set T is called the
time parameter set and the map

t— Xi(w)

a realization, sample function, sample path, or trajectory of the process. Two
stochastic processes X = (X(t))er and Y = (Y(f))ser with the same time
parameter set are said to be equivalent in distribution if, for all ¢y, ....¢, € T
and n eN |

P[X(t)) € Ay, ..., X(tn) € A =P[Y(t1) € Ay, ..., Y (t,) € A,

where Ay, ..., A, are finite unions of intervals. Measure theory tells us that
this property is equivalent to

E eizzzlskmw] _E [eizzzlsmm}
for all &,...,¢, € R, t1,...,t, € T, and n €N,. Two stochastic processes
which are equivalent in distribution are often identified.
If X = (X(t))er and Y = (Y (t))ier are two stochastic processes with
the same time set 7" and such that X (¢) and Y (¢) have the same distribution
for every t € T, the processes X and Y need not be equivalent in distribution

(Exercise 14).
Suppose (X (t))er is a stochastic process. If

E[|X(t)]]<oo, teT
the expectation function « :7T— R of the process is given by
a=FE[X()],teT.
Here the process is said to be centred if a = 0. Moreover, if
E[X*(t)] <oo, teT
the covariance function C': ' x T' — R is defined as
C(s,t) = Cov(X(s), X(t)), s,t € T,

that is,
C(s,t) = E[(X(s) —as)(X(t) — )], s, t €T.
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.....

valued random variable, that is a random vector in R". If
Ell Xyl <00, k=1,2,...,n

the mean value function of the process can be viewed as a vector in R".

One of the most important concepts in probability is so called indepen-
dence. The random variables X, k£ = 1,...,n, are said to be independent if
any of the following three conditions holds:

(1) i
PIXi €Ay, ... X, € A) =[] P[Xi € A4

k=1
for all sets Ay, ..., A, which are finite unions of intervals.

(2)
E

1T gk(Xk)] = [ Elg:(X0)]

for all functions g, : R — C, only with finitely many points of
discontinuity such that

EH gk(Xk) H <oo, ,k=1,..n.
(3)

E [eiZZzl kak} — HE' [eikak]
k=1
forall(, e R, E=1,...,n.

To prove that (1)-(3) are equivalent falls outside the scope of this presen-
tation.

If the random variables X1, ..., X,,_1, X, are independent and have the
density functions f1, ..., f,_1, and f,,, respectively, then

P[(Xl,...,Xn)eA]:/--- ( I fe(z)das...dzy,

for any finite union A of n-cells in R". Here a subset R of R" is called an
n-cell if there are subintervals I, ..., I, of R such that

R=A{x; = (x1,...,2,) e R"and xy € I, k =1,...,n}.
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A collection (X (t))ier of random variables is said to be independent if
any finite subcollection is independent and, similarly, a collection (A¢)ier of
events is said to be independent if the collection (14, )¢er of random variables
is independent. In particular, this means that a finite collection Ay, ..., A, of
events is independent if

PlAy NN AL ] = P[Ay] .- PlAL,)]

whenever 2 <m<nand 1<k <..<k,<n.
If the random variables X and Y are independent and possess finite second
order moments,

Cov(X,Y)=F[XY]|-E[X]E[Y]=0
that is, X and Y are uncorrelated and, in particular,
Var(X +Y) = Var(X) + Var(Y).

A very important property of independent Gaussian random variables is
that their sums are Gaussian. For example, if Xy € N(ap,02) and X; €
N(ay,0?) then Xy + X; € N(ag + oy, 0% + 0?). In fact,

E [e€X0+ ] = | [¢6%00i6X0] = p [16%0] B [¢65]

_ giaoé—3038” jimnE—3016% _ ji(aotar)s—3(og+o7)e?

and the claim follows at once. An alternative proof is as follows. For sim-
plicity assume ag = a; =0, 09 > 0 and oy > 0. Then

2

w vt dyody,

P[X0+X1€A]:// e 2 2
ooYot+o1y1EA (V 27T>2

and the change of variables

{ 20 = (ooYo + o1y1)/\/ 08 + 03
z1 = (01Y0 — ooy1)/\/ 04 + 07

yields
_z A dzydzy
2 2

P[X0+X16A]://Z0W6Ae e
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2
_= dz s dz
— e 2 — e 2(“0+0'1)
zm/o%Jra%EA V 2 A 271'(0'(2) + O'%)

and it follows that X, + X; € N(0,03 + o?).
A stochastic process (X (t)):er is said to be Gaussian if for every ¢, € R,
tr €T, k=1,....,n, and n € N, the linear combination

Y = Z X (tk),
k=1

has a Gaussian distribution. In this case,
Y e NQ_&EX(t)], Y £6.Cov(X(t)), X (t))
k=1 jk=1
and we get

E [ez‘z;,; st(tw] — o Tho Gk BIX (t0)] =3 7y &€ Cov(X (1), X (t))

If a Gaussian process (Xj)p_, satisfies
Cov(X;, X)) =0 if j # k

then .
5 [elzkzl 5kxk] — o ko1 ERBIXk] =5 307 ko £56k Cov (X5, Xz)

n
— o Yoy ERBEIXk) =5 2Ry €7 Var(Xe) H ik B[Xk]— 562 Var(Xy)

k1
— ﬁ E [eiskxk]
k=1

and it follows that Xj,..., X, are independent. Thus we have proved the
following important

Theorem 3.1.1. Suppose (Xj)i_,is a Gaussian process. Then X, ..., X,
are independent if and only if Cov(X;, Xy) =0 if j # k.
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A sequence (X},)Y_, of independent identically distributed random vari-
ables is called an i.i.d. Here N € Ny U {oo}. If X is a random variable and
(X3)N_, is an i.i.d. such that X; and X have the same distribution, the
random variables X}, k > 1, are called independent observations of X.

If (Xj)N_, is an i.i.d. the corresponding sequence of partial sums (Z,)4_;,
where 7, = X7 + ... + X,,, n > 1, is called a random walk. Moreover, if
a € R the process (U,)Y_,, where Uy = a and U,, = a + Z,, n > 1, is called
a random walk which starts at the point a at the time n = 0. The random
variables X,,, n > 1, are called increments of the random walk. The sequence
(X,)N_, is called a Gaussian i.i.d. if it is an i.i.d. with X; Gaussian. The
corresponding random walks are called Gaussian random walks. The random
walk (Z,)N_, is called a simple random walk if (X;)Y_, is an i.i.d. and X,
has the probability distribution given by

1
For example, if (In S(t))._, denotes the log-price process in the binomial
model in T periods we get a random walk starting at In S(0) at time 0.

The notions of i.i.d., independent observations, and random walk extend
unambiguously to R"™-valued random variables.

Exercises

1. Suppose the random variables X;, ..., X,, are independent and
E [X,f] <oo, k=1,...n.
Show that

Var()  Xy) =) Var(Xy).

2. (Binomial model, T" periods) Set
T
1 S(t)
Y =— In ———.
T ; "S- 1)

Prove that F [Y] = d + p,(u — d) and Var(Y) = 7p,(1 — p.)(u — d)*.
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10.

11.

12.

Suppose the random variables X}, € N(ag,0%), k = 1,...,n, are inde-
pendent. Prove that > ¢ Xy € N(OJ0_, ag, > 1, 0%).

Suppose X and Y are independent random variables with density func-
tions f and g, respectively. Prove that X + Y has the density function
f * g, where

(f % g)(x) = / T FW)gle — y)dy, v € R.

. Show that [Cov(X,Y)|< y/Var(X),/Var(Y).
. Prove that —1 <Cor(X,Y’) < 1.

The random variables X and Y are independent and uniformly dis-
tributed in the unit interval [0,1]. Show that the random variables

\/2In+ cos(2rY) and 4/21In + sin(27Y’) are independent and N(0,1)-
distributed.

. Let X be a centred Gaussian random. Show that

E [efx] = e%E[X2], ¢eR.
Suppose X,Y € N(0, 1) are independent. Prove that

1 &2
B [efmex(X.X+1)] = (6 + 56%’ £€R.

N

x

A random variable X has the density function f(z) = \;%e 7,z R
Find the characteristic function cx () = E [e’fX ] , £ €R.

Suppose X € N(a,0?) and K > 0. Compute

E [max(0,e* — K)] .

Prove that ®(z) =1 — ®(—z), x € R, and

1 1, e/ 1e /2
- <1-®(x) < — 2> 0.
<x 333) Vor T (@) < T /2w
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14.

15.

16.

17.

93

Show that

1—®(x) < e /% >0

DN | —

Suppose X € N(0,1) and set
Y = Xljxj<e = X1x)>q

where ¢ is a given positive real number. (a) Prove that Y € N(0,1).
(b) First choose ¢ such that X and Y are uncorrelated and then prove
that

PX>c¢Y >c=0#£P[X >P[Y > .

Explain why the random vector (X,Y) is not Gaussian.

Define two stochastic processes X = (X (t))ier and Y = (Y (t))ser with
the same time set T such that X (¢) and Y (¢) have the same distribution
for every t € T but X and Y are not equivalent in distribution. (Hint:
the previous exercise.)

Suppose the random variable X is positive with probability one and
InX € N(0,1). (a) Find the density function f of X. (b) Set

f(x)(1+sin(2rlnx)), z >0,
g@):{ @ O,igxg()).) -

Show that g(z) > 0 and
| paigtaris = [ parsis

for every polynomial p(z).

Let x € [0,1] and suppose P[X =1] = z and P[X =0] = 1 — x.
Furthermore, let X7, ..., X,, be independent copies of X. Show that

Epé“ﬁmﬂmﬂ=2ﬂ§®wrwwk

for any function f : [0,1] — R.
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18.

19.

20.

21.

Suppose n > 2 and Xi,..,X, is an iid. with F[X;] = « and
Var(X;) = o2 Set

k=1
and
1 n
s? = n_lz(Xk—X)2
k=1
Prove that
E [)_q =
and
E [32} = g2,

A random variable X is said to be Cauchy distributed with parameters
a € R and g > 0if

d
Pla<X <b] = / ﬁx ,1fa<b
B2+ (x — )2

(abbr. X € C(a, f3)).

(a) Suppose X is uniformly distributed in the interval [—%, %] Show
that tan(7X) € C(0,1).

(b) Suppose X,Y € N(0,1) are independent. Prove that % € C(0,1).

The function f : Ja,b] — R is convex and differentiable and b —a < oco.
a) Show that f is increasing and conclude that

f(@) > f(xo) + f'(20) (2 — o)

for every xg,z € ]a,b[. b) A random variable X fulfilsa < X < b .
Prove Jensen’s inequality

fEIX]) < E[f(X)].
Suppose X is a non-negative random variable with probability density

f and such that 0 < F[X?] < oo. Let p = E[X] and suppose a €
[0,1].
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(a) Prove that
/ xf(z)dr > (1 — a)u.

m
(b) Prove that

/00 flz)dz > (1 — &)2%.

3.2 The Law of Large Numbers and the Monte Carlo Method

Suppose (Xj)%2, is an i.i.d. with F[| X; |] < co. The Strong Law of Large
Numbers says that

1

n—oo M,

Moreover, if we approximate the expectation F [X;] by the arithmetic mean
(X1 + ...+ X,) and assume that E [X}] < oo, the Chebyshev inequality
says something about the error in the approximation

1
Indeed, since

E [%(Xl P Xn)} — E[X)]

and ] 1
Var(ﬁ(Xl + ...+ Xn)) = EV&I'(Xl)
the Chebyshev inequality implies that

if e > 0.

P [| %(Xﬁr X)) - EX)] [ g} < %

To demonstrate how this result can be used let f : [0,1] — R be a
continuous function and suppose we want to compute the value of the integral

/01 f(z)dx.
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If a primitive F' of f is known, then

/0 f(x)dx = F(1) — F(0).

In other cases, it may be useful to approximate the integral by a Riemannian
sum

/f Loy,

The Law of Large Number yields a completely different approach to the
problem. First we have

/0 f(z)dz = E[f(U)]

where U is a uniformly distributed random variable in the unit interval [0, 1].
Therefore, if (U,)$%,is an i.i.d. with U; uniformly distributed in the unit
interval

P| [ e = tim Ty =1

Using the approximation

! 1
| fae )

we say the integral is computed by the Monte Carlo method. In the case of
this simple example numerical integration is preferable. However, it can be
shown that the Monte Carlo method has great advantages in higher dimen-
sions. To indicate why it is so let f be a function defined on the unit cube
Qq = {l‘ cR% 2z = (21, ..,zq) and 0 <z, < 1, k=1, ,n} in R%. The in-

tegral
/ /f x1,...xq)dry...dx,.

can be approximated by the Riemannian sum

> f(ﬁ,.. , kd)—.
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However, in many cases the number of terms m? in this sum is too large
to be possible to handle. Instead using the Monte Carlo method we let
Uik,...;Uar, k = 1,...,n be independent and uniformly distributed random
variables in the unit interval and approximate the integral by the following
sum

1 n
— E f(Ulk,...,Udk).
n

k=1

This sum contains n terms and dn random numbers.

Let us return to the binomial model in 71" periods and consider a contin-
gent claim paying the amount Y = ¢(5(0), ..., S(T)) to its owner at time of
maturity T, where g is a deterministic function. Setting

f(xy,...,xp) = g(S(0), S(0)e™, ..., S(0)e™ FTo1)

we know that the price Iy (0) of the derivative at time 0 equals

My (0) = " TE[f(X s X) =T 30 fe 1) o

T1,...,o7=u Or d

Next we introduce a new propabability () defined by the equation

QU= [ e,
Pxy -t PXp

Here, if z1,...,27 = u or d,

qx, * .- q
Q [Xl =Ty,.. X7 = xT] =F [ul[Xlzwl,....XT:xT]}
/2 CUMETER 5 ¢

Pay oo Pag oo o

= QX1 =] ... - Q[ Xy = x7]

and we conclude that the random variables X7, ..., X1 are independent with
respect to the probability measure (), which is called the martingale measure
of the binomial model in 7" periods. To compute the price Iy (0) let Xy,
t=1,...T, k= 1,..,n, be independent observations on X; relative to the
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probability ). The Monte Carlo method gives us the following approximate
price of the derivative,

—rT

(&
- Y f( Xk ooy, Xrge).

Hy(O) =~

Exercises

1. Use the Monte—Carlo method to find an approximate value of the inte-
gral fo x)dxr when a) f(z) ==z b) f(z)=sinz ¢) f(z)= 111/4.

2. Let f(z) =sin(x + 1), € R. (a) Find the value of the integral

I_/f %

(b) Suppose Gy, ...,G, € N(0,1) are independent. Find an approxi-
mate value of I using the estimates

MCy = %Zf(sz)
k=1

and
n

1

MGz = o~ > (f(Gr) + F(=Gh))

respectively.

3. Suppose X is a random vector in R? and B an open subset of R?. Set
p = P[X € B] and let Xj, ..., X,, be independent observations on X.

Prove that )

Pl A -pl2e <o

e >0,

where )
An = 5(1[X1€B] + ...+ 1[Xn€B})
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3.3. The Central Limit Theorem

If X,,, n e N;, and X are random variables such that

lim Pla < X,, <bl=Pla<X <V

n—oo

for all reals @ and b such that
P[X € {a,b}| =0

the sequence (X,,)nen, is said to converge to X in distribution, which is
denoted by
X, — X.

Equivalently, this type of convergence means that

lim E[f(X,)] = E[f(X)]

n—oo

for each bounded continuous function f : R — R or, alternatively

lim cy, (&) = cx(§), £ € R.

The proofs of these equivalences are based on measure theory and fall beyond

the scope of this presentation.

Theorem 3.3.1. (Central Limit Theorem; weak form) Let (X)), be
an iid. with

and set

Then

where G € N(0,1).
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For stronger versions of the Central Limit Theorem see e.g. [BOR]. The-
orem 3.3.1 was proved by de Moivre in 1733 (see e.g. the Lifshits book
”Gaussian Random Functions” [LIF]).

PROOF OF THEOREM 3.3.1. We have
¢y, (§) = CX1+...+Xn H Cx,, % = cos”(%)

and therefore

& &,
ey, (§) = (1 - on T —B(%))

where the function B is bounded in a neighbourhood of the origin. Thus

SRS
Jim ey, (€) = lim exp(nln(l — o+ ﬁB<%)>

f2
—_= 6_7

= ca(§)
which proves Theorem 3.3.1.

3.4 Problems with solutions

1. Let X be a random variable with strictly positive variance and suppose
a, b, c, and d are real numbers such that bd # 0. Show that

Cor(a +bX,c+dX) = Tod |

Solution. Set
U=(a+bX)—Ela+bX]|=0bX - E[X])

and

V=(ct+dX)—Efc+dX] =d(X — E[X]).
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Now
Cov(a + bX,c+ dX)

v/ Var(a + bX)4/Var(c + dX)
 EBEWUV]  WE[(X-E[X)Y b
= VEOAVEN  TNdIEX - EX)  [6d]

Cor(a+ bX,c+dX) =

2. Set X(t) = W(t) —tW(l) and Y(t) = X(1 —¢)if 0 <t < 1. Prove
that the processes (X (t))o<i<1 and (Y (t))o<i<1 are equivalent in distribution.
(Hint: Prove that the processes are Gaussian with £ [X(t)] = E'[Y(t)] and
Cov[X (s), X(t)] =Cov(Y (s),Y (t)) for all 0 < s,t < 1.)

Solution. Giventy,...,t, € [0, 1] an arbitrary linear combination of X (¢;), ..., X (¢,)
is a linear combination of W (t), ..., W (t,), W (1) and, hence a centred Gaussian
random variable. In a similar way a linear combination of Y (¢;), ..., Y (¢,) is

a centred Gaussian random variable. Therefore it only remains to prove that

the processes (X (t))o<t<1 and (Y (¢))o<t<1 have the same covariance. To this

end let 0 < s <t <1. Then

E[X(s)X ()] = E[(W(s) = sW (L)W () — tW(1)]
= E[W(s)W(t)] —tE[W(s)W(1)] — sE [W (L)W (¢)] + stE [(W?(1)]
=s—st—st+st=5—st
and
EYS)YH)]=FXQ1-t)X1—-s)]=01—-t)—(1—-1t)(1—5)=s—st.

Thus F [X(s)X(t)] = E[Y(s)Y(t)] = min(s,t) — st for all 0 < s, < 1 and
it follows that the processes (X (t))o<t<1 and (Y'(t))o<t<1 are equivalent in
distribution.

3. (a) A random variable X has the density function

e ", if x>0,

ﬂ@:{ 0, if z < 0.
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Find the characteristic function cy of X (recall that cx(§) = E [¢Y] if
£eR).
(b) A random variable Y has the density function
(z) = 0, if z > 0,
A e*, if x <0.
Find the characteristic function ¢y of Y.

(¢) A random variable Z has the density function h(z) = s "I, 2 € R.
Find the characteristic function cz of Z.

Solution. (a) For each £ € R,

cx(§) =FE [6iEX} = /OO f(z)e**dr = /000 e e dy

_ /OO ex(if_l)daj _ |: 1 6x(i§—l):| .
0 Zf -1 0

Here | (€71 |=| e7@e® |= 77 | €% |= 7 and we get
1
TS

cx(§)

Alternatively, use that e’ = cosa + isina and compute

o0 . oo o0
/ e Ty = / e “coséxdr +1 / e “sin&xdx
0 0 0

by partial integration.

(b)Here P[-Y < y| = PV > —y] = [ g(e)dx = [*_ g(~t)dt = [*_ f(t)dt

and it follows that the random varibles —Y and X have the same distribution.

Consequently, cy (€) = ¢_x(€) = ex(—€) = iz.

(c) Since h(z) = 1f(z) + 1g(z) and hence

%@*Z%/MU@ﬂ+m@w@mx:%{ll 1 }

N —aE Titae
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1
1+
3. Suppose ¢(x) = %ﬂe’é and ®(z) = [*_(t)dt, —co < x < 0. Prove
that
1—<I>(x)§ﬁ, if x >0,
x
and ()
zo(x) .
1—®(z) > T+ 22 if z € R.

Solution. For any x > 0,

1—®(x) = /OO (t)dt = /00 %tgp(t)dt

< [" Lot =2 ootz = 22

This proves the first inequality. To prove the second inequality define
f(z) =1+ 231 - &(z)) — 2p(z), if z € R.

It is obivous that f(z) > 0 if x < 0 and therefore it is enough to prove that
f(z) > 0 for every « > 0. To this end, first note that

lim (1 + 2%)(1 — ®(x)) =0

22
since 0 <1 —®(x) < @ = w\}%e_T for every = > 0. Hence
lim f(z)=0

and it is enough to show that f/'(z) <0 if x > 0. Now for every = > 0,

fl@) =22(1 - ®(2)) — (1 +2°)¢(z) — ¢(z) + 2°¢()

and we are done.
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CHAPTER 4
Brownian Motion
Introduction

Brownian motion is the most important stochastic process. The first ap-
plications of Brownian motion were made by Bachelier in 1900 [BA] and
Einstein in 1905 [E]. Bachelier’s aim was to provide a model for option
pricing and Einstein wanted to explain the physical phenomenon Brownian
motion, first observed by Robert Brown [BR| under his microscope in 1827
(see, Klafer, Schlesinger, Zumofen [KSZ] for a very illuminating history of
Brownian motion). A mathematically rigorous treatment of Brownian mo-
tion was submitted by Wiener in 1923 [W].

In this chapter the Brownian motion process is introduced as a limit of
scaled simple random walks. Furthermore, we show some if its connections
with heat conduction and present the geometric Brownian motion model of
a stock price process, which was introduced in 1965 by Samuelson [SAM1]
(see also [SAM2]).

4.1. Brownian Motion

A centred Gaussian process (W (t)):>o, starting at 0 at time 0, and with the
covariance function

E[W(s)W(t)] = min(s, )

is called a standard Brownian motion. In thise case, W (s) —W (t) is a centred
Gaussian random variable with the second order moment

E[(W(s) = W(t))?] = E [W?(s) = 2W (s)W(t) + W?(t)]

=s—2min(s,t)+t=|s—1|

and, thus
Wi(s)—W(t) € NO,|s—t]).
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If W = (W(t))>0 is a standard Brownian motion, a stochastic process
(X (t))i>0 is called a Brownian motion if X(t) = = + oW (t),t > 0, for
appropriate © € R och ¢ > 0, and a Brownian motion with drift if X (¢) =
x+at+oW(t), t >0, for appropriate o,z € R and o > 0. Here z is called
starting point, « drift constant, and ¢ diffusion constant.

Theorem 4.1.1. A Gaussian process X = (X (t))i>0 s a standard Brownian
motion if and only if the following conditions are true:

(1) X(0) =0
(i) X(t) € N(0,1), >0

(1i1) the increments of X are independent, that is, for any finite times
0<ty<t; <..<t, the random wvariables

X(H) — X(to), X(ts) — X(t1), s X (1) — X (£0_1)

are independent (or uncorrelated since X is Gaussian).

PROOF First suppose X = (X(t)):>o is a standard Brownian motion. Then
(7) holds and X is a Gaussian process such that X (¢) € N(0,¢). This proves
(7i). To prove (iii), let j < k < n to get
El(X({tj11) = X (1) (X (teyr) = X ()]
= E[X(t410) X ()] = B [X (£100) X (80)] = B [X (&) X (trg2) ][+ B [X (1) X (25)]
- tj_|_1 - tj—i-l - tj + tj = O

This proves (iii).

Conversely, assume X = (X ());>0 is a Gaussian process satisfying (i) —
(77i). Then X(0) =0 and if 0 < s <,

E[X(s)X(t)] = B [X(s)(X(t) — X(s)) + X*(s)]

= E[X(s)(X(t) — X(s)] + E [X*(s)]
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= E[X(s)| E[X(t) — X(s)] + E [X?(s)] = s.

From this follows that F [ X (s)X(¢)] = min(s,¢) and X is a standard Brown-
ian motion.

Suppose W = (W (t))¢>0 is a standard Brownian motion and a > 0. The
scaled process )
X(t)=a"2W(at), t >0

is a standard Brownian motion since the process is centred, Gaussian, and
E[X(s)X(t)] = a ' min(as, at) = min(s, t).
Furthermore,
Y(t)=W(t+a)—W(a), t>0
is a standard Brownian motion since the process is centred, Gaussian, and
EY ()Y ()] = E[(W(s + a) = W(a))(W(t + a) = W(a))]
=E[(W(s+a)(W(t+a)]—E[(W(s+a)W(a)l
—E[(W(a)W(t+a)]+ EW(a)W(a)
=min(s +a,t +a) —a —a+ a =min(s,t).

As a mnemonic rule we say that W starts afresh at each point of time.
Finally, the sign changed process

Z(t) = -W(t), t >0

is a standard Bownian motion..

To show the existence of Brownian motion (in the mathematical sence
of the concept) requires lots of prerequistes in mathematics and we can not
go into the details here. Instead the approach below is very intuitive and the
motion will be the formal limit case of scaled simple random walks.

Suppose X = (X,,)22, is an i.i.d. with

1
P[X;=1]=P[X; =—1] =3
(the existence of X is equivalent to the existence of the so called Lebesgue
measure and is far from trivial). We have

E[Xi]=0
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and
Var(X;) = 1.

Set
U= Y XpneN
1<k<n
with the convention Uy = 0. Thus U = (U,)32, is a simple random walk
starting at the origin at time 0. Now if ¢ is a real number, [t| denotes the
greatest integer smaller than or equal to ¢, and we introduce the process

Y(t) = Uy + (t = [t]) X1, £ >0

which, in particular, equals U, if t = n and is an affine function in each time
interval [n,n + 1], n € N. Moreover, the process Y (t), t > 0, has continuous
sample paths. Next let NV € N, be fixed and set

1

Why(t) = —=Y(Nt), t > 0.
The process Wi is a centred process and choosing ¢ = &, where n is a natural
number, gives
n 1 1
Wy(=) = U, = Xk, neN.
i L P DR

1<k<n

If N is large and % fixed, by the Central Limit Theorem, the random variable

n n 1
VVN(——)ZZ I 2{: X%
N \/ N /n .

is approximately Gaussian distributed and, in addition,

m n 1 — =
E Wy (w2 ] - — e xS x
Wh(5IWn(H)| =5 21 k; k]
=~ min(m,n) = min(%, %)
The process Wy = (Wn(t))i>0 has continuous sample paths and these
are affine functions in each interval [%, "T“] ,n=20,1,2,.... . For large N,

Wy approximates standard Brownian motion very well. The proof is omitted
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here. In the following it is often useful to think of Brownian motion as "a
simple random walk in continuous time".

Theorem 4.1.2. (Wiener’s Theorem) There is a standard Brownian
motion possessing continuous sample paths.

One of the simplest proofs of Wiener’s Theorem is given in Bass [BASS].
In the following, if not otherwise stated, W = (W (t));>o will always denote
a standard Brownian motion with continuous sample paths.

Exercises

1. Define X(0) = 0 and X (t) = tW(3), t > 0. Show that (X(£));>0 is a
standard Brownian motion.

2. Suppose the process (V;,(t))o<t<1, has continuous sample paths, which
are affine in each subinterval % <t< %, k = 1,...,n. Moreover,
assume V,,(0) = 0 and

k 1 <&
e - NTX k=1,
V'I’L(n) \/ﬁ; ]7 k b 7n

where (X;)}_, is an i.i.d. Draw a picture of at least two realizations of
the process (V,,(t))o<t<1, if

a) Xl S N(O, 1)
b) X is Cauchy distributed with parameters 0 and 1, that is

1 dx
P[XIGA]_;/AI—FJLQ

(hint: represent X as tan(nU), where U has a uniform distribution in
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4.2. The Geometric Brownian Motion Model of a Stock Price

A stock price process S = (S(t))i>0 is called a geometric Brownian motion
if the so called log-price process

In S(t),t>0
is governed by a Brownian motion with drift, or stated otherwise,
S(t) = S(0)e WO ¢ >0
for appropriate parameters a € R och ¢ > 0. Since
B[S(t)] = S(0)elo+ "

it is natural to introduce a new parameter i defined by the equation

n o
= _
a 2
so that

S(t) = §(0)eln=F W),

The parameters i and o are called the mean rate of return and the volatility
of S, respectively. If the time unit is years and ¢ = 0.25, S is said to have
the volatility 25 %. The geometric Brownian motion model of a stock
price was introduced in 1965 by Samuelson [SAM1]. Bachelier [BA] in 1900
used Brownian motion (not geometric Brownian motion) as a model of stock
prices, even if Brownian motion can take negative values.

In the geometric Brownian motion model, for any A > 0, the sequence of
log-prices

(InS(nh))sZo

is a Gaussian random walk. Moreover, if the time scale is changed so that
t=ct

where ¢ > 0, the stock price process is a geometric Brownian motion in the
new time unit. To explain this let



70

or, what amounts to the same thing,
S(f) = S(0)e WD),

Now setting

A

LWﬂ=v®Wé%fZO

we get a a new standard Brownian motion and

where

A

Hence, the process (S (t))i>0 is a geometric Brownian motion.

Theorem 4.2.1. Let
S(t) = S5(0)e WO ¢ >0
and suppose 0 < t; < ... <t, and ay < by, ...,a, <b,. Then

Pla; < S(t1) < by, ...,an, < S(t,) < by

(zk*””k:fl)Z
/ /H e 2t-1) L dr..dx,.
m(ty — t— 1)

A1 X... XAy

where xog =0, tg =0, and

ag

S(0)

1 1 b
Ak:]—(ln —oztk),—(ln—k—
o o

S

PROOF We have
Play < S(t1) < byy.ooyan < S(t,) < by

=P[W(t) € Ay,...W(t,) € A,.
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Furthermore, defining
Yi=W(t1), Yo=W(ty) — W (t1),...., Y = W(t,) — W(tn_1)
the random variables Y7, ..., Y, are independent with Gaussian distributions
Y € N0ty —tr—1), k=1,...,m

and
PW(t)) € Ay, ..., W (t,) € A].

=PYieAY1+Yo€ Ay, ... . Y1+ Yo+ ... +Y, €A

- 1 I S
Y1€AL,.. Y1+ +Yn €A 27T(tk — tk—l)

----- n =1
n 1 _(%*%-1)2
— //H e 2t =tk —1) dl‘ldl'n
A/ 2m(ty — th
ApX...XAp k=1 ( b b 1)

This proves Theorem 4.2.1.

Next we will discuss some statistical estimates of the parameters o and
o in the geometric Brownian motion model. To this end fix a period of time
from 0 to T" and choose a natural number n. Set h =T /n, t; = ih,i=1,...,n,
and

S(t;)
X;=1In Sl ) ah + a\/ﬁGl,

for ¢ = 1,...,n, where Gy, ...,G,, € N(0,1) are independent. Furthermore,
define

1
and 1
5 = X

It is readily seen that
Ela] =«
Var(&) = o?/T

and after some calculations the following formulas are obtained, viz.

E [6%] = 0+ a*T/n
Var(6?%) = 20*/n + 4a*To? /n?.
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Thus E [62] — 02 and Var(6?) both converge to zero as n tends to infinity.
Here note T' can be an arbitrarily small positive number but in spite of this 62
becomes an almost unbiased estimator of o2 with small variance by increasing
the number of observations. In contrast to this the variance of the estimator
& does not change at all by increasing n. Note that & — a € N(0,02%/T) so
that

Plla-al< ax/ﬁ} —20(z) — 1.

The choice z = 1.96 gives 2®(x) — 1 = 0.95. If,; in addition, the annual

volatility is 30%, that is o = 0.3, then O'IE/\/T = 0.02 if T' = 864 years! In
addition, it can be proved that ¢& is an unbiased estimator of a with smallest
variance. Accordingly from this example, we conclude that the parameter «
cannot be estimated by sufficiently small variance.

To explain why the parameter « is important in portfolio theory suppose
the initial wealth 1 is invested in the stock and bond. Moreover, let the
amount = be invested in the stock and the remaining wealth 1 — = in the
bond so that at time 7" the wealth equals

V(z) = ze?THW@ L (1 - z)e T
Here
EV(2)] = ze!T + (1 — x)e”

and
Var(V(x)) = Var(:reaT+“W(T)) — x2€2NT<€J2T o 1)'

To obtain optimal wealth we maximize expected terminal wealth plus the
variance of terminal wealth multiplied by a negative constant. Therefore, let

f(@) = EIV(@)] - 5 Var(V (@)

where v € |—00, 1| is a parameter called the investor’s risk aversion. A simple
calculation shows that the maximum of f is attained at the point

1 e,uT_erT
2(T) = 2uT (02T .
1 — el (er”T — 1)
As T — 0 we get
1 _
2(04) = —H 57

1l—v o
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Here p, like «, is very difficult to estimate. It is a great success in mathe-
matical finance that the pricing and hedging of options are independent of «
as will be seen below.

Exercises

1. Consider a stock price process (S(t)):>o in the geometric Brownian mo-
tion model and introduce

S(k)
Xp =1 E=1,.
k n S(kf _ 1)7 yeeey Ty
N
X=-) X;
n
k=1
and
1 n
2 . 2
s'= 7 ) (K= X)
k=1
Prove that
_ 1
E [X] = (mean rate of return) — é(volatility)2
and

E [s?] = volatility.

4.3. Brownian Motion and Heat Conduction

In what follows &. denotes the class of all real-valued continuous functions f
on R such that

sup(e ! | f(z) ) = sup {1 | f(a) | = € R} < o

for an appropriate constant A > 0, possibly dependent on f (recall that if M
is a non-empty set which is bounded from above, then there is a least number
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a which is greater than or equal to every member of M and a is denoted by

sup M).
Now suppose the function f € &, is given and consider the heat equation
ou 10%u
—=-——,7>0, 2R
or  20:2 | .
with the initial condition
Ulr=0 = f
The so called heat kernel
1 2

V(T’x) = \/% T

solves the heat equation since

0y 11 1 22 22 1 2
_— = ———3—6 2T —Iv— = [ 277
or 27135 +/27 2732 V21w
0 r 1 22
—_ = -3 & 27’7
ox T2 4/21
and
0%y 1 1 .2 221 _2
2 __3 6 + 5 e 27
ox T2 21 7221
Thus
oy _10%y
or 20z

In the next step define
ura) = [ fwnir -y 720, 2R

and by interchanging the order of differentiation and integration we get

ou 10%u > 0 1 0?
S a5m = | IWGra =)~ s =y =0

and it follows that u is a solution of the heat equation in the domian 7 > 0,
x € R. To check the limit of u(7,z) ia 7 goes to zero, first note that

ulr,z) = / " @ — y(ry)dy
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—/_ flo—y e Edy
and - . ,
U(T,x)z/_ f(:v—x/?y)\/%e’%dy-
Hence,
lim (7, ) = /Oohmf(x—\/_y) Zdy—/ f(x e~ dy
(oe) 1 y2
— @ [ =ty = /(@)
as

o0 1 y2
e 2dy=1.
/;oo V2T Y

In the following

2
e*y?dy

o 1
u(t,x) = T =T
)= [ Se— Vi o=
is called the solution of the following heat conduction problem
ou _ 19%u
or ~ 20x?
{ Ur—o = f, 7>0, x € R.
Actually, there are more solutions to this problem but they are of no interest
here.
A function f : R — R is said to belong to the class £ if there exist

finitely many real numbers ay < ... < a, such that f restricted to each
interval |ay_1, ag| is continuous, the limits

lim f(x) and hm f(x)

x,/ay T\ak

exist and are real number for £ = 1, ..., n, and, furthermore,

sup(e 4 | f(2) [) < o0

zeR

for a suitable constant A > 0. If f € &£, the function

ure)= [ ey

2
e_y?dy

1
\ 27
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—[fﬂ%HﬁwéE

is defined to be the solution of the heat conduction problem

2
e’%dy

Ulr=0 = J, T>O, r € R.
Clearly, if G € N(0,1),
u(t,z) = E [f(z +7G)] .

or

u(r,z) = E[f(z +W(r))]

since W (7) and /TG possess the same probability distribution. From now
on, if not otherwise stated, G will always denote a standard Gaussian random
variable.

Example 4.3.1. Suppose

du _ 19%u
or ~ 20z?
Ur—=f, 7>0, 2€R

where

and o > 0. The solution equals

)= [ e e
u(t,x) = e 202 ———e 27
R V2mo? 27T Y

and a calculation yields

1 2
u(T,x) = ——=¢ 2+
2n(0? 4 1)

(note that u(7, z) is the density function of the random variable oG + /7 H,
where G, H € N(0,1) are independent).



Next consider the terminal problem

ou 10%u __
o tage =0
up—r = f,0< t<T,z € R

where T is a strictly positive real number and f € £. By setting

T=T—1
and
u(t,z) = v(r,z)

we get

v _ 10%

or ~ 20z2

{ V= =f, 0<7<T, v €R.

Hence

u(t,z) =v(r,x) = E[f(x + W(7))].

Theorem 4.3.1 Suppose a,b € R and o > 0. If f €&, the equation

2 0z2

Qu 20 4 qOu =0
up—r = f, 0< t<T,z € R

has the solution

u(t,z) = " E[f(z+ ar + oW (7))]

=e"E [f(z+ar +0/7TG)] .

PROOF Set
y=(r+ar)/o

and
u(t, ) = e (1, y).

A straight-forward calculation yields

ov  10%

or 204
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and
/U\T:O = f(O'y)

Hence
v(t,y) = E[f(o(y + W(7))] = E[f(z + ar + cW(7))]

which completes the proof of Theorem 4.3.1.

Theorem 4.3.2. Suppose a,b € R and o > 0. If g(e*) € &, the equation

%—”j—l—“ZSQ%—i—asg—Z—i—bu:O
U= =9, 0 <t <T, s>0

has the solution )
u(t, S) _ ebrE [g(se(a—%)T+JW(T)):|

— " E [g(se(afé)ﬂraﬁc')] )

PROOF Set
s=¢e"
and
u(t,s) = v(t, x).

Then

ou_ov1

ds  Ors
and

Pu  Pvl vl
052 0225 Ors?

By using these formulas, the differential equation in Theorem 4.3.2 equals
ov  o?d% % v
a—F?@—F(CL—?)%—Fb’U:O.

Finally observing that

v(T',z) = g(e")

Theorem 4.3.1 yields

0,2
u(t,s) =v(t,r) = " F g(e$+(a_7)7+UW(T))



and Theorem 4.3.2 follows as s = e*.

Exercises

1. Consider the equation

8u+0282u+ 8u+b _0
ot " 202 Yor N

where a,b € R and ¢ > 0. Find «, f € R so that the substitution
u(t, z) = e Py (t, )
leads to the simpler equation

ov o2 0%

a2

2. Solve the equation

Ju 1
o T
uw(T, x

(Answer: u(t,x) = x@(\%) + \/FQO(\%), where ¢ = @)

0.
) =max(0,z),0< t<T, z €R.

3. Suppose f(s) =0if 0 < s <1and f(s) =1if s > 1. Solve

—u=0
t<T, s>0.

ou o252 9%u
{ ot T2 o T

gou
Js
u(T,s) = f(s), 0 <

4. Solve the equation

ou 0252 9%u ou _
5 T @+Sg—u—0
w(T,s)=s,0<t<T,s>0.

(Answer: u(t,s) = s)
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5. Solve the initial problem

u(0,z) =sinz, t >0,z € R

Find an approximation of u(4,1) by using the Monte-Carlo method.
(Answer: u(t,s) = e */?sinx)

4.4. Simple Random Walk and a Numerical Method for the
Heat Equation

If f € £, Theorem 4.3.1 proves that the equation

ou o2 9%y __
a T 5oz =0
up—r = f, 0< t<T, 2 € R

has the solution
u(t,z) = E[f(z+ oW(r))]

where 7 =T — t. Now suppose (X1<x<nXk)2, is a simple random walk, set
h=t1/N

and note that, if N is big, the random variable
N
Vi X,
j=1

is approximately N (0, 7)-distributed by the Central Limit Theorem. Thus,
since W(r) € N(0,7), the function

v(t,z) = F

f(z +U\/EZX]-]

approximates u(t, z). Below it will be proved that a certain numerical method
for the heat equation leads to the same formula.
Consider the equation

ou  o%0%u

ot e o !
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and use the following approximations

Ou _u(t,r) —u(t — At, x)

at At ’
?(t,x) ~ u(t,z) — Z(t - Ax,x)’
T T
and
@(t 2) ~ u(t,r + Ax) — 2u(t,r) + u(t,r — Ax)
dx2 T (Ax)?

and replace u by v to obtain

v(t,z) —v(t — At, x)

At
+0_20(t, v+ Az) —2v(t,z) +o(t, v — Az) 0
(Az)? ‘
To simplify, let
_o? At
T (Ar)

so that
v(t,x) —v(t — At,z) + k(v(t,z + Ax) — 2v(t, x) + v(t,x — Ax)) =0

or
v(t — At,x) = ko(t,x + Ax) + (1 — 2r)v(t, z) + ko(t, © — Azx).

This equation opens for probabilistic interpretations for each x € }O, %] . Here
we concentrate on the special case k = % and let

At = h and Az = oVh

Then 1 ]
v(t —h,x) = §v(t, x4 ovVh) + §U(t’ z —oVh)
or . .
ot x) = Jo(t+ h,o + ovV'h) + Su(t+h,z - oV'h)
that is,

v(t,x) = F [v(t + h,z+oVhX))| .
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Since X7 and X, are independent
(t,z) = E [ (t+ 20,z + oVh(X; + X2))}

and by repetition we get
v(t,z) =

U(T,x—l—o\/EZXj)] :

E

u(T,x) = f(z)

now yields
N
v(t,x) = f(a:—l—a\/EZXj)]
j=1

which is the same formula as the one obtained above by approximating

The terminal condition

Brownian motion with a simple random walk

4.5 Problems with solutions

1. Suppose W denotes a standard Brownian motion. Find
W2

E [(W(t) +W2(t))e <t>}

for every t € [0,1/2]
Solution. We have
22 dx
E{(W(t)+W2(t) /\/_x—{—\/_m (Vix)* o=
() ?) e o
2 x _ t/ (%7t)$2 dl‘
R vV 27T

=t t 67%
/R 2w
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CHAPTER 5

The Black-Scholes Option Theory

Introduction

In this chapter we consider a capital market consisting of a stock, a bond and
options on the stock. It will be assumed that the stock price process (S(¢)):>0
is governed by a geometric Brownian motion with mean rate of return x4 and
volatility o, that is

S(t) = S(0)etoW®

where oo = p1 — % Furthermore the bond price process (B(t)):>o is given by

where r > 0 is a constant, called interest rate. At time 0, the asset prices
S(0) and B(0) are known strictly positive real numbers.

In the seminal paper [BS], which appeared in 1973, Black and Scholes
derived the following price at time 0 of a European call with strike price K
and termination date 7', namely

c(0,5(0), K, T)

In 2@ 2\T In 2@ _ T
_ 5@ U g A U= 5T
ovT ovT

Remarkably enough the parameter o (or p) does not appear in the price
formula.

Our aim in this chapter is to give an elementary introduction to the
Black-Scholes option theory.
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5.1. Motivation of the Black-Scholes Option Prices

Suppose g : ]0,00[ — R is a function such that g(e*) € £ . We then write
g € P and g is called a payoff function. In this section we want to find a
natural price of a simple European contingent claim with the payoff ¢(S(7'))
at time of maturity 7" € ]0, ool.

The present time is denoted by ¢ and it is assumed that 0 <¢ < T . We
let 7 =T —t be the residual time. The processes

(W(A) = W(t))icr<r
and
A—t

T

(VT (

are equivalent in distribution and as

)e<r<r

S(A\) = S(t)e*P DT WA=W) y < N < T
we may assume that
S(N) = S(£)e*ADHoVIWER) 1y < A < T
Next choose N € N, and define h = 7/N and
t,=t+nh,n=0,1,...,N.

In the following we approximate the process

A—t

T

(VT (

))e<a<T

by the process
A—t

T

(VTWh(

where Wy is as in Section 4.1. Recall that (Wy(A))o<a<ny possesses con-
tinuous sample functions, which are affine in each time interval [%, "—;1] ,
n=20,1,2,..., N, and, moreover,

n 1
WN(N) =N > X

1<k<n

Ne<r<r
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where (X;)Y | is an i.i.d. such that
1
P[X;=1]=P[X; =—1] =3
In the next step we introduce an approximate stock price process by the

equation
Sn(A) = S()e*P VTN CE) < X < T

Observe that the process

(@l — 1) + oWy (2

)i<r<r
is affine in each time interval
[tn,tn+1] , = 0, ceey N -1

and
Sy (ty) = S(t)e® oV Eiskan X =0,1,..., N.

In view of the binomial model it is natural to introduce a time discrete
stock price process

S(n) = SN<tn),TL = 0, ,N

and a time discrete bond price process

and we observe that
S(n+1) = S(n)etoVhXni,

and ) .
B(n+1) = B(n)e™.

Thus we have got a binomial model with N periods, where
w=oah+oVh

and
d=ah—ovVh
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and, assuming N large,
ah+ovVh>rh>ah—oVh

which implies that the model is free of arbitrage.
_From Chapter 2 we know how to price a European contingent claim paying
g(S(N)) at time of maturity N. If V(n) denotes the price at time and

Vin+1)=V(n+1)x,, =41

and
Vin+1)=V(n+1)x,,,-1-

we have the recurrence equation
V(n)=e Mg V"n+1)+q¢gViin+1))

with
erh o eoah—U\/E

G = eah—l—cf\/ﬁ _ eah—ax/ﬁ =1- 4d

The results in Chapter 2 show that V'(n) is a deterministic function of n and
S(n) and it is natural to write

V(n) = v(t + nh, S(n)).

Clearly V and v depend on N. .
The next sections are rather technical. First define s = S(0) = S(¢) and
set n = 0 in the recurrence equation above to get

v(t,s)e™ = quu(t + h, se"‘h“\/ﬁ) + qqu(t + h, seo‘h""/ﬁ).

Moreover,
e(r—a)h _ 6_0\/E

Q’u == eU\/E _ e*U\/E
114 (r—a)h—140Vh—o*h+o(h)
2 ov'h + o(h)
or, after a simplification,
11+ (r—a=5)% 4 o(vVh)

Qu = Z

2 1+ o(vVh)

, h—0

>
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1 2
- 2+<7’—0‘_7)\2/__+0(\/E>; h—0
(the notation f(h) = o(g(h)), h — 0, means that f(h)/g(h) — 0 as h — 0).
Hence Ji
1 2
Qd=§—(7”—04—7)20 +o(Vh), h— 0.
Next we assume v extends to a smooth function and
o(t+ h, se® VY = u(t, s) + — 0v (t,s)h + 6’11( s)s(ehtoVh _ 1)
ot ds
1 0% 2/ ah+ovh 2
—l—iﬁ(t,s)s (e —1)*+o(h),h—0
that is,
ah+ovh a 8 02
o(t + h, se )= v(t,s) + 5 (ts)h+ (s )s((a+7)h+a\/ﬁ)
L0 st o(h), h— 0
—_—— —> .
5520850 o(h),

In a similar way, we assume
ah—U\/ﬁ a'U a'U 0'2
v(t+ h,se ) =uv(t,s)+ E(t’ s)h + g(t, s)s((a+ 7)/1 —oVh)

16% )
§ﬁ(t S)S g h+0(h), h—20

and substitute these expressions for v(t + h, se‘”‘hi“/ﬁ) into the recurrence
equation

v(t, s)e™ = quu(t + h, seo‘h”‘/ﬁ) + qqu(t + h, seo‘h_g‘/ﬁ)

and use
e =1+rh+o(h), h—0

to obtain

v(t,s)(1+rh) + o(h)

= qq {v(t, s)+ gt (t, s)h+g (t,s)s((a+ )h+0’\/_) 55 (t s)s 02h}

S
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+qa {v(t,s) + %(t,s)h + %(t, s)s((a + 22) —oVh) + 952 (t s)s’a h}

as h — 0 and, hence,
v(t,s)rh + o(h) =

00 1,y + 22t 5)s((0+ T+ (g — aa)oVE) + 204 (1, st

as h — 0. Since

2

(a+ )h+( — qa)o h:(a—l—%)h+2(r— —7)50\/_—1—0()

=rh+o(h), h—0

(the parameter a disappears!) we finally arrive at the so called Black-Scholes

equation
dv v 1 0% 5
v(t,s)r = E(t,s) + — Ep (t,s)sr + 5@(25 s)s’o

or, written slightly differently,

ov s? 0%

Qv
- _ — < )
at(zf s)+ 5 82(t s)+rs—I(t,s) —ru(t,s) =0,0<t<T

Os

Our original derivative satisfies the condition

(T, s) = g(s)

and Theorem 4.3.2 gives
02
U(t, S) —e¢E g(SB(T_T)T_HTﬁG)

where, as usual, G € N(0,1).

Definition 5.1.1. Suppose g € P and consider a simple derivative of Euro-
pean type with payoff Y = ¢(S(T)) at time of maturity 7" . The theoretic
price of the derivative at time ¢ equals Iy (t) = v(t, S(t)), where

02
v(t,s) = e "TE |g(sel" =TTV |
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The theoretic price is also called the Black-Scholes price.
A portfolio with hg(t) = v/ (¢, S(t)) units of the stock and

hp(t) = (v(t, S(t)) — hs(t)S(t))/B(1)

units of the bond at time ¢ is called a hedging portfolio. The process hg is
often denoted by A and is called the delta of the option.

The very last part in Definition 5.1.1 needs a comment. To this end let
us return to the motivation of the Black-Scholes price just before Defini-
tion 5.1.1. We know from Chapter 2 that to each contingent claim in the
binomial model there is exactly one self-financing replicating strategy. To
prove something similar in the Black-Scholes model requires measure the-
ory and stochastic analysis, theories which are far beyond the scope of these
lecture notes. Instead we argue as follows. There is a self-financing strat-
egy (hg(n), hz(n))N_, which replicates the derivative with payoff g(S(N)).
In particular,

V(0) = hg(1)S(0) + hp(1)B(0)

and
V(0) = hg(1)S(1) + h(1)B(1).

Thus

and letting s = S(t) = S(0),

ho(0) = 1o(t + h, se®™HoVRY — gt + h, seh—oVh)
S< ) o g eah—i—o\/ﬁ _ eah—a\/ﬁ )

Now by letting A — 0,

I 1o(t + h, se®"ToVRY — y(t 4 h, seoh—oVh)
im ~

/
= v,(t,s).
h—0 S eatha\/E _ eahfa\/ﬁ 8< ! )

Thus the hedging portfolio in Definition 5.1.1 should "replicate the derivative
with payoff ¢(S(7")) at time 7" if such a concept had been defined.
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Example 5.1.1. (a) If a derivative of European type pays the amount K
at the termination date 7', then

Mg(t)=e "E[K]=e"K.
Here hg(t) = 0 and hp(t) = %. Thus A = 0.

(b) Consider a derivative of European type which pays the amount S(7°) at
the termination date T Then if s = S(t),

since ,
— _a”
e 'TE |:S€(T 5 ) THoVTG | s.

Here hg(t) =1 and hp(t) = 0. Thus A = 1.

In view of Example 5.1.1 a stock and a bond may be identified with
European derivatives.

Theorem 5.1.1. Assume t < t, < T. Moreover, let g € P and consider a
simple European derivative with payoff Y = g(S(T)) at termination time T
and another derivative with payoff Z = Iy (t.) at time t.. Then

z(t) =y (t)

Note here that the derivative paying the amount Z at time ¢, is a simple
derivative of European type since

o0 02
7 — e—r(T—t*)/ g(s(t*)e(r—7)(T—t*)+0\/T—t*y)so(y)dy

is a deterministic function of S(t.) and, accordingly from this, the price
I14(t) has a meaning. To emphasize the different determination dates of the
derivatives in Theorem 5.1.1 it is natural to write

HY(t) = HY(tv T)
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and
HZ<t) = HZ(ta t*)‘
Theorem 5.1.1 exhibits the so called semi-group property of option prices
in the Black-Scholes model, namely

Hny(t*)(t, te) =Ty (t,T), t <t. <T.

Any portfolio A can be view as a derivative paying the amount V4(¢,) at
a given future point of time ¢, since the market price of the the portfolio at
time ¢, equals V4(t,). From this remark the semi-group property extends to
a portfolio A consisting of stocks, bonds, and European derivatives on the
stock and we get the following equation, namely

HVA(t*)(t7t*) - VA(t>7 14 S t* S T

PROOF OF THEOREM 5.1.1. We have

o0

My (t.) = e / g(S(t)el TN VITEV) o ) dy

o0

and it follows that Z is a deterministic function of S(¢,). Thus
Hz(t) _ e—r(t*—t)

00 0 .2 N
x / {e_T(T_t*) / g((S(t)er =T tmttovh—ta (r= ) (T =t +ovT t*y)so(y)dy} p(z)dz

_er(m/ / G(S(H)elr =3tV =T eV ) o (1) oy vy

o2 1 dxd
r(T—t) r— 2 ) (T—t)+0 (vt —tz+v/T—txy) L2, 2 Y
/ / )expl(— 5 () Y

(T— t)E[ (selr %)(T—t)+a(\/t*—tX—&-\/T—t*Y))]
ls=S(t)
where X,Y € N(0,1) are independent and we get

Hz(t) _ e—r(T—t)E [g(se(r—é)(T—t)-&-a(\/T—tG’)] _ Hy(t).
|s=5(t)

This proves Theorem 5.1.1.
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The following result gives a weak type of dominance principle for portfo-
lios containing the stock, the bond, and European derivatives with the stock
as the underlying security.

Theorem 5.1.2. Suppose g; € P, i = 1,...,m, and consider m derivatives
of European type with payoffs Y; = g;:(S(T)), i = 1,...,m, at time of maturity
T. Furthermore, let a;, i = 1,...,m, be real numbers such that

i a;g; > 0.
i=1

Then .
> ailly,(t) > 0.
i=1
If
Z a;g; =0
i=1
then

i=1

PROOF We have

m m 02
Z a; Iy, (t) = Z aie""E [gi(se(T’T)”"ﬁG)}
i=1 i=1

e "E

m 0.2
3o
i=1

and Theorem 5.1.2 follows at once.

Recalling the notation

C(t, S(T), K, T) = H(S(T)—K)+ (t)
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and
p(t, S(t), K,T) = Wik s+ (1)
Theorems 5.1.2 implies the put-call parity relation
c(t,S(t), K,T)—S(T)=p(t,S(T),K,T) — Ke .

In fact, since

(S(T)-—K)"=S(T+K—(K—-S(T)"=0
for all values on S(T),

(ser)—x)+ (1) — sery (t) + M (t) — Mg sy (1) = 0.

Now the put-call parity relation follows from Example 5.1.1.
In a similar way we conclude that the forward price S7,,.(t) = S(t)e

T

Exercises

1. Suppose g € P and consider a simple European option with payoff
Y = g(S(T) and termination date T. Prove that ITy (t) = u(t, 5},,(t)),
where )

u(t, f) = 7B [g(fe TV

Moreover, prove that

T L EN ) ) =005 1 < T

ou
E(tv f) +

2. Suppose g € P and consider a simple European option with payoff
Y = ¢(S(T') and termination date T". Then, by Definition 5.1.1, Iy (t) =
v(t,S(t)), where

o2
v(t,s)=€e"FE g(se(’”’T)”"ﬁG)] .

(a) Prove that v(t, s) is a convex function of s for fixed ¢ if g is a convex
function.

(b) In addition, assume ¢g(0+) = 0. Prove that v(¢,s) > g(s).
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3. Let a be a positive real number and suppose the function u(t, s) satisfies
the Black-Scholes differential equation

02s?

u;+Tu;’S+rsu;_m:o, 0<t<T, s>0.

Show that the function v(t, s) = 31_%11(75, %) satisfies the Black-Scholes
differential equation.

5.2 The Prices of Some Simple Derivatives

Theorem 5.2.1. If t<T and7=T -1,

c(t,s, K,T) = s®(dy) — Ke " ®(dy),

and
p(ta S, K7 T) = Ke_TT(I)(_dQ) - S(I)(_dl)
where ,
i — InZ& 4 (r+%)7
o\T
and ,
iy — In&+(r—9%)r

PROOF Definition 5.1.1 gives

Ll

C(t, 87 K, T) = e—TTE [max(O’ Se(r_ 2 )T_U\/;G _ K):|

> 0'2 X
= e_”/ max(O,se(T_T)T_”ﬁz —K)e =z

2

_ _—rT (r—%-)r—0o/7x -z
=e NPT (se'" "z —K)e =
xﬁ% 21

o2 2 dx
e (r—% )r—oyTo—% —rT
e se 2 2 — — ¢ Kq)(dQ)
/x<d2 v

21
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_ —LatoyT)? dx —rT
=3 e 2 —— —e¢ TK®(d
/:c<d2 V2m (d2)

= sP(dy) — Ke " ®(dy).
Furthermore by the call-put parity relation
pt,s, K)=Ke ™ —s+c(t,s, K) = Ke "™ — s+ s®(dy) — Ke " ®(dy)
= KS_TT(l — ‘I)(dQ)) — S(]. — q)(dl)) = Ke_TTq)(—dQ) — S(I)(—dl)
which completes the proof of Theorem 5.2.1.

Below ¢ = @', that is

—_
M

T

e 2.

For a general payoff function g € P the price Il g¢r))(t) of the corresponding
European contingent claim equals

o0 2
v(t,s) = e_”/ g(sem= TV o (1) da:

which is simple to compute by numerical integration. Alternatively, if Gy, ..., G,
are independent observations on G € N (0, 1), the Monte Carlo method gives
the following approximate option price, viz.

6—7”7’

n a2 |
- Z g<se(r77)7+a\/~7Gz ) ]
=1

Finally, the binomial model, which motivated the Black-Schole price above,
can be used to find an approximation v(t, S(t)) of the price IL;s(r))(t) as
follows. First choose N € N, and define h = 7/N and

t,=t+nh,n=0,1,...,N.
Then, if s = S(t),

Nﬁj)m/ﬁ) N

v(ty, sel = g(seW=2Vhy = 0,1,

ceey
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and for every n =N —1,N —2,...., 1,0, we let
U(tn, eV = e (g0t seTTITEDIVEY gt g, seMTIT2DTVRY)

for j =0,1,...,n, where
erh . e—ax/ﬁ

quzeo\/ﬁ—e_‘”/ﬁ

and g3 = 1 — ¢,. Thus the drift parameter « is chosen equal to 0. The
quantity v(to, s) approximates the option price Ilys(r) ().

As an example consider a European call with volatility 20% when the
stock price equals 40 crowns at time 0. The annual simple interest rate is
5%, that is r = In1.05. We get the following result with N = 5,20, and 50
and different strikes and residuals:

Black — Scholes price N =5

K\r | 1/12[4/12 [7/12 ] [K\7 | 1/12]4/12 ] 7/12
35 | 5.15 | 576 | 640 | [35 |5.14 |5.77 | 6.45
40 [1.00 [ 217 [3.00 | [40 |1.05 | 226 | 3.12
45 [0.02 [051 | 1.10 | |45 |0.02 [054 | 1.15

N =20 N =50
K\r [1/12 [4/12[7/12| [K\7 | 1/12 [ 4/12 [ 7/12
35 | 5.5 |5.77 | 639 | [35 | 5.15 | 5.76 | 6.40
40 099 [214 [297 | [40 [1.00 | 216 | 2.9
45 002 [051 | 111 | [45 [0.02 051 | 111

The Monte Carlo method with n = 10° simulations gave us the following
results:

exact prices 10° random numbers

K\r | 1/12[4/12 [7/12| [K\7 | 1/12]4/12 ] 7/12
35 | 5.15 | 5.76 | 640 | [35 |5.15 |5.75 | 6.40
40 [1.00 [ 217 [3.00 | [40 [1.00 | 217 |3.00
45 [0.02 [ 051 | 1.10 | [45 [0.02 [051 | 1.11
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Since the dominance principle in Chapter 1 shows that it is not optimal
to exercise an American call before maturity, we define its price as the cor-
responding European call price (we here assume that the underlying pays
no dividends). However, in this introduction to the Black-Scholes theory we
cannot, in general, define the price of an American contingent claim. Already
the American put causes great troubles but the following can be proved using
very advanced tools. If an American put has strike price K and termination
time 7', the price at time ¢ is a function v(¢, S(t)) of (¢, S(t)), where v(t, s)
solves the Black-Scholes differential equation in a domain

D ={(t,s); s>b(t),0<t<T}

for an appropriate increasing and convex function b such that

tEI%l_ b(t) = K.
Moreover,
v(t,s) > max(K —s,0), (t,s) € D,
v(t,s) = max(K —s,0), (t,s) € 9D
and

dv
P (t,b(t)+)=-1,0<t<T.
Here the function b, which is unknown from the beginning, is a part of the
solution. If S(t) < b(t), it is optimal to exercise the put. Like the put
price, the so called critical boundary s = b(t) is not given by any known
analytic expression (see Myneni [MY], Carr, Jarrow, and Myeni [C'JM],
and Ekstrom [EK]).

The binomial method can be used to obtain an approximate price v(t, S(t))
of a simple American option with payoff g € P. Set s = S(t) and let

v(ty, se(N_Qj)‘”/E) = g(se™=2)ovhy 5 — 0.1, ...,N.
Furthermore, for every n =N — 1, N —2,....,1,0, we let

v(tn, se("_Qj)"\/E)

1172j)0'\/ﬁ)7 efrh< n7172j)0\/ﬁ>>)

= max(g(se( GQu(tns1, selnt1=25)o " 4-qav(tia, sel
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for j =0,1,...,n.

As an example consider an American put with volatility 20% when the
stock price equals 40 crowns at time 0. The annual simple interest rate is
5% , that is r = In1.05. If K = 45 and 7 = 4/12, the algorithm gives the
price 5.08 if N = 25 and 5.09 if N = 50,75 ,100 and 150. The corresponding
European put has the price 4.78. If K = 45 and 7 = 1/12 the American put
has the price 5 and a closer analysis shows that it is optimal to exercise the
option.

The Black-Scholes theory applies to options on exchange rates and futures
contracts as will be seen below.

First suppose we have two currencies; the domestic currency Swedish
crowns and the foreign currency US dollars. Let £(¢) denote the exchange
rate at time ¢ that is, at time ¢ the value of 1 US dollar equals £(t) Swedish
crowns. The domestic interest rate r as well as the foreign interest rate ry are
positive deterministic constants, and the corresponding bond price processes
are denoted by B and By, respectively.

Now consider the right but not the obligation to buy one US dollar at
the price K Swedish crowns at time 7. The value of this contract at time T’

equals
Y = max(0,£(T) — K)

in Swedish crowns. To price this stochastic payoff we will assume that the
exchange rate process (£(t)):>0 is a geometric Brownian motion with volatility
o and, moreover, observe that the process

S(t) = By(1E(), t20

is the price process of a traded Swedish asset. In fact, we may exchange
Swedish crowns to US dollars, buy the US bond, and when selling the US
bond the cash in US dollars is exchanged to Swedish crowns. Now writing

Y = B(T) ' max(0, S(T) — B;(T)K)
and assuming t < T, the price ITy (t) at time ¢ in Swedish crowns equals
Iy (t) = Bf(T)e(t, S(t), By(T)K),T)
= By(T)™" (B ()4()@(D1) — By(T)Ke " ®(D,))

where

Br(t)E(t o2
In 52 + (r+ 5)r

NG

D, =
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and ,
ln@—l—(r—rf— "7)7'

e

After a simplification we get the so-called Garman-Kohlhagen price formula

Hy(t> = f(t)G_TfT‘I)(Dl) — KB_TT(I)(DQ).

The option to sell one US dollar is treated similarly. The option to buy one
unit of the IBM stock at a given price in Swedish crowns is slightly more
involved and will be treated later in Chapter 6.

As a second example how Theorem 5.2.1 can be used consider a call
option, with exercise date T and strike price K, on an underlying forward
contract on S written at time 7" and with delivery date T}, where 77 > T.
At the exercise time T the holder of the option will obtain the amount

Y =max(0, 57 (T) — K)

and a long position in the forward contract. Since the price of the forward
contract vanishes at time 7" we only have to evaluate the price of an option
with payoftf Y at time 7'. Since

Y = "D max(0, S(T) — Ke "1
we get for t < T,
Iy (t) = "= De(t, S(t), Ke =1 )

In 5 4 (r+ )T —t)

Ke—r(T1-T)

oI —t

= ' (TT) {S(t)cb(
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This formula is called the Black-76 formula.

Exercises

1. Consider a European call on a stock with volatility 25%, termination
date 20 March, and strike price 100 crowns. The simple annual rate
is r = 5%. During the period 20 January-20 February the stock price
increases from 97 crowns to 103 crowns. Find the increase in the option
price during the same period in (a) crowns. (b) percentage. Assume
each month possesses the same number of trading days.

(Answer: (a) 1.94 crowns (b) 64.73 %)

2. Consider a simple European derivative with payoff Y = ¢(S(T')), where
g € P. Find a function O(t, s, y) such that IIy(t) = v(t,S(t)), where

o) = [ gl sy ife < T.
0

3. Suppose K and L are positive constants.

(a) (cash or nothing call”) A simple European option on S pays
nothing at time of maturity 7" if S(7') < K and, in other cases, it pays
the amount L. Find the price of the derivative at time t.

(b) (Passet or nothing call”) A simple European option on S pays
nothing at time of maturity 7" if S(7") < K and, in other cases, it pays
the amount S(7"). Find the price of the derivative at time ¢.

(Answer: Let s = S(t). (a) Le ""®(dy) (b) s®(dy))

4. ( ”as you like it option” or ”chooser option”) Lett < T < T}
and K > 0. At time T a financial derivative gives its owner the right to
choose either a Furopean call on S with strike price K and termination
date T or a European put on S with strike price K and termination
date T7. Find the price of the derivative at time ¢.

5. A European derivative pays Y = cos?(In S(T)) at the termination date
T. Find the price of the derivative at time t.

(Answer: %e*” {1 + 20T cos(2lns + (2r — 02)7)})
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6. Suppose X € N(«,c?), where o > 0, and set Y = e*. Prove that

FE [min(K,Y)]
In L. -2 In B _ @2
= B[Y] @(%) X K@(%)

if K > 0.

5.3 The Greeks

The Greeks of an option measure the sensitivity of the option price from its
parameters. Expressed in mathematical terms, if a simple European option
on S with payoff function ¢ € P and termination date T has the price
v(t, S(t)) at time ¢, where

o2
v(t,s) =e"E g(se<T_7)T+"\EG)] :

then partial derivatives of v = v(t,s,r,0) evaluated at the point (¢, S(t)),
where ¢ < T, are called Greeks of the option. We already have defined the
delta in Definition 5.1.1 and know that this Greek is an important tool to
hedge the option. The following list is (more or less) standard:

. Ov
delta. Bs

. 0%
galina. 52

o
rho: o

theta: %
vega: %

is called the omega of the stock price. Thus

N
Furthermore the quantity Sgs

ov

v
omega: Sgs = (formally) = %
Omega is also called the elasﬁcicity of the option price with respect to the
stock price; if the stock price changes 1% the option price changes about
omega %.

Since a linear combination of payoff functions is a payoff function a port-
folio containing the stock, the bond, and European options on S has Greeks
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as above. Such a portfolio is said to be delta neutral if the delta of the
portfolio vanishes.

Theorem 5.3.1. For a Furopean call price and T > 0,

delta = &(d;)

p(d1)

so\/T

rho = Kre " ®(dy)

_sp(di)o

2VT

vega = so(d)/T

where all expressions to the right are evaluated at the point (t,s) = (t,S(t)).

In particular, the delta, gamma, rho, and vega of a Furopean call are strictly
positive but theta is strictly negative.

gamma =

theta =

—rKe " ®(dy)

The most common Greeks for a European put are obtained from the
put-call parity relation

p(t,s, K,T)=c(t,s, K,T) — s+ Ke '™

and Theorem 5.3.1.

PROOF OF THEOREM 5.3.1 If ¢ denotes the call price,
c=sP(dy) — Ke ""®(ds)

where )
a0 — In&+(r+%)7

"7

and
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Hence 9 9d
¢ _ N O 2
% = (I)(dl) + 8(,0((11) 88 KB gﬁ(d2>

1 8d1 a3 d3
=®(d))+—=——1¢se 2 —Ke ""e 2
@)+ =504 }

]_ 8d]_ d% d% 0'27'

= P(d - 3 _ Ke TTe 3 thovVT-5"

(d1) + Jos s {se e e }
it

e 2 8d1

V2r Os
di

e 2 Gdl

V2r 0s

0'27—
= d(dy) + {s — Ke TTthovT5 }

= B(dy) + {s = Kerrmimiree 5]~ g(ay).

This proves the formula for the delta. The formula for the gamma now follows

from
od; 1

Ds so\/T

The remaining part of Theorem 5.3.1 is left as an exercise.

For a general simple derivative of European type the Greeks of the option
price are obtained by numerical integration and differentiation. Alternatively
the following result may be used.

Theorem 5.3.2. A simple European option on S with payoff function g € P
and termination date T has the price v(t,S(t)) at time t, where

2
v(t,S(t) =e""E [g(se(T_T)T+”ﬁG)] :
ls=S(t)
Moreover, if T > 0.
e—TT

fa—- — F (r7§)7+a’\/?G G
delta SWovr [g(se ) ]
G?

B |gtset- ey T - i - )
ls=5(t)

|s=S(t)

—rT

e

S2(t)or

gamma = —
oT o
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o2 G
rho=e¢ ™ E {g(se(r—Q)T-l-aﬁG)(\/—L

_T)}
g |s=5(t)

1 _ ( 7&) + \/*G G2 (T - 0_2
theta = 7"—}—2— v(t,S(t))—e "TE |g(sel" T )TTOVTEY & —

T

)G
27 + o\/T '
p—
vega = e TR |:g(8€( )T+0’W(T))(

or Ve _)} |s=5(t)

and

o
PROOF We here compute only the theta. The other Greeks in Theorem
5.3.2 are obtained in a similar way. First

U(t, S) _ 6—1"7'/ g(elns+(r_7)T+Uﬁm)g0(I)d$
where
_a?
e 2
T) = .
o(x) N
We now set Iny =Ins+ (r — "—22)7' + o/7z and have
o0 lngi—(r—"—Q)T dy
t — s 2 -7
,8 0\/?/0 9(y)e( o~ )y
Thus
ov re”"" e’ o n¥—(r—%)r dy
Z(t — s 2 -
o (19) {aﬁ+20ﬁ7}/0 9(y)e( = )y
ln—— r—";)T In¥ —(r— ’
a
0'\/_ VT

%)T) In¥—(r— %2)7'
v

ot Ta_\/_?}%
{”_}o—\f/ e

)7\ dy

a\/? i~
o
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2
oo 2 /r' J— 0'_
T (T*%)Tﬁ*ﬂ'ﬁl’ ﬁ_i_ 2 dr =
[ gtae o () {2T e
1
{7" + Z} v(t, s)

2 _a
—e "R g(se(rfé)‘f%crﬁG) {G + (T 2 )G}

or o\ T

Example 5.3.1. Suppose 0 < ¢t < T and consider a financial derivative of
European type with payoff Y = (S(T') — S(0))?/S(T) at time of maturity 7.
We want to find the price IIy () and the delta A(t) of the derivative at time
t.

To solve these problems first note that

Y = S(T) —25(0) + S(0)*S(T)~".

Here

and
g0y (t) = S(0)e™""

where 7 =T — t. Moreover,

o0

(S(t)e(r—"—;)r—i—aﬁz)—le—é dx

Mgy-1(t) =e "7
smt) =7 [ Vo

o2 g2 d
:S(t)_le_”e_("_UT/ e‘z_"\ﬁ"f—_;ﬁ7T

o d
_ S<t)—1€(a2—2r)r/ 6—%(904—0%)2 gﬁ _ S(t)—le(O'Q—QT‘)T‘

Iy (t) = S(t) — 25(0)e "™ + 5(0)%e” 27 5(t) =",
Now, if TIy (t) = v(t, S(t)),

Hence

Z(t,5(t)) =1 — 5(0)% 27 5(¢) 72,

Exercises
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. Show that

Jc

P
Use this to prove that the map K — (¢, S(t), K,T), K > 0, is convex
in the Black-Scholes model (cf Chapter 1).

—G_TTq)(dQ).

. Let a, K,T > 0 be given numbers and consider a simple derivative of

European type with time of maturity 7" and payoff K if S(T') < a and
payoff 0 if S(T") > a. (a) Find the price of the derivative at time ¢t < T
(b) Find the delta of the derivative at time ¢t < T (c¢) Find the vega of
the derivative at time ¢t < T

. A European option on S pays the amount 1 at maturity 7" if S(7') < K

and, otherwise, it pays nothing. Suppose ¢ < T. For which value on
S(t) is the delta of the option minimal?

(Answer: S(t) = Ke_(’”r%)T)

. Let a, K, T > 0. A financial derivative of European type pays the

amount Y = (min(S(7T) — K,a))" at time of maturity 7. Show that
the delta of the derivative is positive and does not exceed
In(1+ %)

o/ 2m(T —t)
at time t < T.

Show that

c(t,s, K,T) s .
—_— = > —if s> dt<T.
C<t7 50, K’ T) 50 ne so ol

. A function f : Ja,b] — ]0, 00] is said to be log-convex if In f is convex.

(a) Show that the function f : ]a,b[ — ]0, oo is log-convex if and only
if the function f(z)exp(cz), a < x < b, is convex for all real c. (b)
Show that the sum of two log-convex functions is convex.

. A European simple derivative on S has the payoff ¢(S(7")) at time of

maturity T, where g € P and ¢(y) > 0 for all y > 0. Prove that the
omega is an increasing function of the stock price S(t) if Ing(e”) is a
convex function of x.

5.4 Path dependent options
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A subset of R"™ of the type
I ={x; x=(v1,...,2,) and a < xp < b, k=1,..,n}

where —oco < a, < b, <00, k=1,..,n, is called an open n-cell.

Let g(s1,..-,8n), $1 > 0,...5, > 0, be a function satisfying the following
conditions:

(a) There are finitely many mutually disjoint n-cells I, ..., I, such that
the union of the closure of the I : s equals R".

(b) The restriction of g to each Iy is the restriction to I; of a continuous
function in the closure of I for k =1,...,m.

(c) There exists a positive constant A such that

sup {e—A(\le---H%\) | g(e™,....e™) |; z1,..., 2, € R} < 0.

If these conditions are fulfilled we write g € P, and g is called an n-payoff
function.

Suppose t = tg < t; < ... < th1 < t, =T and 7 =T —1t. In
this section we will consider a European contingent claim with payoff ¥ =
g(S(t1),...,S(t,)) at termination time 7', where g is an n-payoff function.
We define the derivative price Iy (¢) = IIy(¢,7T) to be equal to the price of
a European contingent claim with the payoff Iy (¢,_1,7) at time ¢,_;, that
is Iy (t) = Iy @,y 1) (¢, t1). By induction we find that IIy(¢) = v(t, S(t))
where ,

o(t,s) =B [g((Sevf%)(tk—t)w(W(tk)fW(t)))Zzl)]

and ,
(Se(rf%)(trt)Jro(W(tk)fW(t)))n

(s TR W)W W) g (=G 2= 4o(W ()= W D) | o5 )tn—0)-+o (W (tn)-W (D))

g eeey

Moreover, introducing

_a i — s — % (o Y Yoy
f(S’Il,...7xn) — g(Se(T 2)(t1 t)+c7 t1 tw1786(7' 2)(t2 t)—HT t1—tx14+o+/t2 t1m27

2
Se(T—%)(tn—t)-‘rU\/tl —t$1+...+ax/tn—tn71xn)
e .

we also have
v(t,s)



108

- 1 o dry. dzy,
=e i | f(s 21, xn)exp(—= (27 + ... + 7)) — ==
| [t aen(=56 NS

For n = 1 the definition above coincides with the old one.

Example 5.4.1. A derivative of European type pays the amount Y = S‘(gT(—Z))

at time of maturity 7. To find Il (0) note that for any ¢ € [0,7] and real
number a, I,g(7)(t) = aS(t) and, hence,

1
I (T/2) =1_1 _5)(T/2) = WHS(T) (1/2)
sy =1
- S(T/2) o
Accordingly from this,
Ty (0) = e 2.

Alernatively, using the general theory above,
T 2 )ty W (t) )2
My (0) = e "B [g((se~ 3tz

with t; = %, to =T, and g(xq1,29) = 2. Hence

Example 5.4.2. Suppose t < t, < T and consider a European contingent
claim with payoff Y = max(S(t.), S(7T")) at time T. We have

Y = S(t) + max(0, S(T) — S(t«))

and
HY (t*) = S@*)eir(Tit*) + C(t*a S(t*)a S<t*)7 T)
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= St ) (e T 4e(t,,1,1,T)).
Thus by Theorem 5.1.2
Iy (t) = S(t) (eI + ¢(t,, 1,1, 7).

Moreover,

c(t,,1,1,T)) = @((g - %a)\/T —t,) — e—T(T—McI)((g — %0) T—t,)

and it follows that

My (1) = SO@(C + o)V —12) + 7T (1= 9[-~ Lo) T~ 1))
= S(O(@((- + 50T =) + eI~ + o) yT— 1)

Example 5.4.3. Consider a derivative of European type with the payoff
1 o KT
Y =— S(—
w2500

at time of maturity 7. To find Iy (0) we introduce a derivative paying the
amount Y; = S(L) at time 7. Then

11, (0) = % > Ty, (0).

Moreover, Iy, (E0) = ¢=(T=55r§(EL) and, hence,

Ty, (0) = e~ T 575(0).

Thus

nn
—~
(=
~—
3

S(O) — —iTr/n __ S(O) - eiTT
=

n 1—eTr/n’
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Example 5.4.4. Consider a derivative of European type with the payoff

L, {HS(I%T)}n

at time of maturity 7. To find find I1(0) let S(0) = s so that

1
Mz(0)=eE {H Seﬁ—‘f)’%aw(’f)}

k=1

o2 (n+1)T o n k
— Se—rT‘f‘(T—T)i% E [65 > k=1 W(T)] )

Set V; = W(L), i =0,...,n. Then

Z” kT
k=1

= ‘/1 —+ ...+ Vn,g + QVn,1 + (Vn — anl)
=Vi+ ..+ Vos+3V, 0+2(Voor — Vo) + (Vo — Via)
= n(V1 — Vb) + ...+ Q(Vn,1 — Vn,Q) + (Vn — anl)

and using the formula 12 + 22 + ... + n? = w we get

n
el n o(n+1—k o2
Eles Zk:IW(%)} _ HE [e (=R (1, v ) o (n?+..+22+12)T

k=1
o2 n(n+)(2n+1) T 2 (n+1)(2n+1)
= e2n2 6 W=’ 122
Thus
o2\ (n+1)T (n+1)(2n+1) 1 1-n2
Hz(O) = SB_TTJ'_(T_T) o ot 12n2 = S(O)Q(Tnnr"_ Ton? U2)T'

Exercises
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1. Set g(7) =¢c(t,1,;T)if T >7=T—1t>0and o > 0. (a) Prove that
c(t,s,s;T) = sg(T —t), where o is the same in the right-hand and left-
hand side. (b) Let t < ¢, < T. A European derivative pays the amount
Y = max(0,S(T) — S(t.)) at time 7. Prove that IIy(t) = S(¢)g(T —
t.).(c) ("tandem option”) Let 7 =T — ¢ > 0 and set t; = t + 7,
| =0,...,n, where n € N_. A derivative pays max(0, S(t;) — S(t;_1))
at time t; for j = 1,...,n. Show that the price of the derivative at time
t equals nS(t)g(r/n).

2. Suppose ty < t, < T and consider a financial derivative of European
type with payoff Y =| S(T") — S(t.) | at time of maturity 7. Find the
delta A(t) of the derivative at time ¢ if

(a) t € |t., T
(b) t € Jto, t.[.
(c) Finally, compute A(t,—) — A(t.+).
3. (Black-Scholes model) Suppose 0 < Tj < T and consider a simple

derivative of European type with the payoff Y = min(S(7p), S(T)) at
time of maturity 7. Find Iy (¢) for all ¢ € [0, Tp] .

(Answer: Iy (t) = (1—c(Ty,1,1,7))S(t) it 0 < t < Ty, where ¢(Tp,1,1,T) =
Q(GEVT =T) — TR T = T).)

4. (Black-Scholes model) Suppose K >0and 0 =ty <t; < ..<t,=T.
A financial derivative of European type pays the amount Y at time of
maturity 7', where

Y = Z(S(t,-) — KS(t;i_1))".

Find Iy (0).

5.5 Implied volatility
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Consider a call on S with strike K and time of maturity 7" in the Black-
Scholes model. If the residual time 7 is strictly positive,

and, moreover,

o2
1iIgl+ c(t,s, K,T) = h%lJr e"E [(se(T_T)T“L”ﬁG - K)+] = max(0,s—Ke ")

and
lim c(t, s, K,T) = lim {s®(d;) — Ke "®(ds)} = s.

The parameter ¢ that makes our theoretical call price agree with the market
price is called implied volatility and is denoted by o;,,. If the Black-Scholes
model gives a perfect description of real option markets the implied volatility
would be more or less independent of the residual time 7 and the strike price
K. However, statistical investigations show that the implied volatility often
deviates significantly from a constant function of (7, K) and, in addition,
behaves like a random function with non-negligible variance. This makes it
plausible to model the volatility as a stochastic process.

If we first assume the log-price X (t) = In S(t) = at+0oW (t) is a Brownian
motion with drift as usual, then

X(t+At) — X(t) = aAt + o(W(t + At) — W(t))
and it is tempting to write
dX(t) = adt + odW (t)
and . .
X(t) - X(0) = /0 adu + /0 o dV (1),

Here it is simple to understand the first integral

t
/ adu
0

if o is replaced by a stochastic process (a(u)),>o. However, in a context like
here, given ¢ the path
afu), 0<u<t



113

only depends on the known information F; at time t. We then say that
the drift process (a(u)),>o is non-anticipating. Generally, the definition of
information in mathematics requires measure theory and falls beyond the
scope of these lecture notes. Here let us only remark that the drift process is
non-anticipating, if for each ¢, a(t) is a deterministic function of the historical
stock price process (S(u))o<u<t-

fo=ty<t; <..<t,=tand (0(u)),>o is a non-anticipating stochastic
process, which is constant in each subinterval [t;_1, [, K = 1,...,n, we define

n

| o) = S a0V ) = We)

k=1

The stochastic integral
t
/ o () dW ()
0

may be defined for much more general non-anticipating integrands but we
have not the appropriate mathematical machinery to go any further here.

Statistical investigations support that the probability density of a log-
price increment X (¢t + At) — X (¢) has more mass close to an estimated
expectation of the increment than in the Black-Scholes model, when the
increment is Gaussian. In fact, this phenomenon is very natural since there
are transaction costs, taxes, and other frictions on the real market.

There is a variety of different stochastic volatility models. So called lo-
cal volatility models and many other models are discussed in the Gatherhal
book "The Volatility Surface" (see References; Books in Mathematical Fi-
nance). In the Hobson-Rogers model [HR] o(t) is small if the stock price
changes have been small the nearest period back in time and it is larger in
the opposite case. At present, the Heston model [H] seems to be one of the
most popular stochastic volatility models on the option markets. In Heston’s
model the volatility process depends on more random sources than the stock
price process.

Exercises

1. Assume the Black-Scholes model and show that

9%c  sdid
== 290(d1)\/?-

Oo? o
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Conclude that the map o — ¢(t, s, K, T') is convex in the interval |0, o
and concave in the interval [og, co[ , where

5.6 Problems with solutions

1. (Black-Scholes model) A derivative of European type pays the amount

s+ b

at time of maturity 7. Find Iy (¢) for all 0 < ¢ < T.

Solution. We have

Iy (t) = Wgery () + L1 _(2).

S(T)

Here, if 7 =T —t, s = S(t), and G € N(0,1),

-2
HS(T) (t) — e TE [Se(r—7)7+aﬁ6’:|

_o2 _o2_ o2
= se 27E[e”ﬁG]zse 2727 =g,

Moreover,

1
I, (t):e_”E[ - ]
Se(T—T)T-‘y-O'\/FG

R
— T E |:e—U\/FG:|

and it follows that
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2. (Black-Scholes model) Suppose 7' > 0, N € N, h = N, and t, = nh,
n =0,..., N, and consider a derivative of European type paying the amount
N1
Y = Z (In S(t’zjl at time of maturity 7. Find IIy(0).
n=0

Solution. First consider a derivative paying the amount Y,, = (ln (’f)l)) at

time 7. Since Y,, is known at time t,,1, Iy, (t,41) = Y,e "T~+1) Note that

S<tn+1) = S(tn)e('“_g)h‘FU(W(thrl)—W(tn))

where W(t,.1) — W(t,) € N(0,h). Thus, if G € N(0,1),

2 2
Iy, (t,) = e ™ E | e 7T tns) {(r - %)h + O'\/EG}

o2
— ¢"(T—tn) {(r - ?)2h2 + 02h}

and since the expression for Ily, (t,) is known at time 0,

2
Iy, (0) = e trre " (T'=tn) {(r - %)2h2 + 0'2h}

o2
=e 7 {(r — ?)Qh2 + th} :

Now it follows that

N-1 2
0) = Z Iy, (0) = Ne ™" {(r — %)QhQ + 02h}
n=0

2
=Te " {02 + h(r — %)2} :

3. (Black-Scholes model) A derivative of European type pays the amount

Y =1+ 8(T)InS(T)
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at time of maturity 7. (a) Find IIy(¢). (b) Find a hedging portfolio of the

derivative at time .
Solution. (a) If s =S(t),7=T —t,and G € N(0,1), then
o2 o?
IIy(t) =eE [1 + selr=F)THovTC {lns + (r — 7)7 + (ﬂ/?GH

52
=eT+s {lns + (r — 7)7

o? } o0 o2 2 dx
=e " +s<ns+(r— —)7p +s0 7/ re TTTOVTI=T
(s = o wanve [ Vo

o? o @—ovn)? dx
=e " +sqns+(r——)7p+so 7'/ re~ 2 — =
O 2 R I~

}e‘?TE [e”ﬁG] + s0\/TE [Ge‘TT”ﬁG}

2
e‘”—}—s{lns+(r 02) }—l—s \/_/oo( + \/_)e_% dx
= — )7 o\/T o\T
2 o Var

52
=eT+s {lns + (r — 7)7} + s0°T

2

= e‘”—i—slnsjts(r—}—%)T

=e T+ SHImSEH)+SEH)(r+ %)T

(b) A portfolio with

0 o?
hs(t) = (— {e_” +slns+ s(r+ —)7’})
0s 2 1s=5(t)

0.2
=1+ (r+ 7)7’ +1In S(t)

units of the stock and
hp(t)

2 2

= (e + S(H)In S(t) + S(H)(r + %)T — S+ (r+ %)r +1nS(t)/B(t)
= (7" = 5(¢))/B(t)
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units of the bond is a hedging portfolio at time t.

4. (Black-Scholes model) Suppose 0 < to < T and K > 0. A financial

derivative of European type pays the amount Y = (% — K)* at time of

maturity 7. Find the delta of the option at time ¢ if (a) 0 < ¢t < 5 (b)
to<t<T.

Solution. We first solve Part (b). Note that

1
= T)—- K *
and, accordingly from this, if to <t < T,
1
IIy(t) = ——c(t, S(t), KS(tg), T
Y() S<t0)c(7s( )7 S( 0)’ )
1
= {S(t)CI)(dl (1)) — KS(tO)e_T(T_t)CI)(dQ(t))}
S(to)
where s ,
i) - S UL BT
oVT —t
and s ,
a(t) — 2R P BT
ov1T —t
In particular,
Iy (to)

~In K + (r+ )T — to) —In K + (r — Z)(T — to)

=
( O'\/T—t(] U\/T—to

and, moreover, from the known delta of a European call we get

)~ Ke (=) )

S o2
1 WFZS () (T —t)

S(to) ( oVl —t

We next treat Part (a). If s = S(¢) and 0 <t < £,

At) = ), iftg <t <T.

HY (t) = eir(toit)HY (to)
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since Ty (¢y) is known at time ¢. Moreover, Iy (¢) is independent of s and we
have
A(t) =0, if 0 < t < to.

3. (Black-Scholes model) Suppose 0 < a < K. A financial derivative of
European type has the payoff Y = ¢(S(T)) at time of maturity 7', where
gx) =z —K|ifx ¢ |K—a,K+a[and g(z) =0if x € |[K —a, K +a.
Find a hedging portfolio for the derivative.

Solution. If A C 0, ool

lifx e A
1A($>_{Oifx§§A.

Now
g(z) = (K —a—2)" +aljpr_q(@) + (z — K — a)" + aljxa,e0(2)
=K—-a—z+(@@—K+a)" +a—aljx_qe(z)
+(z— K —a)" + aligiq,00(2).
=K—z+(x—K+a)" —aljg_qe(z)
+(@— K —a)" + aligiq00(2).
Hence, if =T —t >0, s = S(t), and G € N(0, 1),

v(t,s) =gy Uy (t) = Ke™"" — s+ c(t, s, K —a,T)

2
—ae K [I]K,apo[(se(“T)T_"\ﬁG)} +c(t,s, K +a,T)

2

_i_aefr‘rE [1[K+a,oo[<3€(r7 5 )Tfo'\ﬁG)]

=Ke " —s+e(t,s, K—a,T)+c(t,s, K+a,T)

_ —rT d —rT d
. T + ae . r)dx
ae /<ln (=22 p(x)dr + /<1n -y ()
T e TS




In == + (r — )7
=Ke m—s+c(t,s, K—a,T)+c(t,s, K+a,T)—ae”""d( 7ot ( 7)

In=2— 4+ (r — )7
+ae "TP( K+a ( 7)

Recall that

Ing+(r+%)r i+ (r—D)r
K, T) = sb(—£& 2 — Ke "TH(—K 2
C(t,S, ) ) S ( Uﬁ ) e ( O_\/F )
and i
%:q)(ln%—k(r—i-%ﬁ).
0s o\ T
Now
In—= + (r+ 2 In—-2— 4 (r+ 2
hs(t):@:_l+q)( Rt 2)7) (—L+a ( 2)7')

S 0'2 s o
_ae" (ln 7t (- 7)7) n ae”"™ In +(r—%)7
SO'\/FSO O'\/F 80\/;%0

where, as said above, s = S(t). Moreover,

hp(t) = u(t, s) —B(fg(t)S(t).
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CHAPTER 6

Several sources of randomness

Introduction

To begin with in this chapter we are going to price the option on the maxi-
mum of two stock prices and the option to exchange one stock for another.
Furthermore, we will price a call on a foreign equity, struck in domestic
currency. In both cases we will proceed in Black-Scholes like models.

Besides this chapter will illustrate how several sources of randomness and
high-dimensional Brownian motion enter in various multi-asset models of
standard type.

6.1 Bivariate Geometric Brownian Motion

We start with two important definitions. Two random vectors X = (X1, ..., X,,) =
(Xp)i,and Y = (Y3, ...,Y,) = (Yi)i_1,in R™ and R™ | respectively, are said
to be independent if

Elf(X)g(Y)] = E[f(X)] Elg(Y)]

for all continuous functions f :R™ —R and ¢ :R"” —Rsuchthat E'[| f(X) |] <
oo and F| g(Y)|] < oo (for n =1 it can be proved that this definition is
equivalent to the definition given in Chapter 3). Moreover, two stochastic
processes X = (X(t))ier and Y = (Y (u))yuep are said to be independent if
(X (t))ter, and (Y (u))uev, are independent for every finite subset T of 7" and
every finite subset Uy of U.

Throughout this section Z; = (Z1(t))i>0 and Zy = (Z2(t)):>0 denote two
independent standard Brownian motions with continuous sample paths and
Z(t) = (Z1(t), Za(t)), t > 0. The process Z = (Z(t))i>0 is called a standard
Brownian motion in the plane.
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If a = (a1, a2) and b = (by, by) are vectors in the plane, let a-b = a1b1+asby
be the dot product of a and b and | a |= y/a - a the length of a. A vector in
R? is often identified with a column matrix.

Theorem 6.1.1. Suppose the vectors a; = (a;1,a:) € R?, i = 1,2, and let
A = (ai)1<ik<2. Moreover, set X = AZ, that is, X(t) = (X1(t), X2(t))e>0,
where

Xl(t) = allZl(t)+a12Z2(t)
Xg(t) = angl(t)+agng(t).

Then

Var(X;(t)) =| a; |°t, i =1,2

and
Cov(Xi(s), Xa(t)) = (ay - az) min(s, t).

PROOF Let i = 1 or 2. Then E [X;(t)] = anFE [Z1(t)] + anE [Z3(t)] = 0 and
Cov(Xi(s), Xa(t)) = E[X1(s)Xa(t)]
= CL116L21E [Zl (S)Zl (t)] + (111(122E [Zl (S)Zg(t)]
+CL126L21E [Zg(S)Zl (t)] + a12a22E [ZQ(S)ZQ(t)]
= a11a9; Min(s, t) + ajaage min(s,t) = (ay - ag) min(s,t)
since E [Z1(s)Z5y(t)] = E [Z1(s)] E [Z2(t)] = 0. Moreover, if i = 1 or 2,
Var(X;(1)) = B [X2(0)]
= aj B [ZF(t)] + 2000 B [Z(t) Za(t)] + ai B [ Z3(1)]
=|a; *t.

This proves Theorem 6.1.1.
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Corollary 6.1. If a is a unit vector in the plane, a - Z is a real-valued
standard Brownian motion.

Suppose two stock price processes S; = (S1(%))i>0 and Se = (53(t))>0 are
governed by geometric Brownian motions. The stock with the price process
(Si(t))i>0 will be called the i : th stock for i = 1,2. Thus, by assumption,
there are standard Brownian motions (Wy(t));>0 and (Wa(t)):>0 such that

Si(t) =S (0)€a1t+01W1 ()

and
S2 (t) _ 5«2(0)€a2t+02W2(t)

where a1, a2 € R and 01,05 > 0. In particular,
EWi(t)] = E[W2()] =0

and
E [Wi(s)Wi(t)] = E [Wa(s)Wa(t)] = min(s, ).

To define a correlation between the stock price process, we assume there
is a standard Brownian motion Z = (7, Zs) = (Z;(t), Z2(t))i>0 in the plane
and a real number p € |—1, 1] such that

{ Wl(t) - Zl(t)
Walt) = pZi(t) + /1 — p2Zs(t).

Under all these assumptions the joint stock price process S = (S1(%), S2(t))i>o0
is called a bivariate geometric Brownian motion with volatility (o4, 02) and
correlation p. If so, it is readily seen that the process (S2(t), S1(%))t>0 is a
bivariate geometric Brownian motion with volatility (o3, 01) and correlation
p.

In general, we do not have the mathematical machinery required to price
options on (57, 5;) but there are some important special cases, which may
be reduced to options on one stock by assuming appropriate conditions on
the payoff.

Suppose g € Ps is positively homogenous of degree one, that is

g(Az1, Ar2) = Ag(71,72), A >0
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and consider an option of European type on (S7,.S2) with the payoff
9(S1(T), 5(T))

at the termination date 7. To find a natural price of this derivative we
take stock 2 as a numéraire and denominate the first stock in terms of the
chosen numéraire. In terms of the new numéraire stock 1 and 2 get the price
processes

S(t) = g;gg t>0
and
B(t)=1, t>0.

respectively, and, in addition, the option pays f(S(7")) units of stock 2 at
the termination date 7', where

() = g(z,1)
g(w1, ) = m(z—;, 1).

Moreover, setting

o_= \/0% — 2po109 + 03

we have
S(t) = S(0)elwrmo2)ito- -0,

Here, in view of Theorem 6.1.1, the process

W_(t) = O'L {(0'1 - pO’g)Zl<t) — 02\/ 1-— p2ZQ(t)}, t Z 0

is a standard Brownian motion in R. Thus we are in a Black-Schole like
model with interest rate zero and a natural price of the option at time ¢
equals v(t, S(t)) where

0(t,5) = B | flse 70070

and 7 = T —1t is the residual time. Thus in the original price unit the option
price at time ¢ equals u(t, S;(t), S2(t)) with
s

u(t, s1,59) = spu(t, —).
52



124

In particular, no bond is needed for the pricing of the option or, stated
otherwise, the option price is (explicitely) independent of the interest rate.
If t < T iterated differentiation yields the following derivatives

ou Ov, &

951 g(’fag)

Pu  10%, s

97 mol )

0%u 510, s
881682 2 832 PG 1)
6_u oy s, s1 ov 81
059 " 59 5205 59
Pu _ si0v,, s

o3 = ot s,)

and we conclude that

0%u 0%*u 0%*u
28?8 5 —|—2p0'10'281828 10 5 +J§S%a 3

8 v, 8

J— t -

= st (222 )

In the limit case r = 0 the Black—Scholes differential equation reduces to
o, 7 40P

at 2 0s?

and it follows that
ou 1( ,,0% 0*u 5 20U
— 42 —_— — > =0.
ot 3 {0181 ds? * '001028182881832 T2 Ds3
In addition
Ult=T = 9-

The following example is due to Margrabe [M AR)] .
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Example 6.1.1. Consider the option to change stock 2 for stock 1 at time

T. Now
g(x1,29) = max(0, x; — z2)
and
f(z) = max(0,z — 1).
Thus, t < T,
v(t, s) = s®(d1) — (d»)
where ,
Ins + %T
his) == "7
and ,
lns — &=
do(s) ns— 4T

o_\JT

At time ¢ the option price equals u(t, Sy(t), Sa2(t)), where

u(t, s1, 52) = s9v(t, i_;)
= 519((2)) — s (da(2)).

Example 6.1.2. Consider the European option on the maximum of the
prices of stock 1 and stock 2 at time 7. Now

g(x1, 9) = max(zq, x2)

and, since
g(x1,22) = 9 + max(0,z1 — x9)

we get
S S
u(t, s1,89) = 519(dq (22)) + s9(1 — B(do( =
S92 S92

)

which reduces to

ult, 51, 80) = 510(dy (21)) + 520 (dy (22)).

59 S1
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Example 6.1.3. Consider a European call on the US IBM stock with the
price process (U(t)):>o in US dollars with the termination date 7" and the
strike price K Swedish crowns. We assume the Swedish market offers a bond
with the price process

B = (B(0)e")i>0
where 7 is the positive constant interest rate. If £ = (£(¢)):>0 is the exchange
rate Swedish crowns per US dollars, then at maturity the payoff is

(U(T)E(T) — K)* Swedish crowns.

To price this contingent claim on the Swedish option market, we assume
(U, €) is a bivariate geometric Brownian motion with volatility (o¢, 0¢) and
correlation p. Thus, let

U(t) = U(0)e™v Toviul)
and
§(t) = £(0)erer et
where
{ Wy (t) = Zu(t)
We(t) = pZi(t) + /1 = p*Z2(1)
and ay,a¢ € R, oy,0¢ > 0 p € |=1,1]. Here as above Z = (Z;,2,) is a

standard Brownian motion in the plane.
The process

S(t) =U(t)E(t), t=0

can be viewed as the price process of a traded Swedish security and
S(t) = S(O)e(aU+a§)t+J+W+(t)

where
1

Wa(t) = —{ (o0 +p00) Z2(t) + V1= PPoeZa(t) |

and

oL = \/0U2 + 2poyoe + 0.

Now since (W, (t))i>0 is a standard Brownian motion, the Black Scholes call
price applies and, if the residual time 7 = T'— ¢ > 0, we get the following
option price in Swedish crowns, namely

U(6)E(t)P(dr) — Ke™"®(dy)
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where )
I LER) + (r + %)T

di = K
' o4T

0.2
P b el Ul 2L
04 ﬁ ’
To check the price let us consider a European exchange option on the US
option market paying the amount

and

(U(T) — %B(T)/ﬁ(T)) US dollars
at the termination date 7. Here the process
K
(mB(t)/§<t))t20

can be viewed as the price process of a traded US security. Still assuming that
(U, €) is a bivariate geometric Brownian motion with volatility o = (og, 0¢)
and correlation p, (U,1/£) is a bivariate geometric Brownian motion with
volatility (og,0¢) and correlation —p. Thus at time ¢ < T, Example 6.1.2
says that the price in US dollars of the contract equals

1 Ul(t) o2
VO E e pen T2 )
K e g U0 ot
By P O A e e 2 )

Finally, multiplying this expression by £(t) to obtain the option price in
Swedish crowns at time ¢, after some simplifications, we get the same price
as above.

If U is as above, a contingent claim of European type which pays the
amount

Y = max(0,U(T) — K)

Swedish crowns at the termination date 7" cannot be handled by the methods
in these lecture notes.

Exercises
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1. Suppose G1,G5 € N(0, 1) are independent and set

(% X)=(6 6 (5 7)

(vow) =G a) (UG

Show that the processes (X;)i_, and (Y})?_, are equivalent in distrib-
ution.

and

Suppose g € Ps is positively homogeneous of degree one and consider
a derivative of European type with the payoff

Y = g(S:1(T), So(T))

at the termination date 7', where the joint stock price process (57, Ss)
is a bivariate geometric Brownian motion. Show that

My (t) = 9(51(t), Sa(1))

if ¢ is convex.

Suppose Z = (Z(t), Za(t))i>o0 is a standard Brownian motion in the
plane. Find

1
E [\ Z0(t) — Zo(t) | e%(t)%(”)?] f0<t< 7.

(Answer: 2 7r(1t—4t) )

6.2 A single-period model with n + 1 assets

Next we will give an introduction to the well known Markowitz mean-variance
approach to portfolio selection, which appeared in 1952. The presentation
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is rather brief and mainly serve as an example of an application of covari-
ance analysis and high-dimentional probability (for applications to real stock
market data, see e.g. [DGU]).

Consider a so called single-period model with n + 1 asset price processes.
The time set consists of the points ¢ = 0 and ¢t = T and the asset price
processes are denoted by

Si = (Si(t))i=o,r, i =1,....,n,n+ 1.
As usual the return of the i:th asset is defined by

Si(T) — 5;(0)
Si(0)

Here the first n assets are risky and the (n + 1):th asset is a bond with the
corresponding return R, which is known at time 0. To emphasize that R,
is deterministic we sometimes write R, ; = r.

Next we consider an investor with wealth K > 0 at time zero, who wants
to distribute this wealth among the n + 1 assets. To this end suppose the
amount «; is invested in the i:th asset at time zero so that

R, = 1=1,...,n,n+ 1.

n+1

ZO&Z' =K.
i=1

The number of shares invested in the i:th asset is equal to
Q;
Si(0)’
and the corresponding fractions of the capital invested in the assets are given

by the quantities

a; = 1=1,...,n,n+1

ﬂi:%:a K< ), 1=1,...n,n+ 1.
Note that
n+1

Zﬂ'i =1.
i=1

Now if V(¢) denotes the portfolio value at time ¢ it follows that
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and
n+1

V(T) =Y a;Si(T).

i=1
As

the return of the portfolio equals

V(T) - V(0) _ z*:l a:5;(0)

R = R;
V(0) — K
and "
R = Z 7TiRZ‘
i=1
Moreover,
n+1
B[R =Y mE[R]
i=1
and, since R, 1 =7 = E[R,41],
n+1 n

Thus, with
:uz:E[Ri]7Z:1’ 1
we have n
Var(R) = Z T B [(Rz — pi) (R — luj)]

ij=1
or n

Var(R) = Z T jCij

ij=1

where

C = (cijhzijen = (Cov(Ri, Rj))1<ij<n-
Note that C' = (T, that is, the matrix C' is symmetric. Throughout this
chapter it will be assumed that the covariance matrix C' is invertible and we

write
C™h = (¢ h<ij<n-
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In the so called mean-variance approach to portfolio selections in the
above single-period model it is optimal to maximize the function

f(m1, .oy Tns1) = E[R] — OVar(R)

under the constraint

where 0 is a strictly positive constant, which quantifies the risk aversion of
the investor. Solving for 7, the investor will maximize the function

9(m1, s ) =dep f(T1, 0y Ty 1 — Zm)
i=1

=7r+ im(ui —r)—=0 i T iCij
i=1

1,j=1

over all reals 7, ..., m,. It is customary to introduce

vy=1-20
so that 7 < 1 and, hence
g(ﬂ-la 77Tn>
n 1 o n
=r+ Zm(ul r) — 5 T jCij
i=1 ij=1
As
g -
5~ M T (1 —7)27@0@], i=1,..,n
(2 ]:1
the equations
9g
=0,i=1
871'1 ) ? ? 7n
yield
1 o1 Hy —r
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It turns out that this necessary condition for a maximum is also a sufficient

condition. In fact, introduce

7%1 C_l Hq T
. =def .
Tn 1-7 fy — T
and let
971,y ) = (1 + (M1 — 7)oy T+ (T — )
n A 1— ~ n )
=a+ Zbi(m ) — ~—5 (m; — @) (w5 — ) ey
1 ij=1
for appropriate real numbers a, by, ..., b,. Here, clearly
a=g(fy,...,Tn)
and p
g . A .
b; = ey ), 2 =1,...m.
o (T1y ey ), 0 n
Thus b; = ... = b, = 0 and we get
g<7T17 77Tn) < g(Trla 77ATTL)
since . .
Z(’/TZ’ - 7ATZ')(’/T]' — 7AT]')CZ']' = Var(Z(m — ﬁl)Rl) 2 0.
,j=1 i=1
Next let
1
A~/ — : ,
T
H1
p=| :
o,

and introduce the following n by 1 matrix
1
1, =
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From now on we assume

1T7" # 0.
Stated otherwise, as
= (u—r1)
o= w—rl,
L=y
we assume
5 =aes 1,C™ (1 — 1) 0
or ro-1
T -
n M

Definition 6.2.1. The Markowitz portfolio m,; is an n + 1 by 1 matrix,
where the last row is zero and the remaining first rows are given by the n by
1 matrix C (1 — r1,). The latter matrix is denoted by ;. Thus

/ |
Ty = SC Y —rl,).

Note that the vector 7)), satisfies the equation (7,)71, = 1.

Theorem 6.2.1. (Tobin’s Mutual Fund Theorem) The optimal portfo-

lio
1

Sy =) 0
R 1 : :
T=_— n — +
-7 Zj:l anl (Mj —) 0
1- Z:’L:l T
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The mutual fund theorem implies that regardless of the risk aversion
parameter ¢ the investor will mix the Markowitz portfolio and the bond in
appropriate proportions to get the optimal portfolio selection.

Example 6.2.1. (The Capital Asset Pricing Model (CAPM)) Let

Rl Rl
RM = <7TM)T . = (7'('/]\4)1- .
Rn-‘,—l Rn

be the return of the Markowitz portfolio. Solving for 1 in the definition of
7 in Definition 6.2.1 yields

p=20Cth, +rl,
and we have
fig =dey B[R] = (7))
= (7)) "(6C7"y, + 11,) = 0Var(Ryy) + 7

Moreover, if e, ..., e, denotes the standard basis in R" (= the space of all n
by 1 matrices with real entries),

w; = elu=el (6Crh, +rl,)

=0e]Cryy + 1 =0Cov(R;, Ryr) + 1, i =1,....n.

Hence
COV(Ri, RM) B M, — T

Var(Ry) — ppyy — 7'

1=1,...,n
or
L Cov(R;, RM)( B
125 - Var(RM) 1257
Now defining
ﬁ . COV(RZ‘,RM) i —
"7 Var(Ry) |
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we have the remarkable relations

p, — 1 =Ly —1), i=1,...n

and, in particular,

T
A1 ,1 :MM_TC—I B,l
o L= 8,

Exercises

1. Prove that #' — 0 as v | —o0.

2. Let A be a symmetric invertible n by n matrix such that xTAx > 0
if z is an n by 1 matrix. Prove that 2zTAzx > 0 if = # 0 (Hint: Write
A = PTDP, where P is an orthogonal matrix and D a diagonal matrix
possessing strictly positive diagonal entries.)

3. Compute the standard variation Var(ﬁi) of the optimal return R =
Z?:Jrll 7; R;. Simplify the answer for n = 1.

6.3 Two continuous time models

In this section we will consider n stock price processes
(Si(t))iz0, i=1,...,n

and one bond price process
B(t), t >0

in continuous time. However, first it is in order to state some deifinitions.
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A finite number of n random vectors X; = (X;1, ..., Xim,) = (Xix)ir; in
R™ik, 4 =1,...,n, are said to be independent if

for all continuous functions f; :R"™ —R such that E[| f;(X)|] < oo for
every i = 1,...,n. Moreover, n stochastic processes X; = (X (t))er,, ¢ =
1,...,n, are said to be independent if the processes (X (t));er, are indepen-
dent for all finite subsets Tq;, @ = 1,...,n, of T.

E

Definition 6.3.1. Let W;(t),t > 0, ¢ = 1,...,n, be independent standard
Brownian motions and set

Wi (1)
Wi(t) = : , t>0.
W, (t)

The process W = (W(t));>0 is called an n-dimensional standard Brownian
motion. Let o be an invertible n by n matrix with real entries and denote by
o; = |0i1...04,] the i:th row of o and set | o; |= /0% + ... + 02,. Furthermore,
let ;1 be an n by 1 matrix and denote by p, the i:th row of u.

(a) The model is said to be Brownian if

and
B(t)=B(0)(1+1rt), t >0

for an appropriate r > 0.
(b) The model is said to be log-Brownian if

Si(t) = Sy(0)elsaloiHoiWm) 1y >0 =1 .. n

and
B(t) = B(0)e™, t >0

for an appropriate r > 0.
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The matrix ¢ in Definition 6.3.1 is called a volatility matrix.
Stock prices are hardly Brownian motions or log-Brownian motions but
such a picture may be of value locally in time. Stated more explicitly, if

O<Ti<Ty<..<Ty

and the mesh size max;<x<y(7y — Tk—1) is sufficiently small it may be a
good approximation to assume that the stock prices are Brownian motions
or log-Brownian motions in each time interval [Ty_1,T%], k = 1,...,n.

Suppose the return of the bond during the period from t =T}, 1 tot =T},
is known at time T),_; for k = 1, ..., N and introduce the stock returns in the
k:th period, namely

Si(Tx) — Si(Th-1)
RY = :
‘ Si(Th-1) '

=1,...,n.

An investor who applies the Markowitz theory in each period from ¢ =
Ty_1 tot =Ty for k = 1,..., N has the possibility to estimate the model
parameters in the k:th period immediately before this period starts. This is
a very natural approach as the volatility of stock prices often change from
one period to another. Note, however, that statistical estimates of the vector
parameter p have very big variances (cf Chapter 4, Section 2) and to evade
this problem is by no means simple.

Exercises

1. Consider the Markowitz single-period problem for Brownian asset prices.
Show that the Markowitz portfolio does not depend on the length 7" of
the period.

2. Let 0 and W (t), t > 0, be as in Definition 6.3.1. Show that
t > 0, is a standard Brownian motion for every i = 1, ..., n.

o5
o]

w(t),

6.4 Problems with solutions
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1. Suppose Z = (Z(t), Z5(t))i>0 is a standard Brownian motion in the plane.
Find
E [€|Z1(t)+Zz(t)|] )

Solution. The process X (t) = \%Zl(t) + \%Zg(t), t > 0, is a standard
Brownian motion since (%)2 + (\%)2 = 1. Hence X(t) € N(0,¢) and it
follows that

E [el20+201] = E [eﬂlX(t)l] B [eﬁm]

where G € N(0,1). Thus

e 12 d,:C 0 z2 dx
£ (2 0+200] _ / oVFHlal -2 . / A
[ :| \% 27T —00 \Y4 27'('

0 Va2t
sz A d
= 26t/ e 2(ot Qt)z% = 2¢' e \/;C_ = 2e'®(V/2t).
—o0 T —o0 T

2. Suppose Z = (Z1(t), Z2(t))t>0 is a standard Brownian motion in the plane

and define R(t) =| Z(t) |= \/Z3(t) + Z3(t), t > 0. Fde[egR }1ft>0

and§<%

Solution. Suppose t > 0, £ < 5, and G € N(0,1). Then

E [esR%)] _E [652%(1%)652%@)} _E [esz%(t)} E [6523@)}

—(E [eEth}f
and setting n = &t,
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Hence,

E [6532(t)] = 1 .
1—2¢t

3. Let Z(t) = (Z1(t), Z»(t)), t > 0, be a standard Brownian motion in the
plane and suppose T > 0. Set U = €?1(1) and V = ¢#(1+2:CT) () Find
EU], E[V], Var(U), Var(V), and Cov(U, V). (b) Find an a € R such that
Var(U — aV') < Var(U — zV') for every x € R?

Solution. (a) In the following we will use that
CL1Z1<t1) + (1/2Z2(t2) S N(O, aftl + ath)

for all a;,as € R and t1,t3 > 0. Hence, if G € N(0,1),

Var(U) = E[U?] — (E[U])? = E [eWG AT = ST AT
Var(V) = B[V = (B[V])? = B |25T0] = 3T = 57 — 7,
Cov(U,V)=E[UV]|-E[UE|V]=FE [e\/ﬁG] — eesT — 2T — 37
(b) Set Uy =U — E[U ] and Vy =V — E[V]. We have
f(@) =qey Var(U — zV) = E [(Uy — 2Vp)?]
= E [U®] — 2zE [UpVp] + 2°E [V?]
— (2 Q_E[UOX/O}Q 2] E[UOVO]2
- aVETR - Sy (o) - (S
Hence
min f = f(a)
where . .
Y Cov(U,V) ez’ —eaT
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e — e eal(e” +1)

e3T —1 2T 4T 41

4. Let T' > 0 and consider two stock price processes
Sl(t) = 51(0)€a1t+glwl(t), 0 S t S T
Sg(t) = 52(0)6a2t+02W2(t)’ 0 S t S T

governed by a bivariate geometric Brownian motion with correlation para-
meter p € |—1,1[. A portfolio is long 1000 shares of the first stock and short

%?3)(0) shares of the second stock. Consequently, the corresponding portfo-

lio A is of value zero at time zero, that is V4(0) = 0. Find P [V4(T) > 0],
E[VA(T)], and E[(Va(T))?].

Solution. We have
V_A(T) _ K(eho—i—anl(T) . 6042T+02W2(T))
where K = 10005;(0).
PVA(T) > 0] = P [enT+Mi(D) 5 gaaT+oala(T)]
=P {0'1W1(T) — U2W2(T) > (052 — 061>T} .
Set X1 = o Wi (T) £ 0oWo(T) € N(0,04T), where
O'iT =def FE |:(O'1W1(T) + 02W2<T)>2:| = (0'% + 2p0'10'2 —+ G%)T

Hence

Now

(042 - 041)\/T

P[VA(T) > 0] = ®( :
V02— 2p0105 + 03

Moreover, if G € N(0,1),

[l
2

Elef] =e7, €€R
and it follows that
E[VA(T)] = K (e 3797 _ gloatiodT
and
E [(Va(T))]
= K2 [21T+21WA(T) _ ge(ntoa)T+o1Wi(T)oaWa(l) y p20sT+202Wa(T)]

_ K2<62(a1+a%)T _ 2e(a1+a2+%0%+p0102+%05)T 4 62(a2+0§)T)-
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CHAPTER 7

Dividend-Paying Stocks

Introduction

Suppose a stock has the price process S = (S(t))i>0 and pays the dividend
D > 0 at time t*. We have the convention that S(t*—) and S(t*+) exist,
S(t*) = S(t*+) and

S(t*—) —S(t*) = D.

In particular, the process S is no longer continuous and the Black-Scholes
option pricing must be modified, which is the subject of this chapter. Clearly,
dividends are something very important and quantitative analysts spend lots
of time to price options on dividend-paying stocks.

7.1 A Seek for Portfolios with a Geometric Brownian Motion Dy-
namics

Consider a European derivative on S with the payoff ¢(S(7")) at the termi-
nation date T" and, in addition, suppose g € P. First suppose there is only
one dividend during the life time of the option and this occurs at time t*.
Moreover, assume S is a geometric Brownian motion restricted to the time
interval [t*,T] and denote the corresponding volatility by o. Let ¢t < t* be
the present date. We then try to find a portfolio A containing only the stock
and bond such that process

o [V, t< A<t
S(A)—{ SO, < A<T

is governed by a geometric Brownian motion with volatility o. In particular,

Va(t—) = S(t).
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By selling the portfolio .4 immediately before time ¢* and using the payment
obtained to buy the stock at time ¢* when the dividend is detached, the
process (S*(\)) t<a<r can be viewed as the price process of a traded security.
Therefore, as g(S(T")) = g(S*(T)), it is natural to define

02
Hg(S(T)) (t) — ¢ E [g(s*e(r—T)T—l—aﬁG)]
|s*=5*(t)
Here, as usual, 7 =T —t.
First assume the dividend paid equals

D =68S(t-)

where ¢ € ]0,1] is a real number known at time ¢. To determine the portfolio
A suppose S is governed by a geometric Brownian motion with volatility o
before time t*. If A as a portfolio containing (1 — ¢) units of the stock, it is
natural to assume that S* is a geometric Brownian motion with volatility o
and

02
Hysery(t) = e "E |g((1 — §)sel' =7 )THoVTE s’ t <t~
s=S(t

Consequently, a dividend in terms of fractions of the stock price is very simple
to handle.

Next suppose the dividend paid at time t* is a fixed amount D in Swedish
crowns. To handle this case we assume that the process

S(\) — D" <A<t

is a geometric Brownian motion with volatility o and let A be a portfolio con-
sisting of a stock and a short position in the bond corresponding to D/B(t*)
units. Now

s* = S(t) — De"t=1)

and assuming that S* is a geometric Brownian motion with volatility o,

« o2
Hgsery(t) =e"E [9((8 — Derttt >)e<f—2>r+aﬁc]l "
s=5(t

To find an approximate option price based on the binomial approximation
at time ¢, define h = 7/N,

t,=t+nh,n=0,1,... N
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and

U]]-V = g(s*eWN=2ovhy 5 —0.1,.. N.
Next at the times t,,n = N—1, N—2,..... 1,0, we compute the corresponding
option prices

__—rh n+1 n+1
vy =¢€ (QUU]‘ + qav; iy )

for j =0,1,...,n, where
_, - erh _ 6_0\/E
qu_ Qd_ea\/}:—efo'\/ﬁ'

The quantity v) approximates ITys(ry)(t)-

The price of the corresponding American option has not been defined in
this text but intuition leads us to the following algorithm. First let g7 =for
j=0,1,..,n and, as above, let v) = g(s,e™=2)7Vh) j =01, .. N. Next
at the times t,,n = N —1,N — 2,....,1,0, we compute the corresponding
option prices

vy = max(g7}, e_rh(pv?Jrl + qv?j:ll))
for j =0,1,...,n. Finally, the quantity v) approximates the American option
price at time t.

Finally, in this chapter we will discuss two qualitative properties of dividend-

paying American calls and puts.

Exercises

1. A forward starting European put on S has the payoff
max (0, S(Tp) — S(T))

at the termination date T. Suppose Ty < t* < T, 0 < § < 1, and that
the stock pays the dividend 0S5 (t*—) at time t*. Find the call price for
t <t

2. A European derivative on S has the payoff max(S(7'), K) at the ter-
mination time 7. The stock pays the dividend D at time t*, where D
is a known amount at time ¢t < t*. Find the price of the derivative at
time t.
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3. A European derivative on S has the payoff ¢(S(7)) at maturity 7,
where g € P.

(a) Suppose there are times t < t; < ... < t, < T and, at each tg,
the dividend paid is 6S(tx—). Moreover, let A be a dynamic portfolio
with exactly (1 — 6)* units of the stock in the interval [t, j,tn_xs1[,
k=0,1,...,n, where ty =t and ¢,,.; = T. Suppose the portfolio process
(Va(N))i<r<r is a geometric Brownian motion with volatility o. Moti-
vate the following definition, namely

02
Hy(sery(t) = e E |g((1 - 5)“86(T_7)T+0ﬁ6’)] s
(b) Suppose § > 0 and that the dividend paid in the interval [t,t + dt|
equals 0S(t)dt for each t. Suppose the stock price is governed by a
geometric Brownian motion with volatility o. Motivate the following
definition, namely

(72
v(t,s) =e E [Q(Se(“‘s*?)”"ﬁc)

4. Suppose the dividend paid at time t* is a fixed amount D in Swedish
crowns and assume, in contrast to the assumptions above, that the
process

e S(A), t< A<t
51N = { S(A) + DerX=t) t* <AL T

is a geometric Brownian motion with volatility ¢. Find the price of a
call on S with strike K and termination date 7.

7.2 A Property of the American Call when the underlying pays
a dividend

Consider an American call on S with strike K and time of maturity 7', let
t <ty < t* < T and suppose the stock pays the dividend D in Swedish crowns
at time t*. Only assuming the dominance principle in Chapter 1, we claim
that it is not optimal to exercise the option in the interval [t,#;]. Indeed, if
1 <ty < t*,
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Clts, S(ta), K, T) > S(ts) — K

or
K
Cl(ty, S(ta), K,T) > S(ty) — ——B(t
( 29 ( 2)7 ) ) il ( 2) B(tQ) ( 2)
and an application of the dominance principle yields

K

CA SN, K, T) > S(\) — Bl >B()\) > S(A) — Kif A <t.
2

However, in some cases it is optimal to exercise the call immediately before
the dividend is detached.
Since it is not optimal to exercise the option in the interval [t*, T,

C@t*, S(t"), K, T) = c(t,S(t), K,T).
The exercise value at time t*— equals
S(t'—) - K
and, accordingly from this,
Ct'—,S(t"—), K, T) = max(S(t"—) — K, c(t*,S(t"), K,T))
or, since S(t*—) = S(t*) + D,
Ct'—,S(t"—), K, T) = max(S(t*) — (K — D), c(t*, S(t*), K,T)).

Now we assume the stock price is governed by a geometric Brownian
motion with volatility ¢ in the time interval [¢*,7T] and recall that

dc
% = q)(dl) < 1.

Therefore there is at most one positive number so such that
S(t*) — (K — D) > c(t",St"),K,T)) if S(t*) > s¢

and
S(t*) — (K — D) <c(t",S(t"), K,T)) if S(t*) < sc.
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If such a number sq exists and
S(t*—) > sc+ D

it is optimal to exercise the option at time t* — . On the other hand, if
™ =T —t* and

D<K@l—e)
it is not optimal to exercise the option at time t*— regardless of the value on
S(t*—). To see this, we observe that

S(t*) — (K — D) < S(t*) — Ke™™

and
* 02 *
c(t", S(t"),K;T))=e¢"™ E [max((), selr =TT HoVTG K)} "
s=5(t*
0'2 * *
=F [maX(O, se” T T VTG _ gmrT K)]
ls=5(t%)
> 02 * *
= / max(0, S(t")e” 27 VT _ o7 ) p(x)dx
> / (St e~ T 7TV _ e K p(z)da
=S(t") — Ke ™.
Thus

c(t*, S(t), K:T)) > S(t) — (K — D).

7.3 A Property of the American Put when the underlying pays
a dividend

Consider an American put on S with strike K and time of maturity 7" and
suppose the stock pays the dividend D in Swedish crowns at time t*, where
t* < T. The dividend D is known at time tqy, where ty < t*. If

D > K (et 1)
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we claim that it is not optimal to exercise the put in the time interval |¢o, ¢*[.
It is enough to prove that P(t,S(t), K,T) > K — S(t) if t € |ty,t*[. In fact,
if t € Jto,t*[ and P(t,S(t), K,T) = K — S(t), let A be a portfolio consisting
of long positions in the American put and the stock, and a short position in
the bond corresponding to —K/B(t) units. Then

Va(t) = (K = S(t))+ S(t) — K = 0.

However,

%ﬁﬂzD+PWﬁWLKTH{Wﬂ—é%BW)

> D+ (K —S(t*) + S(t*) — %B(t*)

K *
=D+ K - 5Bt

—D+K(1—-e" ) >D4K(1—e®)>0

which contradicts (a slightly more general version of) the dominance principle
(than we stated in Chapter 1). Hence P(t,S(t), K;T) > K — S(t) and it is
not optimal to exercise the American put in the time interval |to, t*].

Problems with solutions

1. (Black-Scholes model) Suppose 0 < Ty < t* < T and 0 < § < 1 and
consider a derivative of European type with the payoff

Y = 5(T) = 5(To) |
at time of maturity 7. Find Iy (0) if the stock pays the dividend §S(Tp) at
time t*.
Solution. First note that

Y = 2(S(T) — S(Ty))t — S(T) + S(Ty).



148

If sg = S(Tp) and
g(z) =2(x — so)t —x + 50

then

My (To) = sy (To)
_ r(T-To) [g((so _ 58067“1&*7TO))€(7”7§)(T7T0)+0\/7?T0G):|
— e (T-To) [g((s()(l _ 5677«(t*7TO))e(rfﬁ)(TfTo)Jra\/fToG)]
where G € N(0,1). Hence
Iy (Ty) = 2¢(Tp, so(1 — (56’7"“*’%)), S0, T) — so(1 — 567T(t*7TD)) + spe T(T=To)
and we get
Iy (Ty) = S(Ty) {(1 — SeTWTN A e TTTIp 1 p femn () e””(T’TO)}

where ) )
In(1 — g~ =T0)) 4 (r + Z)(T — Tp)

A=22( o/T — Ty

)

and . )
In(1 — 6" =T0)) 4 (r — ) (T — Ty)
o1 — TO

Since A and B are independent of S(7j) we conclude that

B =2®( ).

Iy (0) = S(0) {(1 — e """ TNA — " T=TIB — 1 4 g m"~T0) 4 o=r(T=To)



149

Referenser

10.

11.

12.

[B] Black, F. (1976) The Pricing of Commodity Contracts. Journal of
Financial Economics 3, 167-179

[BA| Bachelier, L. (1900) Théorie de la spéculation. Annales scien-
tifiques de I’Ecole normale supérieure 17, 21-8

[BS] Black F., Scholes, M. (1973) The pricing of options and corporate
liabilities. Journal of Political Economy 81, 637-659

[BASS] Bass, R. F. (1995) Probabilistic Techniques in Analysis. Springer

[BR] Brown, R. (1829) Additional remarks on active molecules. Philo-
sophical Magazine, 161-166

[BOR] Borkar, V. S. (1995) Probability Theory. An Advanced Course.
Springer.

[CJM] Carr, P., Jarrow, R., Myneni, R. (1992) Alternative character-
izations of American put options. Mathematical Finance 2, 87-106

[CRR] Cox, J. C., Ross, S. A., Rubinstein, M. (1979) Option pricing:
a simplified approach. J. of Financial Economics 7, 229-263

[DGU] DeMiguel, V., Garlappi, L., Uppal, R. (2009) Optimal versus
naive diversification: How inefficient is the 1/N portfolio strategy? Re-
view of Financial Studies 22, 1915-1953

[E] Einstein, A. (1905) On the movement of small particles suspended
in a stationary liquid demanded by the molecular-kinetic theory of heat.

Ann. Physik 17

[E K] Ekstrom, E. (2004) Convexity of the optimal stopping boundary
for the American put option. J. Math. Anal. Appl. 299, 147-156

[H] Heston, S. L. (1993) A closed-form solution for options with sto-
chastic volatility with applications to bond and currency options. Re-
view of Financial Studies 6, 327-343



150

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

[HR] Hobson, D. G., Rogers, L. C. G. (1998) Complete models with
stochastic volatility. Math. Finance 8, 27-48

[KSZ] Klafter, J., Shlesinger, M. F., Zumofen, G. (1996) Beyond
Brownian motion. Physics Today 49, 33-39

[LIF] Lifshits, M.A. (1995) Gaussian Random Functions. Kluwer Aca-
demic Publishers.

[MY] Myneni R. (1992) The pricing of the American option. Ann.
Appl. Prob. 2, 1-23

[M AR] Margrabe, W. (1978) The value of an option to exchange one
asset for another. Journal of Finance 33 177-186

[RB] Rendleman, R., Bartter, B. (1979) Two-state option pricing. J.
Finance 34, 1093-1110

[SAM1] Samuelson, P. A. (1965) Rational theory of warrant pricing.
Indust. Management Rev. 6, 13-32

[SAM2] Samuelson, P. A. (1973) Mathematics of speculative price.
SIAM Rev XX, 1-42

[W] Wiener N. (1923) Differential space, J. Math. Phys.2, 131-174

Books in Mathematical Finance

Bjork, T. (1998) Arbitrage Theory in Continuous Time. Oxford Uni-
versity Press

Elliott, R. J., Kopp, P. E. (1999) Mathematics of Financial Markets.
Springer

Gatherhal, J (2006) The Volatility Surface. John Wiley & Sons

Hull, J. (1996) Options, Futures, and Other Derivative Securities. 3rd
ed. Prentice Hall



26.
27.
28.

29.

30.

151

Merton, R. (1990) Continuous-Time Finance. Oxford: Basil Blackwell
Shiryaev, A.N. (1999) Essentials of Stochastic Finance. World Scientific

Shreve, E., S. (2004) Stochastic Calculus for Finance II. Continuous-
Time Models. Springer

Steele, J. M. (2001) Stochastic Calculus and Financial Applications.
Springer

Wilmott, P., Dewynne, J., Howison, S. (new edition 2000) Option Pric-
ing: Mathematical Models and Computation. Oxford Financial Press



