
The Set Covering ProblemGiven a number of items and a 
ost for ea
h item. Given a numberof subsets of items. Find a sele
tion of items su
h that ea
h subset
ontains at least one sele
ted item and su
h that the total 
ost ofthe sele
ted items is minimized.Mathemati
al formulation min 
xs.t. Ax � 1x binarywhere 
;1; x are ve
tors, and A is matrix with aij 2 f0; 1g.Related problems: Set Partitioning and Set Pa
king.4

Modelling with Integer Variables

VariablesIn LP we use 
ontinuous variables: xij � 0.In ILP we 
an also use integer, binary and dis
rete variables.If both 
ontinuous and integer variables are used in a program, it is
alled a Mixed Integer Programming (MIP) problem.

ConstraintsIn an ILP (or MIP) it is possible to model linear 
onstraints, butalso e.g. if-then- and either-or-relations. This is done byintrodu
ing additional binary variables and additional 
onstraints.
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Integer Linear Programming (ILP)

� A Small Example (see separate set of slides)� Modelling with integer variables� Algorithms for ILP{ Bran
h & Bound{ Cutting Plane{ (Others: de
omposition methods, heuristi
s et
.)� Theoreti
al aspe
ts on LP and ILP
2

Chalmers University of Te
hnology Applied Optimisa-tion lp 4 VT08

A Short Introdu
tion to Integer LinearProgramming
April 15, 2008

Birgit Grohe



More Modelling Examples (2)

(Taha, example 9.1-4) Suppose that we wish to pro
ess three jobson one ma
hine. Ea
h job has a pro
essing time pj , a due date djand a penalty 
ost 
j if the due date is missed. How should thejobs be s
heduled to minimize the total penalty 
ost?

Taha, table on page 360
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More Modelling Examples

(Taha, example 9.1-3) Given three telephone 
ompanies A, B andC whi
h 
harge a �xed start-up pri
e of 16, 25 and 18, respe
tively.For ea
h minute of 
all-time the A, B, C 
harge 0:25, 0:21 and 0:22.If we want to phone 200 minutes, whi
h 
ompany should we 
hoose?

Variables for the number of minutes 
alled by A, B and C: xi � 0Binary variables yi = 1 if xi > 0, yi = 0 otherwise. (Pay start-uppri
e only if 
alls are made with 
ompany i.)

ILP model see Taha page 375
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Installing Se
urity Telephones: Mathemati
alModelIntrodu
e binary variables for ea
h 
rossing: xj = 1 if a phone isbuild, xj = 0 otherwise.For ea
h street, introdu
e a 
onstraint saying that a phone shouldbe pla
ed at least one of its 
rossings. E.g. for street G:x1 + x6 � 1 (for full set of 
onstraints, see Taha, example 9.1-2).Obje
tive fun
tion:min 2x1 + 2x2 + 3x3 + 4x4 + 3x5 + 2x6 + 2x7 + x8ILP-Solution: x1; x2; x5; x7 = 1 all other variables are 0. Obje
tivevalue: 9.LP-Solution: xj = 0:5 for all variables. Obje
tive value: 8:5.6

Example: Installing Se
urity Telephones

(Taha, example 9.1-2, modi�ed) A 
ompany wants to installemergen
y telephones su
h that ea
h street has a

ess to at leastone phone. It is logi
al to pla
e the phones on 
rossings of streets.Ea
h 
rossing has an installation 
ost. Find the 
heapest sele
tionof 
rossings to provide all streets with phones.

Taha, �gure 9.1
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B&B: Design De
isions

Design of a B&B algorithm:� Variable ordering (
hoi
e of the bran
hing variable)� Value ordering (whi
h bran
h to examine �rst)� Good upper and lower bounds (heuristi
s, use problemstru
ture, et
)
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B&B: An Example

(Taha, example 9.2-1) Given the following ILP:max 5x1 + 4x2s.t. x1 + x2 � 510x1 + 6x2 � 45LP-optimum is z = 23:75, x1 = 3:75 and x2 = 1:25.

Taha, �gure 9.6, 9.7, 9.8 and 9.9
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Bran
h & Bound (B&B)

Idea: Solve the LP-relaxation. If the solution is integer, then anoptimal solution is found. Otherwise the obje
tive fun
tion value isa upper bound (UB) on the ILP problem (maximization problem).Choose a fra
tional variable and 
reate two new LPs by bran
hingon this variable.Continue bran
hing until either an integer solution is found.Maintain the best integer solution as a lower bound (LB).Or until UB<LB, then the 
urrent bran
h 
an be pruned (theoptimal solution 
annot be in this bran
h).For an ILP with n binary variables, the 
omplete B&B tree
ontains O(2n) nodes, i.e. up to O(2n) LPs have to be solved!10

Algorithms for Solving the ILP Problem

� Bran
h & Bound� Cutting Plane� De
omposition methods� Heuristi
s� : : :
Small example on other handout
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Cutting Plane Algorithms

Problem: It may be ne
essary to generate MANY 
uts.

General methods, e.g. Chvatal-Gomory 
uts. Problem spe
i�
 
utsmore eÆ
ient, e.g. 
omb-inequalities for TSP.

Pure Cutting Plane algorithms are usually not as eÆ
ient as B&B.In 
ommer
ial solvers (e.g. CPLEX), 
uts are used sometimes tohelp the B&B algorithm. If the problem has a spe
i�
 stru
ture,e.g. TSP, Set Cover et
. then problem spe
i�
 
uts are used.
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Cutting Plane: Another Example

(Taha, example 9.2-2) Given the following ILP:max 7x1 + 10x2s.t. �x1 + 3x2 � 67x1 + x2 � 35LP-optimum is z = 66:5, x1 = 4:5 and x2 = 3:5.

Taha, �gure 9.10

15

Cutting Plane: A Very Small Example

Given the following ILP:maxfx1 + x2 : 2x1 + 4x2 � 7; xi binarygILP solution: z = 3, x = (3; 0).Solution of the LP-relaxation: z = 3:5, x = (3:5; 0).

Generating a simple 
ut: Divide the 
onstraint by 2:x1 + 2x2 � 3:5 ! x1 + 2x2 � 3Adding this 
ut to the LP-relation gives the optimal ILP solution.
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Cutting Plane Algorithms

Idea: Solve the LP-relaxation. If the solution is integer, then anoptimal solution is found.Otherwise �nd a 
ut, i.e. a 
onstraint that 
uts o� the fra
tionalsolution, but none of the integer solutions.The 
ut is also required to pass through at least one integer point.Add 
uts to the 
urrent LP and resolve until an integer solution isfound.
Remark: An inequality in higher dimensions de�nes a hyper-plane,therefore the name 
utting plane.
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Solution methods for the TSP Problem

� B&B� Cutting plane algorithms� Heuristi
s{ Nearest neighbor algorithm{ 2-opt, 3-opt, et
.{ Christo�des heuristi
{ : : :� : : :General problems for all solution methods for the TSP:Combinatorial explosion, i.e. very many possible tours O = (n!),very many subtour elimination 
onstraints.20

An ILP Formulation of the TSP Problem

Alternative formulation of (3):X(ij)2U xij � jU j � 1 2 � jU j � jV j � 2

19

An ILP Formulation of the TSP Problem

Let the distan
es between the 
ities be dij . Introdu
e binaryvariables xij for ea
h 
onne
tion.

min nPi=1 nPj=1 dijxijs.t. nPj=1xij = 1 8i (1)nPi=1xij = 1 8j (2)Pi2U;j2AnU � 1 2 � jU j � jV j � 2 (3)xij binaryWe have to enter and to leave ea
h 
ity exa
tly on
e, 
onstraints (1)and (2). Constraints (3) are 
alled subtour elimination 
onstraints.18

The Travelling Salesperson Problem (TSP)

Given n 
ities and 
onne
tions between all 
ities (distan
es on ea
h
onne
tion). Find shortest round tour.Taha, example 9.3-2 and 9.3-3
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Remarks on TSP

There exist di�erent versions of the TSP: Eu
lidean, metri
,symmetri
, et
.
The TSP is an extremely well-studied problem in CombinatorialOptimization, has been a 
ompetition problem in the past.Homepages only dealing with TSP.

Despite of the TSP being a very diÆ
ult problem, it is todaypossible to solve 
omparably large instan
es.
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