1 Stability by linearization for the pendulum

with friction.
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tr(A) = =L < 0; det(A) = ¢ > 0. Therefore the Re A < 0 for all A € o(A).
For small friction coefficient « the equilibrium will be focus, for large friction it
will be a stable node. An intermediate case with stable improper node is also
possible.

Point out that the case with zero friction: v = 0 cannot be treated by
linearization, because the linearized system has a center in the origin. The non-
linear system has in fact also a center in the origin, but we cannot prove it by
means of linearization. We will consider this case later by different means.



The linearization of the equation around (r,0).

Linear approximation for sin around 7. Let (x1 — ) = y1 ().

sin(z1) = sin(n) + cos(7)(x1 — 7) + O(x1 — 7)* ~ —(21 — ) = 91 (t)

y1(t) = z1(t) — myy(y) = 7 (2)

therefore

zi(t) = wn(t)+m 2 (y) =y (t)
xa(t) = ay=ui(t)

Introducing ys = yj = z2; we get T2 = yo

sin(z) = sin() + cos(m)y; + O(m — z1)?

(1) 2 (t)

(1) f%xg(t) — 9 sin(a1)
Y1 (t) = Y2 (t)

ya(t) = %yz(t) i (=v1)

The matrix of the system is

0 1
-1y ]
l m
Characteristic polynomial: p(A = \? ( ) ( )
tr(A) = —-L < 0; det(A) = —9 < 0. The equilibrium is always a saddle

point (unstable).



