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The Frank-Wolfe algorithm for minimizing a
nonlinear function over a polyhedral feasible set

minimize f(x)
Assume: f convex, S bounded polyhedron:
subject to x € §

1. Choose x" € S and € > 0. Let UB = f(x°), LB = —oc0, k = 0.

2. Solve the linear approximation (LP):

min 24(x) = f(<4) + VIO xk) = x=xbp
X
Let d* = xF, — x*, LB = max{LB, z(xfp)}. Stop if UB — LB < ¢.
. 1 i = k .d* =
3. Solve Ogltlglgo(t) fxFP+t-d¥) = t=1t
4. Let x**t! = x* + 1, d*, UB = f(x**1)
5. Stop if UB — LB < e. Otherwise, k := k + 1, go to step 2

2 (x*) = f(x")

2k (Xfp)

Under convexity: z,(x¥p) < f(x*) < f(x¥)
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Figur 1: Illustration of the Frank—Wolfe algorithm

The Frank—Wolfe-algorithm

e Solves a non-linear optimization problem using a sequence of
approzimating, linear (easier) problems, and a sequence of one
dimensional (easy) non-linear problems.

e FEstimates of the optimal objective value is used to terminate the
procedure at a guaranteed mazximal deviation from an optimal
solution (¢ > 0).




Figur 2: Step 1 of the Frank—Wolfe algorithm.

An example solved by the the
Frank—Wolfe-algorithm

minimize f(x) = 322+ 2% — 2172 — 312 .
T1+w2 > 1

3z1 + x2 3

<
o < 1
6561 — T2
Vi) =
2$2 — 1 — 3

H,(x) 6 -1 positive definite
X)) =
-1 2 = f strictly convex

subject to

x0 = ( (1) ),f(xo) =3 = [LB,UB] = [-o0,3]

2
0 -1
zo(x)=6x14w23=>x%p=(1>,d0=(1>

20(x%p)=-7 = [LB,UB] =[-7,3]

X0 +¢-d° = (1_t>
t L 0
=x =
o) =31 — )2+ 12— (1 —t)t — 3t (1)

Pt)=10t—-10=0=to =1
fx)=-2 = [LB,UB] =[-7,~2]

2/3 2/3
Z1(X)=$1$21=}Xip=<i ,d1=<(/)>,

z1(xtp)=-8/3 = |[LB,UB] =[-8/3,-2]
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0
z1
VF(x°)

2

x! \d?

2t/3
x1+t-d1=( /)
1

o(t) =4t?/3 —2t/3 — 2
'(t)=8t/3-2/3=0

e (1/6)
1

® Nx
> h=1/4 Vi(x?) o
f(x?)=-25/12 = [LB,UB| = [-8/3,—25/12]

0
22(x) = —T22/6 — 11/12 = xip = ( ) ) alt. (

2o(x2p) = -25/12 = [LB,UB] =[-25/12, —25/12]
= Optimum!

x*=x2= ( 116 ), f(x*)=-25/12

2/3
1

E%z




Check the Karush-Kuhn-Tucker conditions at x*

x* = (1/6,1)T

f(x) =323 + 23 — 2129 — 322

G(X)=—21—22+1<0, g2(x) =321+ 22 —3<0, g3s(x) =22 —1<0

Vi) =(0,-7/6)"

Vgi(x*) = (-1, -1)%, Vg (x*) = (3,1)7, Vg3(x*) = (0,1)"

Vi) + ingi(x*) =(0,0)T = 0—1-p1+3-po+0-pu3=0

i=1 ~7/6—1-u1+1-pa+1-pu3=0

—p1+3p2 =0
—p1 4 pe +ps=17/6

i gi(x*) =0 = py = py =0 = puz = 7/6 > 0 = Global optimum
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Quadratic programming (QP)

Example (quadratic convex objective, linear constraints):

minimize f(x) = —2z1 — 6z + 22 — 2z T2 + 222
subject to r1 + x2 < 2
- r1 4+ 2z2 < 2
X1 5 ] Z 0
Generally:

minimize q”x + 2x”Qx subject to Ax —b < 0,-Ix <0
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QP: The Karush-Kuhn-Tucker conditions

g + Qx + ATp — IX = 0
Ax < b
—Ix < 0
uAx > 0
pT(Ax-b)=ATx = 0
Slack variables s > 0 of the constraints Ax <b: Ax+s=Db
= The Karush-Kuhn-Tucker constraints reduce to:
Qx + ATp — 1IX = —q
Ax + Is = b
X, pAs > 0
uisi = Ajz; = Oforalli,j
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QP: The Karush-Kuhn-Tucker conditions The phase 1 problem—example
e Convex optimization problem = Karush-Kuhn-Tucker conditions
are sufficient for a global optimum minimize  w = ar +a
= A solution (x, g, A, s) that fulfils the Karush-Kuhn-Tucker subject to  2z1 —2T2 +p1 —p2  —A1 +ai = 2
conditions is optimal for the quadratic program (QP) —2z1 44wy 1 4242 —Ag +as = 6
e The system is linear, with variables: x, u, A, s > 0 T1  +T2 +s1 = 2
e i .. —z 2x s = 2
¢ Additional conditions: y;8; = A\jz; = 0 for all i, j 1ohem +e2
. . . . . ) ) z1, Z2, M1, B2, A1, A2, s1, 82, a1, a2z 2> 0
e Linear programming—Simplex algorithm with restricted basis:
H181 = 0, H282 = 0, )\11’1 = 0, )\2332 =0
e Either p; = 0 or s; = 0. Either A; = 0 or z; = 0.
= If, e.g., 55 is in the basis (s3 > 0), u2 may not enter the basis Find a starting base by reformulating: a1, az, s1, 52 =
o . w—ar—a2=w+2T2+2\1 + g — 1 —p2—8=0
e Introduce artificial variables where needed and solve a Phase 1 ! 2 2 ! 2T T
problem
14 15
The phase 1 problem—reformulated basis | w @y @s  m  pz AL Az sy s3 a3 ay | RHS |
w -1 V] -2 2 -1 1 1 0 0 0 0 -8 xg in?
Minimize w, subject to: ay 0o 2 2 1 -1 1 0 0 0 1 o 2 Xp =0
ag 0 -2 4 1 2 0 -1 0 0 0 1 6 = OK
s1 0 1 1 0 0 0 0 1 0 0 0 2 so out
—w —2z2 —2p1  —p2 +A1 +A2 = -8 s o -1 2 0 0 0 0 0 1 0 0 2
21 —2x9 +p1 — 2 —A1 +a1 = 2 w -1 -1 0 -2 -1 1 1 0 1 0 0 -6 p1 in?
ay 0 1 0 1 -1 -1 0 0 1 1 ] 4 s1 basic
—2x1  +4z2 +pu1r +2pe —Xo +as = 6 ag o o 0 1 2 0 1 0 2 0 1 2 = no
s1 0 3/2 0 0 0 0 0 1 1/2 0 0 1 x1 in?
T +2 +s1 = 2 zo o -1/2 1 0 o o o 0 1/2 o o 1 OK, sq out
—x1 42z +s9 — 2 w -1 0 0 -2 -1 1 1 2/3 2/3 0 0 -16/3 | w1 in?
ay 0 0 0 1 -1 -1 0 -2/3 4/3 1 0 10/3 s1=0
z1, T2, U1, U2, A1, X2, 81, S2, ai, ay > 0 ag 0 0 0 1 2 0 -1 0 2 0 1 2 = OK
@1 0 1 0 0 0 0 0 2/3 -1/3 0 0 2/3 ag out
under the complementarity conditions: =2 20 S 2 2 2 AN 2 2 4/
w -1 0 0 0 3 1 -1 2/3 -10/3 0 2 -4/3 so in?
H181 = H282 = /\1.5[31 = Agl‘g =0 a1 0 0 0 0 -3 -1 1 -2/3 10/3 1 -1 4/3 po =0
K1 0 0 0 1 2 (4] -1 0 2 4] 1 2 = OK
z1 0 1 0 0 0 0 0 2/3 -1/3 0 0 2/3 aq out
. z 0 0 1 0 0 0 0 1/3 1/3 0 0 4/3
Solution of the Phase 1 problem on next page... = -
w -1 8] 0 0 0 (4] (4] 0 0 1 1 4] optimum
s 0 0 0 0o -9/10 -3/10 3/10 -1/5 1 3/10 -3/10 2/5
1 0 0 0 1 1/5 -3/5 -2/5 -2/5 0 3/5 2/5 14/5
zq 0 1 0 o -3/10 -1/10 1/10  3/5 0 1/10  -1/10 4/5
zo 0 0 1 0 3/10 1/10 -1/10 2/5 0 -1/10  1/10 6/5
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The optimal solution to the Phase 1 problem is given by:

xt =4/5, x5 =6/5

pi=14/5 ps =0 Note that:
)\{ = 0, )\3 =0 H181 = H282 = )\11‘1 = Agl‘g =0
sy =0, s5=2/5

The original QP:

minimize f(x) = —2z; — 6%y + 2% — 23122 + 222
subject to 1 + x2 < 2
- r + 2z < 2
1, zo > 0

= f(x*)=-36/5
What if f was not convex (i.e., Q not positive (semi)definite)?

Z2

—Vf(xx)
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