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Maximum �ow models (Ch. 8.6)
◮ Consider a distri
t heating network with pipelines thattransports energy (in the form of hot water) from a number ofsour
es to a number of destinations
◮ The network has several bran
hes and jun
tions
◮ Pipe segment (i , j) has a maximum 
apa
ity of Kij units of�ow per time unit
◮ A pipe 
an be one- or bidire
tional
◮ What is the maximum total amount of �ow per time unitthrough this network?
◮ Another appli
ation of the maximum �ow model: eva
uationof buildings (also time dynami
s)Le
ture 9 Applied Optimization



LP model for maximum �ow problems
◮ Let xij denote the amount of �ow through pipe segment (i , j)(�ow dire
tion i → j)
◮ Let v denote the total �ow from the sour
e to the destination
◮ Graph: G = (V ,A,K ) (nodes, dire
ted ar
s, ar
 
apa
ities)(an undire
ted edge is here represented by two dire
ted ar
s)max v ,s.t. ∑j :(s,j)∈A(−xsj ) + v = 0,

∑j :(j ,t)∈A xjt − v = 0,
∑i :(i ,k)∈A xik +

∑j :(k,j)∈A(−xkj ) = 0, k ∈ V \ {s, t}xij ≤ Kij , (i , j) ∈ Axij ≥ 0, (i , j) ∈ ALe
ture 9 Applied Optimization



A solution method for maximum �ow problems(Edmonds & Karp, 1972)1. Let v := 0 and xij := 0. Ar
 
apa
ities uij := Kij , (i , j) ∈ A.2. Find a maximum 
apa
ity path P ⊂ A from s to t (modi�edshortest path algorithm). The 
apa
ity of P isû := min {min{uij | (i , j) ∈ P};min{xij | (j , i) ∈ P}}.If û = 0, go to step 4.3. Update the �ows xij :=







xij + û, if (i , j) ∈ P ,xij − û, if (j , i) ∈ P ,xij , otherwise,the 
apa
ities uij :=







uij − û, if (i , j) ∈ P ,uij + û, if (j , i) ∈ P ,uij , otherwise,and the total �ow v := v + û. Go to step 2.4. The maximum total �ow is v .The �ow solution is given by xij , (i , j) ∈ A.Le
ture 9 Applied Optimization



LP dual of the maximum �ow model[Primal℄ max v ,s.t. ∑j :(s,j)∈A(−xsj) + v = 0,
∑j :(j ,t)∈A xjt − v = 0,

∑i :(i ,k)∈A xik +
∑j :(k,j)∈A(−xkj ) = 0, k ∈ V \ {s, t}0 ≤ xij ≤ Kij , (i , j) ∈ A[Dual℄ min ∑

(i ,j)∈AKijγij ,s.t. −πi + πj + γij ≥ 0, (i , j) ∈ A
πs − πt = 1,

πk free, k ∈ V ,

γij ≥ 0, (i , j) ∈ ALe
ture 9 Applied Optimization



Maximum �ow � Minimum 
ut theorem
◮ An (s, t)-
ut is a set of ar
s whi
h, when deleted, interrupt all�ow in the network between the sour
e s and the sink t
◮ The 
ut 
apa
ity equals the sum of 
apa
ities on all the ar
sthrough the (s, t)-
ut
◮ Finding the minimum (s, t)-
ut is equivalent to solving thedual of the maximum �ow problem
◮ Weak duality theorem: Ea
h feasible �ow xij , (i , j) ∈ A,yields a lower bound on v∗. The 
apa
ity of ea
h

(s, t)-
ut yields an upper bound on v∗.
◮ Strong duality theorem: value of maximum �ow = 
apa
ityof minimum 
ut Le
ture 9 Applied Optimization



Optimal dual solution � minimum 
ut
◮ Optimal values of the dual variables:

γij =

{ 1, if ar
 (i , j) passes through the minimum 
ut,0, otherwise.
πk =

{ 1, if node k 
an be rea
hed from s,0, otherwise.
◮ How is the minimum 
ut found using the Edmonds & Karpalgorithm? Le
ture 9 Applied Optimization



Transportation models: An example
◮ MG Auto has three plants, LA, Detroit, New Orleans, and twodistribution 
enters, Denver and Miami
◮ Capa
ities of the plants: 1000, 1500, and 1200 
ars
◮ Demands at distributions 
enters: 2300 and 1400 
ars
◮ Transportation 
ost per 
ar between plants and 
enters:Denver MiamiLA $80 $215Detroit $100 $108New Orleans $102 $68
◮ Find the 
heapest shipping s
hedule to satisfy the demand

Miami

Denver

LA

New Orleans

2

3

1

1

2

1000

1500

1200

1000

1300

2300

1400
200

1200

Detroit Le
ture 9 Applied Optimization



Linear programming formulation of MG Auto
◮ Variables: xij = number of 
ars sent from plant i todistribution 
enter jmin z= 80x11+215x12+100x21+108x22+102x31+68x32s.t. x11 +x12 ≤ 1000 (LA)x21 +x22 ≤ 1500 (Detr)x31 +x32 ≤ 1200 (NO)x11 +x21 +x31 ≥ 2300 (Den)x12 +x22 +x32 ≥ 1400 (Mi)x11, x12, x21, x22, x31, x32 ≥ 0Le
ture 9 Applied Optimization



De�nition of the transportation model
◮ m sour
es and n destinations ⇔ nodes
◮ ai = amount of supply at sour
e (node) i , i = 1, . . . ,m
◮ bj = amount of demand at destination (node) j , j = 1, . . . , n
◮ Ar
 (i , j) ⇔ 
onne
tion from sour
e i to destination j
◮ 
ij = 
ost per unit of �ow on ar
 (i , j)
◮ Variables: xij = amount of goods shipped on ar
 (i , j)
◮ Obje
tive: �nd xij ≥ 0 su
h that the total 
ost is minimizedwhile satisfying all supply and demand restri
tions
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Linear programming transportation modelmin z :=
m

∑i=1 n
∑j=1 
ijxijs.t. n

∑j=1 xij ≤ ai , i = 1, . . . ,m (supply)m
∑i=1 xij ≥ bj , j = 1, . . . , n (demand)xij ≥ 0, i = 1, . . . ,m, j = 1, . . . , n

◮ Feasible solutions exist if and only if ∑i ai ≥ ∑j bj
◮ The 
onstraint matrix has spe
ial properties (totallyunimodular) ⇒ extreme points of the feasible polyhedron areinteger (Chapter 8.6.3)Le
ture 9 Applied Optimization



A balan
ed transportation model
◮ What if total amount of demand 6= total amount of supply?(∑i ai >

∑j bj (feasible) or ∑i ai <
∑j bj (infeasible))min z :=

∑mi=1 ∑nj=1 
ijxijs.t. ∑nj=1 xij ≤ ai , i = 1, . . . ,m
∑mi=1 xij ≥ bj , j = 1, . . . , nxij ≥ 0, i = 1, . . . ,m, j = 1, . . . , n

⇒ Balan
e the model by dummy sour
em+1 or destination n+1
◮ Suppose ∑i ai >

∑j bj ⇒ Let bn+1 :=
∑mi=1 ai − ∑nj=1 bj

⇒ Balan
ed transportation model�equality 
onstraintsmin z :=
∑mi=1 ∑n+1j=1 
ijxijs.t. ∑n+1j=1 xij = ai , i = 1, . . . ,m

∑mi=1 xij = bj , j = 1, . . . , n + 1xij ≥ 0, i=1, . . . ,m, j=1, . . . , n+1Le
ture 9 Applied Optimization



General minimum 
ost network �ow problems
◮ A network 
onsist of a set N of nodes linked by a set A of ar
s
◮ A distan
e/
ost 
ij is asso
iated with ea
h ar

◮ Ea
h node i in the network has a net demand di
◮ Ea
h ar
 
arries an (unknown) amount of �ow xij that isrestri
ted by a maximum 
apa
ity uij ∈ [0,∞] and a minimum
apa
ity ℓij ∈ [0, uij ]
◮ The �ow through ea
h node must be balan
ed
◮ A network �ow problem 
an be formulated as a linear program
◮ All extreme points of the feasible set are integral � due to theunimodularity property of the 
onstraint matrix (see Ch. 8.6.3)Le
ture 9 Applied Optimization



Minimum 
ost �ow in a general network: Example
◮ Two paper mills: Holmsund and Tuna
◮ Three saw mills: Silje, Graninge and Lunden
◮ Two storage terminals: Norrstig and MellanselFa
ility Supply (m3) Demand (m3)Silje 2400Graninge 1800Lunden 1400Holmsund 3500Tuna 2100
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Minimum 
ost �ow in a general network: Example
◮ Transportation opportunities:From To Pri
e/m3 Capa
ity (m3)Silje Norrstig 20 900Silje Mellansel 26 1000Silje Holmsund 45 1100Graninge Norrstig 8 700Graninge Mellansel 14 900Graninge Holmsund 37 600Graninge Tuna 22 600Lunden Mellansel 32 600Lunden Tuna 23 1000Norrstig Holmsund 11 1800Norrstig Mellansel 9 1800Mellansel Norrstig 9 1800Mellansel Tuna 9 1800Le
ture 9 Applied Optimization



Minimum 
ost �ow in a general network: Example
◮ Obje
tive: Minimize transportation 
osts
◮ Satisfy demand
◮ Do not ex
eed the supply
◮ Do not ex
eed the transportation 
apa
ities
◮ An optimal solution

S

L

G

H

T

N

M

−2400

−1800

−1400
2100

3500

PSfrag repla
ements
1100900400400 1000 600200 1800700 600500

Le
ture 9 Applied Optimization



Minimum 
ost �ow in a general network: Examplemin z := 20xSN + 26xSM + 45xSH + 8xGN + 14xGM
+37xGH + 22xGT + 32xLM + 23xLT + 11xNH
+9xNM + 9xMN + 9xMTsubje
t to −xSN − xSM − xSH = −2400 (Silje)

−xGN − xGM − xGH − xGT = −1800 (Graninge)
−xLM − xLT = −1400 (Lunden)xSN + xGN + xMN − xNM − xNH = 0 (Norrstig)xSM + xLM + xGM + xNM − xMN − xMT = 0 (Mellansel)xSH + xGH + xNH = 3500 (Holmsund)xGT + xLT + xMT = 2100 (Tuna)0 ≤ xSN ≤ 9000 ≤ xSM ≤ 10000 ≤ xSH ≤ 11000 ≤ xGN ≤ 7000 ≤ xGM ≤ 9000 ≤ xGH ≤ 6000 ≤ xGT ≤ 6000 ≤ xLM ≤ 6000 ≤ xLT ≤ 10000 ≤ xNH ≤ 18000 ≤ xNM ≤ 18000 ≤ xMN ≤ 18000 ≤ xMT ≤ 1800

◮ The 
olumns Aj of the equality 
onstraint matrix (Ax = b)have one 1-element, one −1-element; the remaining elementsare 0 Le
ture 9 Applied Optimization



Minimum 
ost �ows in general networks: LPmodel
◮ G = (N,A) is a network with nodes N and ar
s A, |N| = n
◮ xij is the amount of �ow on the ar
 from node i to node j ,
◮ ℓij and uij are lower and upper limits for the �ow on ar
 (i , j),
◮ 
ij is the 
ost per unit of �ow on ar
 (i , j), and
◮ di is the demand in node imin ∑

(i ,j)∈A 
ijxij ,s.t. ∑i :(i ,k)∈A xik − ∑j :(k,j)∈A xkj = dk , k ∈ N,

ℓij ≤ xij ≤ uij , (i , j) ∈ A.Le
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Minimum 
ost �ows in general networks: LPmodel and dualThe linear optimization model:min ∑

(i ,j)∈A 
ijxij ,s.t. ∑i :(i ,k)∈A xik − ∑j :(k,j)∈A xkj = dk , k ∈ N,

ℓij ≤ xij ≤ uij , (i , j) ∈ A.Linear programming dual:max ∑k∈N dkyk +
∑

(i ,j)∈A (ℓijαij − uijβij) ,s.t. yj − yi + αij − βij = 
ij , (i , j) ∈ A,

αij , βij ≥ 0, (i , j) ∈ A.Le
ture 9 Applied Optimization



The simplex method for minimum 
ost network�ows (Ch. 8.7)
◮ A solution is optimal if

◮ the primal and dual solutions are feasible and
◮ the 
omplementary 
onditions are ful�lled

◮ Redu
ed 
ost: 
 ij = 
ij + yi − yj
◮ Complementary 
onditions, (i , j) ∈ A

◮ αij (xij − ℓij) = 0
◮ βij (uij − xij ) = 0
◮ xij (
 ij − αij + βij ) = 0

◮ Assume that ℓij < uij .
◮ A feasible solution xij , (i , j) ∈ A, is optimal if the followinghold:

◮ xij = uij ⇒ αij = 0 ⇒ Redu
ed 
ost: 
 ij = −βij ≤ 0
◮ xij = ℓij ⇒ βij = 0 ⇒ Redu
ed 
ost: 
 ij = αij ≥ 0
◮ ℓij < xij < uij ⇒ αij = βij = 0 ⇒ Redu
ed 
ost: 
 ij = 0Le
ture 9 Applied Optimization



The simplex method for minimum 
ost network�ows
◮ The ar
 (i , j) 
orresponds to the variable xij , (i , j) ∈ A
◮ A basi
 solution is 
hara
terized by the following;

◮ If ℓij < xij < uij ⇒ the ar
 (i , j) is in the basis
⇔ xij is a basi
 variable

◮ If xij = ℓij or xij = uij ⇒ the ar
 (i , j) may be in the basis
⇔ xij may be a basi
 variable

◮ There are exa
tly n − 1 basi
 ar
s whi
h form a spanning treein G (one primal equation is a linear 
ombination of the restand 
an thus be removed)Le
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The simplex method for minimum 
ost �ows1. Find a feasible solution (a spanning tree of basi
 ar
s)2. Compute redu
ed 
osts 
 ij = 
ij + yi − yj for all non-basi
 ar
s3. Che
k termination 
riteria: If, for every ar
 (i , j),
◮ either: 
 ij = 0 and ℓij ≤ xij ≤ uij ,
◮ or: 
 ij < 0 and xij = uij ,
◮ or: 
 ij > 0 and xij = ℓijhold, then STOP. xij , (i , j) ∈ A is an optimal solution4. Entering variable (ar
): (p, q) ∈ arg max(i ,j)∈I |
 ij |I = the set of non-basi
 ar
s not ful�lling the 
onditions in 3.5. Leaving variable (ar
): Send �ow along the 
y
le de�ned bythe 
urrent basis (spanning tree) and the ar
 (p, q). The ar


(i , j) whose �ow xij �rst rea
hes uij or ℓij leaves the basis.6. Go to step 2 Le
ture 9 Applied Optimization



The assignment model (Ch. 13.5)
◮ A spe
ial 
ase of the network �ow model (and of thetransportation model)
◮ Given n persons and n jobs
◮ Given further the 
ost 
ij of assigning person i to job j
◮ Binary variables xij = 1 if person i does job j and xij = 0otherwise
◮ Find the 
heapest assignment of persons to jobs su
h that alljobs are done min ∑ij 
ijxijs.t. ∑j xij = 1 ∀i

∑i xij = 1 ∀jxij ≥ 0 ∀i , j
◮ The optimal solution is binary (due to the totally unimodular
onstraint matrix) Le
ture 9 Applied Optimization



An assignment example
◮ 3 
hildren: John, Karin and Tina
◮ 3 tasks: mow, paint and wash.
◮ Given further a �
ost� (time, un
omfort,...) for ea
h
ombination of 
hild/task
◮ How should the parents distribute the tasks to minimize the
ost? Mow Paint WashJohn 15 10 9Karin 9 15 10Tina 10 12 8
◮ Choose exa
tly one element in ea
h row and one in ea
h
olumn Le
ture 9 Applied Optimization


