
Chalmers University of Te
hnology MVE165University of Gothenburg MMG630Mathemati
al S
ien
es Applied OptimizationOptimization Assignment informationAnn-Brith Strömberg April 23, 2012Assignment 3b: Windpower investmentand generationBelow is a des
ription of the problem to lo
ate and operate a number of windmills in an o�shore wind farm. The assignment tasks are to (a) formulatethe problem(s) using mixed integer linear optimization, (b) model and solvethem using AMPL and CPLEX (or, e.g., Matlab and any MILP solver; seeComputer exer
ise on the 
ourse homepage), and (
) analyze the results andanswer a number of questions given below.To pass the assignment you should (in groups of two persons) (i) write adetailed report that gives satisfa
tory answers and explanations to the ques-tions. You shall also estimate the number of hours spent on this assignmentand note this in your report.The �le 
ontaining your report shall be 
alled Name1-Name2-Ass3b.pdf,where �Namek�, k = 1, 2, is your respe
tive family name. Do not forget towrite the authors' names also inside the report.The report should besubmitted in PingPong at latest Monday 7th of May 2012.Your shall also (ii) present your assignment orally at a seminar on10th, 11th or 15th of May 2012.The seminars are s
heduled via a doodle link, whi
h will be published on the
ourse home page. Presen
e is mandatory at at least one of these seminars.Problem ba
kgroundA number of geographi
al lo
ations for pla
ing o�shore wind turbines are given.These lo
ations are relatively 
lose to ea
h other, so that the group of windturbines 
an be regarded as a wind farm. A number of the lo
ations may be
hosen for pla
ing wind turbines and with ea
h lo
ation 
hosen is asso
iatedan investment 
ost of 34.5 MSEK. The possible lo
ations form two distin
tgroups and there is an exploitation 
ost of 6 MSEK asso
iated with ea
h ofthese groups. See Figure 1.There is also an option to 
hoose between long, medium, and short blades ofthe turbines. The longer blades yields a possibly larger energy produ
tion,but they are also exposed to higher stresses and are asso
iated with a higher
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Figure 1: Map of the tentative lo
ations for wind turbines forming two groupsof turbines. The pairs of turbine lo
ations that may be in�uen
ed by ea
hothers wind wakes (see Table 2) are indi
ated by arrows.pur
hase 
ost. The pur
hase 
ost for long (R = 45m), medium (R = 30m),and short (R = 22.5m) blades are 2.5, 1.9, and 1.4 MSEK, respe
tively.The theoreti
al e�e
t, P [W℄, of a wind turbine is given by the expression
P =

1

2
πR2̺Cp(λ)v3,where R [m℄ denotes the radius of the turbine (i.e., the length of ea
h turbineblade), ̺ = 1.25 is the density of air [kg/m3℄, depends also on pressure andtemperature). Further, Cp(λ) denotes the e�
ien
y 
oe�
ient (whi
h 
annotex
eed ≈ 0.59), where λ is the tip speed ratio de�ned as λ = ωR/v, and where

ω denotes angular speed [rad/s℄ and v denotes the wind speed through theturbine [m/s℄.The observed energy produ
tion and e�
ien
y (at undisturbed wind) for dif-ferent levels of wind speed and blade dimensions are listed in Table 1 togetherwith the (dis
retized) wind speed distribution. The frequen
ies of and the 
or-responding mean wind speeds in di�erent wind dire
tions are listed in Table 2.For ea
h of these wind dire
tions the wind speed is assumed to be Weibulldistributed with a shape parameter value of β ≈ 2.4 and a s
ale parametervalue of α ≈ 0.8v m/s, where v denotes the mean wind speed. The Weibull
umulative distribution fun
tion for a random variable X is de�ned as
F (x;α, β) =

{

1 − e−(x/α)β

, x ≥ 0,
0, x < 0,i.e., F (x;α, β) denotes the probability of X ≤ x.The wind turbines shadow ea
h other through the so 
alled wake e�e
t. Theredu
tion of wind and energy produ
tion due to the wake e�e
t is dependenton the distan
e between the wind turbines, the wind speed, and the winddire
tion. The angle of the turbine blades 
an also be adjusted so that theenergy produ
tion by this turbine is redu
ed but more wind is passed to theturbine(s) behind (those lo
ated within its wake). The relative power levels due2



Wind Observed Observed energy produ
tion at undisturbed windspeed frequen
y Large Medium Smalle�e
t e�
ien
y e�e
t e�
ien
y e�e
t e�
ien
y[m/s℄ [%℄ [kW℄ [%℄ [kW℄ [%℄ [kW℄ [%℄0�1 0.53 � � � � � �1�2 2.25 � � � � � �2�3 4.06 � � � � � �3�4 5.46 60 0.35 30 154�5 7.52 140 0.39 60 355�6 8.54 270 0.41 120 656�7 9.46 450 0.41 190 1107�8 10.06 730 0.43 320 1808�9 10.37 1090 0.45 480 2709�10 9.67 1540 0.45 680 33010�11 8.47 1980 0.43 880 49011�12 6.97 2240 0.37 1100 65012�13 5.43 2300 0.30 1460 81013�14 4.07 2300 0.24 1930 125014�15 2.93 2300 0.19 2210 131015�16 1.90 2300 0.16 2270 164016�17 1.04 2300 0.13 2300 202017�18 0.57 2300 0.11 2300 223018�19 0.32 2300 0.09 2300 228019�20 0.16 2300 0.08 2300 230020�21 0.09 2300 0.07 2300 230021�22 0.05 � � � � � �22�23 0.02 � � � � � �23�24 0.03 � � � � � �24�25 0.01 � � � � � �Table 1: Observed wind speed distribution at 65m height, observed powerat free wind for large (R = 45m), medium (R = 30m), and small (R =
22.5m) blades, and the 
orresponding e�
ien
y (the ratio between the energyextra
ted and the energy 
ontent in the wind passing through the turbine).to wake e�e
ts for di�erent wind dire
tions and relative lo
ations of turbinesare listed in Table 2.The (theoreti
al) wind speed v(x) in a wind wake, from the turbine and down-stream, is given by the expression

v(x) = u

(

1 −

(

1 −
√

1 − CT

)

(

R

R + αx

)2
)

,where u [m/s℄ denotes the speed of undisturbed wind, CT is the so 
alledthrust 
oe�
ient, x [m℄ denotes the distan
e downstream from the turbine,and α denotes the wake 
onstant (the slope of the spread of the wake, onshore:
α = 0.075; o�shore: α = 0.04).The yearly average ele
tri
ity pri
e has varied between 108 and 506 SEK/MWhsin
e 1996, and the average over the last �fteen years is 274 SEK/MWh.3



Exer
ises to perform and questions to answer1. Formulate a mixed integer linear programming model that seeks to max-imize the average revenue from energy produ
tion, provided that thenumber of installed turbines does not ex
eed n (a positive integer). As-sume here that the investment 
ost is not bounded by any budget andthat the pri
e of ele
tri
ity is 
onstant over time. The result from themodel shall des
ribe whi
h lo
ations to 
hoose for pla
ing turbines, whi
hblade dimensions to 
hoose for ea
h of the 
hosen lo
ations. The modelshall also take the wake e�e
ts into a

ount�observed wake e�e
ts in allwind dire
tions are listed in Table 2 (see also Figure 1 for the interpreta-tion of the dire
tion notation NW, SE, et
.). Assume that multiple wakee�e
ts do not superpose and that we are able to 
ontrol the turbinesso that they always produ
e as mu
h energy as possible with respe
t to
urrent wind 
onditions (i.e., the observed e�e
t listed in Table 1). Inorder to estimate the energy produ
tion you have to en
ounter for boththe wind dire
tions and the wind speed distribution (Weibull, see above)in ea
h of these dire
tions.2. Implement the model from 1.�with n = 3, 4, and 5�in AMPL and solveit using CPLEX, for the following three 
ases:(a) Only the large blade dimension (R = 45m) is available.(b) All three blade dimensions are available, but in ea
h of the twogroups of lo
ations, only one dimension is allowed.(
) Any turbine may be equipped with any blade dimension.Present your results and �ndings. How large are the di�eren
es in energyprodu
tion, 
omparing for n = 3, 4, and 5? Comment also on the CPUtime needed to solve these instan
es. Is it possible to solve any of theseinstan
es to optimality, or do you need to terminate CPLEX before anoptimal solution is veri�ed? Relate the size of the optimality gap to theCPU time required.3. Adjust/extend your mathemati
al model from 1. to minimize the invest-ment 
osts, provided that the resulting energy produ
tion may not belower than that resulting from the best solution found in Exer
ise 2(
)for n = 3.4. Implement the model from 3. in AMPL and solve it using CPLEX.Assume a suitable (with respe
t to 
omputing time needed) freedomof 
hoi
e for the blade dimensions (a

ording to the 
ases 2(a)�2(
)).Present your results and �ndings. Relate the size of the optimality gapto the CPU time required.5. Assume that all blade dimensions are available (
ase (
), above). The
orresponding solutions from 2(
) and 4(
) de�ne points on the 
orre-sponding Pareto front. Constru
t a graph showing a number of (fairlywell spread) points on the Pareto front; use, e.g., the ε-
onstraint method(maximize the produ
tion revenue under varying 
onstraints on the in-vestments, or minimize the investmens under varying 
onstraints on theprodu
tion revenue). Noti
e that, sin
e the model is mixed-binary, thePareto front may be dis
ontinuous. Dis
uss the appearan
e of the Paretofront for di�erent levels of the ele
tri
ity pri
e 
ompared to the invest-ment 
osts. 4



Wind Relative power level at a lo
ation Freq- Meandire
tion relative to the lo
ation of an uen
y windoperating turbine with long blades speed[◦℄ N NE E SE 3SE S SW W NW 3NW [%℄ [m/s℄0�10 1 1 1 1 1 0.72 1 1 1 1 1.70 6.410�20 1 1 1 1 1 1 0.98 1 1 1 1.88 6.120�30 1 1 1 1 1 1 0.81 1 1 1 0.86 6.730�40 1 1 1 1 1 1 0.42 1 1 1 1.32 7.440�50 1 1 1 1 1 1 0.58 1 1 1 1.75 7.850�60 1 1 1 1 1 1 0.97 1 1 1 1.85 7.060�70 1 1 1 1 1 1 1 0.97 1 1 1.79 6.570�80 1 1 1 1 1 1 1 0.96 1 1 1.79 6.680�90 1 1 1 1 1 1 1 0.52 1 1 1.95 7.290�100 1 1 1 1 1 1 1 0.72 1 1 2.27 8.6100�110 1 1 1 1 1 1 1 0.98 1 1 2.64 8.2110�120 1 1 1 1 1 1 1 1 0.86 0.99 2.95 8.7120�130 1 1 1 1 1 1 1 1 0.41 0.80 3.09 8.8130�140 1 1 1 1 1 1 1 1 0.29 0.76 3.10 8.6140�150 1 1 1 1 1 1 1 1 0.88 0.98 2.95 9.0150�160 1 1 1 1 1 1 1 1 0.95 1 2.73 7.9160�170 0.96 1 1 1 1 1 1 1 1 1 2.55 7.9170�180 0.52 1 1 1 1 1 1 1 1 1 2.50 8.2180�190 0.72 1 1 1 1 1 1 1 1 1 2.61 8.5190�200 1 0.98 1 1 1 1 1 1 1 1 2.91 8.3200�210 1 0.81 1 1 1 1 1 1 1 1 3.33 8.5210�220 1 0.42 1 1 1 1 1 1 1 1 3.80 9.2220�230 1 0.58 1 1 1 1 1 1 1 1 4.24 9.4230�240 1 0.98 1 1 1 1 1 1 1 1 4.58 8.9240�250 1 0.99 1 1 1 1 1 1 1 1 4.78 9.3250�260 1 1 0.96 1 1 1 1 1 1 1 4.86 9.2260�270 1 1 0.52 1 1 1 1 1 1 1 4.86 9.0270�280 1 1 0.72 1 1 1 1 1 1 1 4.80 8.8280�290 1 1 0.90 1 1 1 1 1 1 1 4.65 8.2290�300 1 1 1 0.86 0.99 1 1 1 1 1 4.28 8.3300�310 1 1 1 0.41 0.80 1 1 1 1 1 3.46 6.5310�320 1 1 1 0.29 0.76 1 1 1 1 1 1.99 6.6320�330 1 1 1 0.88 0.98 1 1 1 1 1 1.02 7.0330�340 1 1 1 0.94 1 1 1 1 1 1 1.20 7.7340�350 1 1 1 1 1 0.96 1 1 1 1 1.60 7.0350�360 1 1 1 1 1 0.52 1 1 1 1 1.36 6.9Table 2: Wake e�e
ts of a wind mill with long blades for di�erent wind dire
-tions, and relative lo
ations of and distan
es between wind turbines, and winddire
tion distribution and 
orresponding mean wind speeds. The wind speedin ea
h dire
tion is assumed to be Weibull distributed. For a mill with medium(short) blades, the relative power level is assumed to be 0.10 (0.15) units higherthan ea
h 
orresponding value for the long blades (but never larger than 1).
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