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The mathematical model for one module

1 if component 7 is replaced at time ¢
Ty = P P TieN,t=1,...,T
0 otherwise,

1 if maintenance is made at time ¢,
2z = =1,...,T
0 otherwise,

T
minimize E E CitTit + di 2t

t=1 \ieN

T;+6—1
subject to oww = 1, =1, T-Ti+1, ‘€N,

t=¢

e < 2ty t=1,...,T, iEN,
Tty 2t € {0,1}, ¢=1,...,T.
0-0
3
Example o Life of component 2: 75 = 5

e Planning period T =7

e Number of components |A| = 3

e Life of components 77 =3, T, =5, T5 =6
Replace each component before its life is over

e The components are new at time ¢t = 0

e Life of component 1: 73 = 3

T11 + T12 + 213 > 1
Ti2 + T13 + Z14 > 1

T13 + T4 + X15 > 1

T14 + T15 + T16 > 1

z15 + 16 + 17 > 1

T21 + T22 + T2z + T2a + T2s > 1
T22 + T23 + T24 + T25 + 26 > 1
23 + Tog + Tos + T26 + 27 > 1
e Life of component 3: T5 =6
x31 + x32 + 33 + T34 + T35 + T36 > 1

32 + @33 + T34 + T35 + w36 + 37 > 1

e Replace a component at time ¢ = The module is maintained at time t.
Fort=1,...,T:

T1t < oz —T1t +z > 0
To¢ < z | <= —Ta¢ +z > 0
T3 < 2t —x3t+2 > 0

o Feasible set: {x € B¥™7 | Ax > b}, where ...
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An integer linear program

(The optimal extreme point to the continuous model is fractional)

In the worst case ...

e It is reasonable to assume T =~ 50 time steps (or more)

10%seconds = 30 years (10~ seconds = ~ 1.5 weeks)

Better to generate facets so that all extreme points become
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The smallest polyhedron containing all feasible
points
e A general polyhedron defined by linear inequalities:
Sz{xE?R”|ATx2b}

e The integer points of a (bounded) polyhedron defined by linear
inequalities:
Sint = {x € R" |ATx > b, integral } = {x!,x2,..., x5}

We would like to find the convex hull of Si,i: P = convSiy; =

K
{xe@?”

K
X:Zakxk, Zakzl, ar,>0,k=1,...|K
e P C S is also a polyhedron

k=1 k=1

It then holds that min ¢'x = mineTx
XE Sint xeP

DRAW THE CONVEX HULL OF THE INTEGER POINTS!!

Valid inequalities, faces and facets
o 'x < my is a valid inequality for P if it holds for all x € P
e Face: F' = {x eP ‘7TTX = 71'()} if #Tx < 7 is a valid ineq. for P

e Facet: face of dimension n — 1

Valid inequality for P Faces of P Facet of P

wlx >m

/ 7rTx< o

T X =70

10

For the small example

e Find all facets = no integrality requirements needed

/
>((v*,y*> = (64

Hip\e\vcrq>
/
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A class of maintenance facets

For the components p and ¢ such that the lives T,, and T} fulfil

2< T, <T,—1<2-(Ty—1)
a class of facets is defined by:

4T, —2

20 + Z (pt + 2qt) + 2e41,-1 > 2, ¢=1,...,T-T,+1.
t=0+1

For the example (T1 =3, Ta =5=p=2,¢g=1):
2<T1=3<Ty—1=4<2 (T} —1)=4
A facet is given by the inequality

29 + T13 + X14 + T15 + T23 + Tog + Tos + 26 = 2
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Construction of a valid inequality

Ti2+213+T14 >1
T14+x15+T16 >1
To2+T23+T24+T25+T26 > 1

Aggregate = zi12+w13+2014+ @15+ 216+ T2+ T23+Toa +T25+726 > 3 (1)

Z2 >T12

Z6 > 16

22 2> T22
26 > T26
Aggregate = 229 + 226 > T12 + T16 + T22 + T26 (2)

(1) and (2) = 222+ 13 + 2214 + T15 + T23 + T2a +T25 + 226 >3 (3)

Construction cont’d

Multiply (3) by %:
Zy + T13 + T1a + %$15 + %$23 + %@4 + %I25 + 26 > % (4)

Round-up the coefficients of the LHS to the nearest integer (OK?!):
22+ @13 + @14 + X15 + Togz + Tog + To5 + 26 2 %

All numbers in the LHS are integral in a feasible solution to the
integer program = Round-up the RHS to the nearest integer:

Zg + 13 + T14 + T15 + T2z + Taa + Xos + 26 > 2

We have shown that this inequality is valid for the maintenance
polytope.

To show that it defines a facet takes a little more ...
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