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‘ Sampling I

EX analog signal z(t) sampled with period 7' =5 s:

Sampling a continuous-time si gnal
T T T

X(t) and samples x(n)

Digital signal x(n), n=...,—1,0,1,2,..., represents xz(t) for
t=...,=T,0,T,2T,....
\Tsampling time[s], fsamp = 1/1 sampling frequency [Hz]. /
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‘ Digital Filters I

Analog filter = continuous-time LTI-system: differential equation

Digital filter = discrete-time LTI-system: difference equation

x(n)

First-order filter:

Digital Filter

y(n)

y(n) = —a1y(n — 1) + bgx(n) + byx(n — 1)

|mplemented in a computer, DSP, FPGA or digital ASIC

.

~

/
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\ Time-Domain Characterization I

First-order difference equation:

y(n) + ary(n — 1) = bogx(n) + byz(n — 1)

Impulse response i (n) = filter output when z(n) = (n). 1/O relation:

y(n) = h(k)z(n - k)

k=—o00

o Causal filter if h(n) =0, n < 0.

e Finite Impulse Response (FIR) if A(n) =0, n > M (a; = 0)

¢ Infinite Impulse Response (I1R) otherwise

/
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Discrete-Time Fourier
Transform

Frequency content of digital signals? Need > 2 samples per period = can
only represent frequencies < fs.mp/2 = Nyquist frequency.

DTFT (Discrete-Time Fourier Transform):

X (29 = Z r(n)e ¥t w =2nf [rad/s]

n=—oco

Equal to continuous-time FT if x(¢) contains no frequencies above Nyquist.
Then: x(t) can be perfectly reconstructed from samples x(n)!

If 2(¢) has frequency content above fs..,/2 = aliasing (folding

\distortion). /
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‘ Frequency Response I \

Frequency domain: DTFT{z(n — k)} = e 7¥TF X (eI%) =

Y (") + a1e 79Ty (791 = bo X (7%1) 4+ bre 79T X (747
which implies

bo + by eIl

Y(e?h) = .
(e?%) =

X(eij) _ H(eij)X(eij)

H(e7*T) =Y (e79T) /X (e79T) = H(e’*?) isthe frequency response of the
filter!

Note: H (e’*?) isthe DTFT of the impulse response h(n)!

erequency inrad/s, {2 = w1 normalized frequency in rad/sample. /
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| Stability I O

A critical feature of afilter: stability!

A filter is BIBO-stable (Bounded Input Bounded Output) if |z(n)| < C,
implies|y(n)| < C,,. A filter isBIBO-stable if

> h(k)| < o0

k=—0o0
The transfer function of ageneral (finite-dimensional) system is

(2) = bo+biz"t+ - +byz™  B(z)
o ldaiz 4 dane N A(2)

so H(e’*Y) = H(2)|,_ ;0. Thepoles, p;, i = 1,..., N of an Nth order
\system are the zeros of A(z), and the system is BIBO-stableif |p;| < 1 W./
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‘ Frequency Response, cont’'d I

Filter response to a single frequency:
x(n) = sin(2n)
Stationary output (assuming stable filter):
y(n) = [H(’?)|sin(Qn + Arg{H (/%))
The frequency response can obviously be interpreted as a complex
frequency-dependent gain!
o Amplitude characteristics: |H (e’*?)]

e Phase characteristics: Arg{H (e’*?)}

Choice of filter coefficients determines which frequencies to pass and which

Qnes to block.

~
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‘ Digital Filters, cont’d I \

The spectrum | X (e/*?)|? isthe energy of z(n) per Hz.
The spectrum of y(n) isrelated to that of x(n) by

Y ()? = [H (%) ? | X ()2
The filter changes the frequency content of a signal - we can suppress noise
and interference!

Filter design = choice of coefficients {ay }2_, and {bx } 1, so that
| H (e7%)| (and Arg{H (e’*)}) meets specifications.

Filter design toolsin Matlab: sptool, fdatool (graphic), firl, firls, firpm,

\butter, chebyl, cheby?2, etc. /
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‘ Digital Filters, cont’d I \

EX LP-filter y(n) = 0.4y(n — 1) + 0.6x(n)

First order digital LP filter
1 T T T

0.8 ]

0.71 i

0.6 b

2
HI

051 ]

0.4r N

0.3r T

01 ! ! ! ! ! ! ! ! !
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

\ Normalized frequency F/FS /
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‘ Digital Filters, cont’d I \

EX HPfilter y(n) = —0.4y(n — 1) + 0.6x(n — 1)

First order digital HP filter
1 T T T

0.9 b

0.71 i

2
HI

051 ]

0.3r T

0.2 b

01 ! ! ! ! ! ! ! ! !
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

\ Normalized frequency F/FS /
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‘ Digital Filters, summary I

Sampling x(n) ~ z(t), t =nT
DTFT X (e/“1) = 3> x(n)e Iwin

n=—oo

Digital filter (1st order): y(n) + a1y(n — 1) = bpx(n) + bix(n — 1)

Frequency domain: Y (e7?) = H(e7) X (e7?), H(eI%) = bloj;;;_‘ji
Amplitude characteristics. |H (e/*?)]
Phase characteristics: Arg{H (¢/*)}

A digital filter isstable if al poles are inside the unit circle

/
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‘ Filter Specifications (LP Filter) I \

Low—pass filter, f =48 kHz
samp
10

()=

_10 -

_20 -

_30 -

_40 -

Gain [dB]

_50 -

_60 -

_70 -

_80 -

-90
0

1 1 1 1
0.5 1 15 2 25
Frequency [Hz] % 10°

Passband: |H(e/?™/ 1) —1| <e for0< f < f,
\Stopband: |H(e72™T)| < €, fs < f < Fsamp/2 (H2) /
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\ FIR vs IIR Filters I \

FIR or IR filter? A causal FIR filter with M + 1 "taps" has:
H(e’?) = by + bie 7 4 .. 4 byre 7 MO

0 h(n)=b,, n=0,1,..., M,and h(n) =0forn <0orn > M.

Pros and cons of FIR filtersvs IR filters:

+ H(e’*?) and h(n) arelinear functions of b; (but non-linear in a;)

+ FIR filters are aways stable (all poles are in the origin)

+ FIR filtershave linear phase if b; = £by,—; (Symmetry or
anti-symmetry)

- FIR filters need in general more coefficients to meet given
specifications on | H (e’f?)]

Q] this project we focus on FIR filter design! /
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\ Linear Phase FIR Filters I

Assume M isodd and b; = bys—; (Ssymmetry). Then:
H(7Y) = bo(1+e M) 4 by (6770 4 I M0y L — o= IM/2 A ()

where

M) M — 2)Q Q
A(Q2) = 2bg COS —5— + 2bq cos( 5 ) + o+ 20(—1) /2 cos o

isareal function! Thus, the phase Arg{H (¢’*?)} = — (M /2)S2islinear in
2 - corresponds to atime-delay by M /2 samples and no phase distortion!

Similar calculationswhen b, = —by,_; and/or M even - still linear phase,
but real function A(€2) dlightly different.

\_ /
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‘ Least-Squares FIR Filter Design I \

An FIR filter with (anti-)symmetric coefficients has "perfect” (linear) phase.
We need only worry about the amplitude!

Natural and simple approach: specify desired response A(€2, b) at adiscrete
set of frequencies {2 }*_,

A, D) = Ag(Q), k=1,2,... K

where A,4(€2) isthe desired response and

MSQ M —2)Q Q
A(Q2,b) =2 <boCOST—|—b1 cos( 5 ) —|—---—|—b(M_1)/2(:os§>

(for the symmetric case with M odd). The dependency onthe (M + 1)/2
\filter parametersb = [bo, ..., b—1)/2)" hasbeen stressed. /
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‘ LS FIR Filter Design, cont’d I

Welghted L east-Squares filter design:

K
brs = arg mt;nz Wi Aa(Q) — A(Qg, b)|?
k1

where W, isaset of weights, used to emphasize certain frequencies or
frequency bands.

Linear LS-problem = explicit solution!

To solvethisin, e.qg. Matlab, express the magnitude response as
A(Q,b) = ¢" ()b

where

.

MQ M — 2)Q) 0
B7(2) = 2feos “cos T B o D)

~

/
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‘ LS FIR Filter Design, cont’d I

The LS problem can now be put in matrix-vector form as

brs = argmin flag - ®b|3y

where

ag = [Ad(Ql),...,Ad(QK)]T (K x 1)
= [p(), .., dQ)T (K x (M +1)/2)

and W isadiagonal matrix with diagonal elements V..

The weighted norm is:

.

Xl = x"Wx

~

/
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‘ LS FIR Filter Design, cont’d I \

The normal eguations are
PTWB Db, = ' Wa,
and the LS-solution is

brs = (2'W®) 1 'Wa,

Never type thisin Matlab, but use:
brs = (W' 2®)\(W'/?a,)

where W'/2 has \/TV}, at the diagonal (generally a matrix sguare-root).

\Thi sisanumerically more stable implementation, using QR decompositi on!/
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‘ Minimax FIR Filter Design I

L S approach simple, but the optimal (according to specifications) isa
minimax design! Given desired response A,(£2), the weighted error is

where W (€2) controls passband ripple vs stopband damping.
Minimax (Chebyshev) filter design:

bPAfzzaﬂiﬂgnggggLEKQabﬂ

where O isthe set of frequencies where specifications exist, normally the
passband and stopband. "PM" stands for Parks and McClellan.

\_ /
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Minimax FIR Filter Design:
Equiripple Property

"Easy" to seethat the error |E (€2, bp,s)| has equi-ripple - the maximum
|E(Q2;,bpy)| = 6 is"genericaly” attained at (M + 3)/2 frequencies €2,
with alternating sign of E£(€2). Thisisthe "aternation theorem".

If the €2;s were known, we could use thisinsight to find bp, by solving a
linear equation system ((M + 3)/2 equations for (M + 3)/2 unknowns,
Including ¢). Parks and McClellan’s algorithm iterates between solving for
b and 9, and updating the 2,5 by finding all local maximain an efficient

way. In Matlab, thisiscalled £irpm. Your goal isto implement your own
algorithm, and compare with £ irpm!

\_ /
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‘ Exercises: FIR Filter Design I

The tasks consist of implementing Matlab functions for LS (with weighting)
and minimax FIR filter design. The functions should then be compared with
the existing ones in Matlab. As atest example we use the following lowpass
specifications (With fsqmp = 1 H2):

e Passband: 0 < f < 0.25, correspondingto 0 < Q) < /2
e Passband ripple: 201og,,(1/€1) < 3 dB
e Transition band (don't careregion): 0.25 < f < 0.3

e Stopband: 0.3 < f < 0.5

e Damping: 201og;,(1/e2) > 40 dB

\_ /
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1. Warm-up. The simple averaging filter \

1 M
¥(n) = 3757 2 o= k)

correspondsto an FIR filter withb, = 1/(M + 1), k = 0, ..., M. Compute and display the
corresponding frequency response, using the Matlab commands:

» M = 10; %%% Filter order
» h = ones(M+1,1)/ (M+1); %%% Impulse response
» [H,w] = freqgz(h,1,1024); %%% Frequency response

» plot (w/2/pi,20%x1logl0(abs(H))); %%% Magnitude plot in dB
» xlabel (' Frequency [normalized]’)
» ylabel ('Magnitude [dB]')
Hopefully, you will see that thisis alowpass filter with bandwidth approximately 1 /M and stopband
damping —13 dB (which does not improve with increasing M!).
2. Least-sguares design. Write a Matlab function that implements the weighted least-squares digital FIR
filter design. The input should be:
e M, thefilter order (corresponding to M + 1 filter taps)
e [, avector of frequency samples
e A, avector of desired response values (of equal length as F’)
\ e W, avector of weightsto be used in the LS solution

/
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The output of the function isthefilter coefficientsb ;, 5. Hint: the following commands are useful fh
setting up the matrix ®, avoiding for-loops that are slow in Matlab:

» MM = (M:-2:1)/2;
» F = [linspace(0,Fp,K/2) linspace(Fs,0.5,K/2)];
» Phi = 2xcos (2xpixF’ «MM) ;

3. Runyour LS design for increasing filter orders M and different choices of passband and stopband
weights W. Use the following set of commands for the first run:

» M = 11; %%% Filter order
» K = 100; %%% Number of frequency samples

» Fp = 0.25; Fs = 0.3; %%% Passband and stopband edge

» F = [linspace(0,Fp,K/2) linspace(Fs,0.5,K/2)]; %%% Frequency
samples

» A = [ones(1,K/2) zeros(1,K/2)]; %%% Desired response

» Wpass = 1; Wstop = 1; %%% Passband and stopband weights

» W = [Wpassxones (1,K/2) Wstopxones (1,K/2)]; %%%

» bLS = LSdesign(M,F,A,W); %%% Name your function "LSdesign.m"
» [H,w] = freqgz(bLS,1,1024); %%% Frequency response

» plot (w/2/pi,20%x1ogl0 (abs(H))); %%% Check if the specifications
are met

\\\\; » xlabel (' Frequency [normalized]’) 4///
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» ylabel ('Magnitude [dB]') \

Spend some time to select the input to the filter so you get something that almost meetsthe
specifications of the test problem. Compare your results with that of Matlab’s implementation:
firls. Notethat the syntax is slightly different for £irls. You should use the following command:

» DLFIRLS = firls(M,2x[0 0.25 0.3 0.5],[1 1 0 0], [Wpass Wstop]) ;

4. Parks-McClellan design. Write a Matlab function that implements the Parks-McClellan digital FIR
filter design for the low-pass case. The input should be:

e M, thefilter order (corresponding to M + 1 filter taps).

e F', avector of frequencies used to separate the frequency bands, i.e. F' = [0, F'p, F's, 0.5]
(assume alowpassfilter!).

e A=11,1,0,0], avector used to define that there are two bands, where the first is a passband
and the second a stopband (only this case needs to be implemented).

o W = [Wyass, Wstop), SPecifies the weights for the passband and stopband respectively.
The output isthefilter coefficientsb p 5, obtained by solving the minimax optimization problem:

= i E(Q2
bp arg min gleaéd (€2, b)|

where E (€2, b) isthe same weighted error as used in the LS-design:

E(Q,b) = W(Q) (Aa(Q) — A(2,b)) .

\ The ssimplest way to solve the optimization problem isto use Matlab's fminimax routine. See help/
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fminimax for details. If you areredlly interested, you could also try to implement your own code
based on the iterative procedure described above. Contact viberg@echalmers. se in that case.
Regardless which implementation you have used, you should verify that your resulting filter isindeed

equi-ripple!
Spend some time to select the input to the filter (M and the weights) so that the resulting amplitude

response meets the specifications of the test problem. Compare your results with that of Matlab’s
implementation £1irpm. Use:

» DFIRPM = firpm(M,2+«[0 0.25 0.3 0.5],[1 1 0 0], [Wpass Wstop]) ;

(thereisalso acommand £irpmord that estimatesthe necessary filter order to satisfy the given
specifications).

/
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