
Chalmers University of Te
hnology MVE165University of Gothenburg MMG630Mathemati
al S
ien
es Applied OptimizationOptimization Assigmnent informationAnn-Brith StrömbergFredrik Hedenus Mar
h 25, 2011Assignment 1: Energy system modellingGiven below is a mathemati
al model for minimizing the 
osts of meeting 
li-mate targets. An implementation of the model in AMPL 
an be found on the
ourse homepage: www.math.
halmers.se/Math/Grundutb/CTH/mve165/1011/To pass the assignment you should (in groups of two persons) give satisfa
toryanswers to the following questions in a written report. The report should be5�7 pages long in
luding illustrating diagrams and it should behanded in ele
troni
ally at latest onFriday 8 of April 2011 at 17.00 to anstr�
halmers.se.In ea
h of the eight questions below the variation of data and/or 
onstraintsshall be made starting from the original data (resurs-data.dat) and model(resurs-modell.mod), respe
tively. Use the 
ase of 450 ppm (see the �le resurs-data.dat) as the basi
 s
enario for the maximum allowed value of the yearlyamount of emissions.Questions1. (a) What is the global dis
ounted 
ost for the energy system if there isno 
limate poli
y in pla
e? Compare to the 
ost of stabalizing theatmospheri
 
arbon 
ontent of 400, 450 and 500 ppm.(b) What is the abatement 
ost for these s
enarios (the di�eren
e be-tween the total 
ost of a stabilization s
enario and of the baseline1s
enario)?2. (a) Compare the total use of oil and 
oal during all the time steps ofthe 21st 
entury for the baseline s
enario and the three stabilizations
enarios. Draw illustrating graphs and explain the di�eren
es.(b) Find out how mu
h you these reserves 
an be redu
ed while stayingfeasible. Compare the a

umulated 
arbon dioxide emissions to theoriginal baseline s
enario. Draw illustrating graphs and explain thedi�eren
es. What impli
ation does the depletion of the oil reserveshave on the severity of the 
limate 
hange problem?(
) Try to �nd out and dis
uss how the global energy system wouldrea
t on an infeasible s
enario, i.e., if the oil and/or 
oal reserves aretoo small, and how this 
ould be in
orporated in the mathemati
almodel.3. Compare the energy supply for residential heat, industrial heat, ele
tri
-ity, and transport for the baseline and for a 450 ppm s
enario. Draw1�Baseline� means �no bounds on the amount of emissions�.



appropriate illustrating graphs. In whi
h se
tors does the 
arbon dioxideabatement take pla
e �rst? Explain why.4. In
rease the fra
tion of solar that 
an be used for residential heat to 0.8and redu
e the possibility of using biomass for industrial heat to 0.2. Howdoes the biomass usage in the transport se
tor 
hange? Draw illustratinggraphs and 
ompare for all time steps over the 
entury. Explain why theuse of biomass in the transport se
tor 
hanges.5. Vary the yearly potential for energy supply from biomass fuel (in
reaseby 50%�100%).(a) What is the e�e
t on the amount of energy from the di�erent sour
es
onverted to ele
tri
ity and transport fuel (Exyt)?(b) What is the 
ost per EJ/year for redu
ing the potential for energysupply from biomass fuel (in�ate the numbers for ea
h time stepwith the dis
ount rate r)?(
) For how many units of the redu
tion of the yearly potential P doesthis hold? What happens then? Why?Draw illustrating diagrams (over all the time steps) of the di�erent results.6. What are the redu
ed 
osts for extra
ting fuels and for the investmentin equipment for 
onverting energy from solar and biomass to ele
tri
ity(in�ate the numbers for ea
h time step with the dis
ount rate r)? Whatdoes this imply? Draw illustrating graphs and relate the redu
ed 
osts tothe investments made in the respe
tive time steps.7. In
rease the potential use of nu
lear power from 20% of the ele
tri
itydemand to 90%.(a) What would be the impa
t�with respe
t to energy supply fromdi�erent sour
es�on the transport system?(b) Relate this to the 
hanges of the shadow pri
e for 
arbon dioxideemissions (in�ate the numbers for ea
h time step with the dis
ountrate r).Compare for all time steps over the 
entury. Draw illustrating diagramsof the di�erent results.8. In
rease the investment 
osts for 
onverting energy from solarH2 to alltypes of output energy by 100%.(a) What is the e�e
t on the sour
es for energy supply?(b) What is the e�e
t on the shadow pri
es (in the respe
tive time steps)for emissions (in�ate the numbers for ea
h time step with the dis-
ount rate r)?Draw illustrating graphs and 
ompare for all time steps over the 
entury.Dis
uss and (try to) explain.9. Suppose that it is be 
on
luded that the known energy resou
es will not beenough for the global demand. How 
an a (tentative) new energy sour
e�with a very high development 
ost�be in
orporated in the optimizationmodel?
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The mathemati
al modelSets
• The set of energy inputs (in AMPL: ENERGY IN):

X = {solarH2, oil, 
oal, solar,bio,nu
, ele
, res, ind, transp}.
• The set of energy outputs (in AMPL: ENERGY OUT):

Y = {ele
, res, ind, transp}, where �ele
�=ele
tri
ity,�res�=residential heat, �ind�=industrial heat, �transp�=transport.
• The set of fuels (in AMPL: FUELS): F = {oil, 
oal,bio,nu
}.
• The set of time steps: T = {1, . . . , 12} 
orresponding to the years2

{2010, . . . , 2100, 2110, 2120} (the index 0 represents year 2000)(in AMPL: YEARS).Parameters
• Dyt = yearly demand of energy output y in time step t, y ∈ Y, t ∈ T[EJ/year℄ (in AMPL: dem[eo,t℄).
• δxy = maximum allowed value for energy 
onversion per year [EJ/year℄.
• Qxy = usage of energy the year 2010 (amount of energy 
onverted fromtype x to type y year 2010) [EJ/year℄ (in AMPL: init energy[ei,eo℄).
• P = yearly potential for energy supply from biomass fuel [EJ/year℄(in AMPL: bio pot).
• Rf = sto
k of fossil fuel of type f (EJ) (in AMPL: supply pot).
• ηxy = e�
ien
y of 
onverting energy from type x to type y, x ∈ X , y ∈ Y(in AMPL: effi
[ei,eo℄).
• ℓxy = load fa
tor (usage level) of the 
apital sto
k per year for 
onvertingenergy from type x to type y (in AMPL: lf[ei,eo℄).
• γxyt = maximum allowed 
apital investment in equipment for energy
onversion from type x to type y in time step t [TW/year℄.
• αxy = fa
tor 
onstraining energy 
onversion with respe
t to demand(in AMPL: limits).
• τ = life of 
apital [years℄ (in AMPL: life plant).
• r = dis
ount rate (in AMPL: r).
• M = millions of se
onds in one year (= 31.536)(in AMPL: Mse
 per year).2The time period studied is 2010�2100. In order to avoid errors due to boundary 
ondi-tions, the time horizon for the 
omputations is, however, extended to the year 2120.3



• λ = length of time steps in years (= 10) (in AMPL: t step).
• pf = 
ost for extra
ting fuel of type f [GUSD/EJ℄ (in AMPL: pri
e[f℄).
• kxy = investment 
ost for equipment for 
onverting energy from type xto type y [GUSD/TW℄ (in AMPL: 
ost inv[ei,eo℄).
• vx = 
apital 
ost for vehi
les, energy type x [GUSD/EJ℄(in AMPL: veh 
ost[ei℄).
• βf = 
arbon emission from fossil fuel type f [Mton C/EJ℄(in AMPL: emis fa
t[f℄).
• Ωt = maximum allowed value of the yearly amount of emissions in timestep t [Gton C/year℄ (in AMPL: emis up[t℄).Variables
• Sft = yearly primary supply of fuel f in time step t [EJ/year℄(in AMPL: supply 1[f,t℄).
• Exyt = the yearly amount of energy 
onverted from type x to type y inof time step t [EJ/year℄ (in AMPL: en 
onv[ei,eo,t℄).
• eyt = the yearly amount of ele
tri
ity used as se
ondary input for outputenergy of type y in time step t [EJ/year℄ (in AMPL: extra dem[eo,t℄).
• gyt = the yearly supply of input energy for output energy of type y in oftime step t [EJ/year℄ (in AMPL: en supply[eo,t℄).
• Cxyt = yearly 
apital sto
k in time step t for energy 
onversion from type

x to type y [TW℄ (in AMPL: 
apital[ei,eo,t℄).
• Ixyt = the yearly 
apital investment in time step t in equipment for energy
onversion from type x to type y [TW/year℄(in AMPL: 
ap invest[ei,eo,t℄).
• Ut = yearly 
arbon emission in time step t [Gton C/year℄(in AMPL: C emission[t℄).
• Πt = the annual 
ost in time step t [GUSD/year℄(in AMPL: annual 
ost[t℄).
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The mathemati
al modelminimize λ
∑

t∈T

[

(1 + r)−(t−1)λ
]

Πt, (1)subje
t to
∑

f∈F

pfSft+
∑

x∈X





∑

y∈Y

kxyIxyt+vxEx,transp,t



 = Πt, t ∈ T , (2)

Sbio,t ≤ P, t ∈ T , (3)

λ
∑

t∈T

Sft ≤ Rf , f ∈ {oil, coal,nuc}, (4)

∑

y∈Y

Efyt = Sft, f ∈ F , t ∈ T , (5)

∑

y∈Y

Eelec,y,t = eelec,t, t ∈ T , (6)

∑

x∈X

ηxyExyt − eyt = Dyt, y ∈ Y, t ∈ T , (7)

∑

x∈X

Exyt = gyt, y ∈ Y, t ∈ T , (8)

Exyt − MℓxyCxyt ≤ 0, x ∈ X , y ∈ Y, t ∈ T , (9)

λIxyt +
[

(

1 − 1
τ

)λ
]

Cx,y,t−1 = Cxyt, x ∈ X , y ∈ Y, t ∈ T , (10)

Cxy0 = 0, x ∈ X , y ∈ Y, (11)
Ixyt ≤ γxyt, x ∈ X , y ∈ Y, t ∈ T , (12)

Exy1 ≤ Qxy, x ∈ X , y ∈ Y (13)
ηxyExyt − αxyeyt ≤ αxyDyt, x ∈ X , y ∈ Y, t ∈ T , (14)

Exyt ≤ δxy, x ∈ X , y ∈ Y, t ∈ T , (15)
∑

f∈F

βfSft = Ut, t ∈ T , (16)

Ut ≤ Ωt, t ∈ T , (17)
Sft, Exyt, eyt, Cxyt, Ixyt, Ut,Πt ≥ 0, x∈X , y∈Y, f ∈F , t∈T . (18)Explanation of the mathemati
al model(1) Obje
tive: minimize the sum over the years of dis
ounted annual 
osts(in AMPL: tot 
ost M).(2) The annual 
ost is 
omposed by 
osts for extra
ting fuels, inverstment
osts for energy 
onversion equipment, and (extra) vehi
le 
osts for ener-gy 
onversion (in AMPL: annual 
ost Q).(3) The yearly primary supply of biomass fuel in time step t may not ex
eedthe yearly supply potential (in AMPL: supply pot Q).(4) For fossil fuels (oil, 
oal, and nu
lear) the sum over the whole time periodof the yearly primary supply of fuel may not ex
eed the sto
k of fossilfuel (in AMPL: reserves Q). 5



(5) In ea
h time step, t, the primary supply of fuel f is 
onverted to (four)di�erent energy output types, y (in AMPL: supply 1 Q).(6) In ea
h time step, t, the amount of ele
tri
al energy 
onverted to outputenergy equals the amount of ele
tri
ity used as se
ondary input(in AMPL: supply 2 Q).(7) In ea
h time step, t, and for ea
h output type, y, the amount of energyper year 
onverted to type y minus the amount of y used as se
ondaryinput equals the demand for y (in AMPL: energy demand Q).(8) In ea
h time step the yearly supply of input energy for otput energy type
y equals the sum over the input energy types of energy 
onverted(in AMPL: en supply Q).(9) The yearly amount of energy 
onverted from type x to type y in time step
t many not ex
eed the e�e
tive (w.r.t. load fa
tor) yearly 
apital sto
k(in AMPL: 
apital lim Q).(10) For ea
h input type, x, and ea
h output type, y, of energy 
onversion,the yearly 
apital sto
k in time step t equals the dis
ounted (w.r.t. lifeof 
apital) yearly 
apital sto
k in time step t − 1 plus the yearly 
apitalinvestment in time step t (in AMPL: 
apital Q).(11) For ea
h input type, x, and ea
h output type, y, of energy 
onversion,the 
apital sto
k in time step 0 (i.e., year 2000) equals 0(in AMPL: 
apital init Q).(12) The yearly 
apital sto
k is limited for 
ertain time steps and types ofinput energy (in AMPL: 
ap invest UB 1,...,
ap invest UB 4).(13) The yearly amount of energy 
onverted from input type x to output type
y in time step 1 (i.e., year 2010) may not ex
eed the supply of energy inyear 2010 (in AMPL: q init energy).(14) The yearly amount of energy 
onverted from input type x to output type
y in time step t may not ex
eed a 
ertain fra
tion of the yearly demandof output energy y. (in AMPL: q limits).(15) The yearly amount of energy 
onverted from input type x to output type
y in time step t may not ex
eed the maximum value for energy 
onversionper year�due to levels of te
hni
al development.(16) The yearly amount of 
arbon emmision during time step t equals the sumof 
arbon emission per year from the primary supply of fuels(in AMPL: emission Q).(17) The amount of 
arbon emmision in time step t may not ex
eed the maxi-mum allowed value (in AMPL: emis UB).
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