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1. Formulate and verify by direct calculation Duhamel’s formula for solutions of a non-homogeneous
linear system of ODE with constant matrix. (4p)

if z = Ax + g(t) then Duhamel’s formula gives general solution to the inhomogeneous syste:

x(t) = exp(At)xo + /Ot exp(A(t — s))g(s)ds

We verify the formula by direct calculation:
#(t) = & (exp(At)zo) + exp(A(t — )g(t) + [ & (exp(A(t — 5))g(s)) ds = Aexp(At)z +
exp(A(0))g(t) + fy Aexp(A(t — 5))g(s)ds =

Aexp(At)zg + A fg exp(A(t — s))g(s)ds + g(t) = A (exp(At)a:o + fg exp(A(t — s))g(s)ds) +
g(t) = Az + g(t).

2. Give definitions of a stable fixed point and of an asymptotically stable fixed point to an
autonomous system of ODE. Formulate and give a proof of the theorem about asymptotic
stability by linearization of a fixed point to an autonomous system of ODE.

(4p)

Consider an autonomous system of ODE = = f(z), f € CY(M,R"), M C R", open. Let
xo € M be a fixed point: f(zg) = 0.

Definition. The fixed point zg is stable if for any neighborhood U (zg) of z( there is another
neighborhood V(x¢) such that for any = € V(x) the positive orbit v, (x) C U(zg). Or by
the other words the trajectory ¢,(t) starting in V(z¢) will stay in U(zo) for all 0 <.

Definition. The fixed point x( is asymptotically stable if it is stable and for there is a neigh-
borhood V,(z¢) of o such that such that for any z € V,(x) it follows limy—, o [¢, () — 0| =
0.

Theorem on stability of a fixed point by linearization.

Consider the ODE z = f(z), f € C*(Bg(0), R"),where Bg(0) is a ball of radie R around the
origin and f(0) = 0. Suppose that Jacobi matrix A of f at the origin has all eigenvalues with
negative real part: Re\; < =3, > 0.

Then there are € > 0, C > 0, a > 0 such that solutions to z = f(x), #(0) = zg, satisfy the
estimate
lz(t)| < Ce " |xg| for |mg| <0

It implies that the fixed point in the origin is asymptotically stable.

Proof: We express f(z) as f(z) = Az+g(x) where A is the Jacobi matrix of f in the origin.
According to Taylor expansion of f € C1(Bg(0), R") the function g satisfies g(z) = o(z),
when z — 0.It means that g(x) = |z|{(x) with lim,_,o{(z) = 0 Therefore for any ¢ > 0 we
can find §. > 0 such that for any |z| < J. we get |{(z)| < e.

If all eigenvalues Re A\; to A have Re\; < —f3 then theory of linear systems with constant
coeflicients imply that
lexp(At)[| < Ce™"”



for some C > 0. We can now choose € > 0 such that eC' < 8 and corresponding J. > 0 for
the estimate with the Taylor expansion above.

The theorem about perturbed linear systems and the Gronwall inequality imply that

[2(t)] < O |zo| ===

Choosing o = § — ¢C' we finishes the proof.

. Consider the following system of ODE:

d7(t) - 010
= A7 (t), with a constant matrix A= | 0 0 0
dt
0 0 -3
Give general solution to the system. Find all those initial vectors 7 = 7 (0) that give
bounded solutions to the system. (4p)
General solution is given by 7 = exp(At)rg with arbitrary 79 € R3.Matrix A is given in Jor-
1t 0
dan canonical form and its exponent has the following form: exp(At) = | 0 1 0
0 0 exp(—3t)
One of the eginevalues of A is Ay = 0 and has multiplicity 2 and only one egenvector
v = [1,(),0]T. The second eigenvalue is A2 = —3 and is simple with the eigenvector

vs = [0,0,1]7.

In general situation we get bounded solutions with initial data 7¢ from the subspace spanned
by generalised eigenvectors corresponding eigenvalues with ReA < 0 and by eigenvectors
corresponding eigenvalues with Re A = 0.

For the given system bounded solutions correspond to initial data 7y from the subspace (a
plane through the origin) in R3 spanned by vectors vy and vy: 79 = av; + bvg = [a,0,b]”
with arbitrary a,b € R.

. Formulate Banach’s contraction principle.

Consider the following operator

2
K(2)(t) = / Bt, s)a(s)ds + (1),

with B(t, s) and g(t) continuous functions and |B(t, s)| < 0.25 for all ¢, s € [0, 2] acting in the
Banach space C([0,2]) of continuous functions with norm ||z|| = sup |z(t)|.

t€(0,2]
Show using Banach’s contraction principle that K (x)(¢) has a fixed point. (4p)

Banach’s contraction principle. Let C' be a nonempty closed subset of a Banach space
X and let the non-linear operator K : C' — C be a contraction.

1K (z) = K(y)ll < 0flx —yl, 0 <1
Then K has a fixed point T = K(Z) such that

en
1-0

[ (2) — ]| <

for any =z € C.



We start with showing that the operator K is contraction in the space C(]0,2]) of continuous
function on the interval [0, 2]with norm || f[| = supscjo ) [f(2)] :

15 (@) = K@)l < || 5 Bt s)a(s)ds +g(0), = Ji B(t.s)y(s)ds + (1) | = || 5 Bt 5) a(s) —)ds | <
J3 IB(t,8)(@(s) = )| ds =

Jo WPt sco 1Bt ) || (@ = )| ds = supyepo [ Bt 5)| (@ = y)l| [§ ds < 0.25-2||(x = y)|| =
0.5z = y)ll

We need to find a closed set that K maps to itself. We take a ball with radius R in the space
C([0,2]), a function f from this ball: [|f|| = supscp g [f(¢)] < R and estimate the norm of
K(f) similarly as above:

IKDI = ||f5 Bt )7 (5)ds + g(t)]| = || S5 Bt )1 (5)ds||+g = supreqozy | 5 Bt,5)f(5)ds| <

2
subyeioz) | Bt ) ()ds| + gl <0252 f1| + llgll = 0.5 £l + llgll < 0.5R + ]

So if we choose the radius R for the ball in the space C([0,2]) as R = 2||g|| we will see that
| K ()|l <R for || f|| < R and therefore the operator K maps the closed ball of radius R into
itself. Therefore both requirements of the Banach’s contraction principle are satisfied and the
operator K must have a fixed point in the ball || f|| < R =2]|g]|.

5. Consider the following system of ODE and investigate stability of the fixed point in the origin.

mI —_ 2y3 _ 335
{ / 3., .5 (4p)

Y =—r—y’ +y
We choose a test function L(z,y) = 2%+ y*. L(z,y) > 0 for all (z,y) # (0,0).
% (L(x<t)7y<t))) = VL [2y3 - 5135, - — y3 + y5]T = [21',43/3][2:93 - .%'5, - = y3 + yﬂT -
dzy® — 228 — day® — 490 + 498 =
—228 — 498 4 498 = —225 — 495(1 — 9?).
Observe that for |y| < 1 and (z,y) # (0,0) we have % (L(z(t),y(t))) < 0. Therefore the fixed
point in the origin is asymptotically stable.

6. Show that the following system of ODE has no periodic solutions.
{ =2 —y’r+uo
= —0.5y + y3 + 2ty
We consider divergence of the right hand side of the system.
div(f) =322 -2 +1-05+3y2 +2* =2 + 322+ 242 + 0.5 > 0

Therefore divergence of the right hand side of the equation is positive everywhere in the plane
that is a simply connected set (does not have holes). According to Bendixson’s criterion the
system cannot have periodic solutions anywhere in the plane.

(4p)
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