
Exercise 3, Chapter 3, Appendix D

A European derivative with expiration T = N pays the amount Y = log(S(T )/S(0)).
Find ΠY (0)

Solution:

ΠY (0) = e−rN
∑

x∈{u,d}N
(qu)Nu(x)(qd)

Nd(x) log(S(N)/S(0)),

by definition 3.3 (at t = 0). Replacing S(N) = S(0)eNu(x)u+Nd(x)d we obtain

ΠY (0) = e−rN
∑

x∈{u,d}N
(qu)Nu(x)(qd)

Nd(x)(Nu(x)u + Nd(x)d).

Replacing Nd(x) = N −Nu(x) we obtain

ΠY (0) = e−rN(qd)
N

∑
x∈{u,d}N

(
qu
qd

)Nu(x)(Nu(x)(u− d) + Nd)

= e−rN(qd)
N(u− d)

∑
x∈{u,d}N

(
qu
qd

)Nu(x)Nu(x) + Nde−rN(qd)
N

∑
x∈{u,d}N

(
qu
qd

)Nu(x)

Letting Nu(x) = k we obtain

ΠY (0) = e−rN(qd)
N(u− d)

N∑
k=0

(
N

k

)
k(

qu
qd

)k + Nde−rN(qd)
N

N∑
k=0

(
N

k

)
(
qu
qd

)k (1)

Using the binomial theorem, the second sum is

N∑
k=0

(
N

k

)
(
qu
qd

)k = (1 +
qu
qd

)N =
1

(qd)N

In the first sum we use the identity

k

(
N

k

)
= N

(
N − 1

k − 1

)
.
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Hence

N∑
k=0

(
N

k

)
k(

qu
qd

)k =
N∑
k=1

(
N

k

)
k(

qu
qd

)k

= N
N∑
k=1

(
N − 1

k − 1

)
(
qu
qd

)k = N

N−1∑
j=0

(
N − 1

j

)
(
qu
qd

)j+1

= N
qu
qd

N−1∑
j=0

(
N − 1

j

)
(
qu
qd

)j = N
qu
qd

(1 +
qu
qd

)N−1

= N
qu

(qd)N

Replacing in (1) we find

ΠY (0) = e−rN(qd)
N(u− d)N

qu
(qd)N

+ Nde−rN(qd)
N 1

(qd)N

= Ne−rN(qu(u− d) + d) = Ne−rN(quu + d(1 − qu)) = Ne−rN(quu + qdd).
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