Chalmers tekniska hogskola Datum: 2017-12-19 kl. 08.30-12.30

Tentamen Telefonvakt: Milo Viviani

MVE500, TKSAM-2

Tentan réttas och bedéms anonymt. Skriv tentamenskoden tydligt pa placeringlista och samtliga inldm-
nade papper. Fyll i omslaget ordentligt.

For godkant kriavs 25 podng pa del 1. For betyget 4 kridvs 35 podng totalt, varav minst 6 podng pa del 2. For
betyget 5 krdvs 45 podng totalt, varav minst 8 podng pa del 2. Varje godkdnd dugga ger 1.5 bonuspoéng till del

1. Losningar ldggs ut pa kursens hemsida. Resultat meddelas via Ladok.

Part 1 (godkéntniva)

1. Avgor om foljande serier dr divergenta eller konvergenta. Om konvergent, berékna summan.

= (=1)rg?ntt . R
————— for z € R [Tips: bifogat formelblad kan vara till hjilp]
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Solution: (a) It is enough to see that it is convergent because > ° O =
n)!
x cos(x), for all z € R.

(b) The series is a p-series > - with p = I8 < 1, therefore is divergent.

nlnp

(c) The series is a geometric series, therefore convergent. Moreover :
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2. (a) Bestdm Maclaurinserie till f(x) = arctan %-
(b) Bestdm konvergensradien for Maclaurinserien till f.

Solution: (a) Using the known formula for the Maclaurin series of arctan x, we can sub-
stitute x with m to get:

2 0 ( )2k 1 0 4k—2

r_ k=1 -1t
arctan = = 3 ()" Z 22F-1(2k — 1)’

k=1 =1

(b) The radius of convergence of the Maclaurin series of arctanx is 1. Therefore in our
case it has to be:

2
|%\§1<:>|x\§\/§.

Therefore the radius of convergence is R = /2.

3. Betrakta kurvan r(¢) = (¢ cos(t), tsin(t)), for ¢ > 0:
(a) Bestdm hastighetvektorn v(¢) vid ¢ = 2.

(6p)

(2p)



(b) Skriv formeln for lingden av r(t) for ¢ € [0,27] i den mest férenklade formen. (du

behover inte berikna integralen)

(¢) Skissa kurvan for t € [0, 27].

Solution: (a) We have that v(t) = r/(t) = (cost — tsint,sint + tcost), and so
v(2m) = (1,2m).

(b) We have to calculate: ||r'(¢)|| = /1 + ¢2. Therefore we get:

2
L0,27) = [ V1+t2dt

0

/

4. Lat f(x,y) = |z| — |y|, for z,y € R:
(a) Hitta den tangentplanet av f i punkten (zg,yo) = (1, 1).

(b) Skissa nagra av nivakurvorna till f for —1 <z <1, -1 <y <1.
Solution:

(a)When both z,y > 0, we have that:

flz,y) =2 —y.

Hence we have that f(xo,yo) = 0. Therefore the tangent plane to the graphic of f (zo,y0) =
(L) isz=z—y.
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5. (a) Visa att (3,0),(5,2),(—5,—2) dr stationdra punkterna till f(x,y) = cos(xy) + sin(x)

och anvand andraderivatatestet for bestdmma deras karaktar.

2

(b) Hitta de andra stationdira punkterna till f inuti cirkeln 22 + y? < 72 och anvind

andraderivatatestet for att om mojligt bestimma deras karaktér.

Solution: Stationary point means Vf(x,y) = [—ysin(zy) + cosz, —zsin(zy)] = 0. This
gives the system of equations:
—ysin(zy) + cosz =0
—zsin(zy) =0

From there we get six possible solutions in x2 + y? < 72

To classify them we calculate the Hessian matrix:

—y?cos(ry) —sinx  —sin(zy) — zy cos(zy)

2

H(z,y) = —sin(zy) — zy cos(zy) —x* cos(zy)

From there we find (7,0) maximum, (—3,0) saddle, (7,2) saddle, (=5,2) minimum,

29 27
(5,—2) saddle, (-5, —2) minimum.

(4p)

(2p)



. Hitta sinusserier till f(x) = 1 och g(z) = z och sen anvénda dem for att 16sa vagekvationen:

ug(x,t) = Bugy(z,t) for0 <z <1,t>0
u(0,t) = u(l,t) =0 fort >0
u(z,0)=1 for0 <z <1

ut(z,0) =2z for 0 <z <1

Solution: The sine series of f and g in [0, 1]! are, respectively:

o _1\n+1
flx) = Z Wsmnﬁx

and

g(z) = Z A=D" sinnmz.

nm
n=1

The wave equation is homogeneous with Dirichlet boundary conditions. From the theory
we know that the solution has the following expression:

oo
u(x,t) = Z (an cos nmV/3t + by, sin n7r\/§t> sinnmx.

n=1

Tt is a perfectly fine solution if considered a general interval [0, L], instead of [0, 1].

(6p)



From the sine-series of f and g we get:

2((—1)™ 4+ 1)

Ay =

and

Var god vind blad!



Part 2 (6verbetygsniva)

7. Bestdm summan till foljande serier, med hjilp av Parseval identitet till funktionen f(x) = x
for x € [—m, 7]
o0

1 1
ODr= () > (2n)? Z 2n +1)2

n=1 n=1 1

Solution: (a) The Parseval identity for f(z) = x, with = € [—7, 7], says that:

/_Wa: —ZbQ

n=1

where b, are the Fourier coefficients of f, which are b, = % The integral on the
[e.e]
1 72
LHS i I to 22°. Theref, £y =
is equal to =% erefore we ge Z " 5
n=1
(b) It is enough to notice that:
= 1 i 1 a2
- ==
n=1 n=1 " 24

(c) Putting (a) and (b) together we have:

ZQn—i—l Zﬁ 2(2712:7

n=1 n=1 n=1

8. I en butik séljs tre olika foremal. Deras kvantiteter anges med x1, x2,x3 och deras priser
med p1, pg respektive p3 . Med en fast budget x1p1 + xop2 + z3p3 = C, hitta maximivirdet
for verktygsfunktionen U(x1, xe, x3) = x12923, for 21,22, 23 > 0 0Ch p1, p2, p3 > 0 fast.

Solution:

Using the Lagrange multipliers we get:

0z, U (1,22, 23) = 223 = Ap1
O, U(x1, 22, 23) = 123 = Ap2
Oz, U (1,22, 23) = 1122 = Ap3
x1p1 + x2p2 + 23p3 —C =0

We get then xixows = Ap1x1 = Apoza = Apsxs. We can exclude A\ = 0 (otherwise all
the quantities would be 0) and taking A # 0, which gives p1z1 = pexa = psxs = C/3.

Therefore the maximum of the utility is U(x1,x2,x3) = %

9. Los med hjélp av variabelseparation den modifierad homogen viarmekvation:

U + u = gy, O<x<l, t>0
u(0,t) = u(l,t) =0
u(z,0) =z



Solution: The separation of variables gives us the ansatz u(z,t) = X (x)7T'(t). Substituting
this expression in the heat equation we get:

T'(t) =4k —1)T'(t) t>0
X'"z)+kX(z)=0 0<z<1
X0)=X(1)=0

The homogeneous conditions give us as possible solutions X,,(z) = by, sin(nmz) and T),(t) =
exp((—4(nm)? 4+ 1)t), for n = 1,2,3....
Therefore the general formula for the solution is:

u(zx,t) = Z bn exp((—4(nm)? + 1)t) sinnmz.
n=1

Finally we have to calculate the coefficients b,,.
! 2
by, = 2/ zsinnrrdr = —(—1)"L,
0 ™n

Lycka till!
Milo



Formelblad MVE500, HT-2016

Trigonometri
. . 1
cos(z +y) = cosxcosy — sinzsiny cosT oSy = 5 (cos(z — y) + cos(z + y))
. . . : : 1
sin(r +y) =sinx cosy + cosrsiny sinzsiny = 5 (cos(x — y) — cos(z + y))
t t 1
tan(x 4+ y) = m sinxcosy = 5 (sin(x — y) + sin(x + y))
Integraler
wa—{-l 1
/x“d:p = +C, a#-1 /dx =ln|z|+C
a+1 x
/sinxdm =—cosx+C /cosxdm =sinx + C
1 1
s—dr =tanx+C ——dr =-—cotx+C
cos?x sin® x
aa)
/exdaﬁ =e"+C /axdx =—+4C
Ina
1 1 x f(x)
/Md{x :Ea.rctana‘i‘c, a7§0 /f(gj) de' :ln’f(ﬂ?)’+c
1 1
/mdx:arcsin\j&—ka a>0 /\/a—xde:2x a—xQ—I—%arcsin%%—C, a>0

1 1
/mdx—lnx+\/x2+a\+0, a#0 /\/a+x2dx—2(x\/a+x2—|—aln]x+\/x2+a]>+C
a+z

Maclaurinutvecklingar

- x x

e :kzog =1+x+§+§+..

cosx:ki;o(—l)k(;:;! —1—ZT+§ ::;:4-
(1+m)a:§(z>xk :1+ax+a(a2!_1)+... |z| < 1, <2>:a(a_k(1]i‘_”1()a_if+1)
1n(1+$):§(—1)k_1l: :x—f—i—f—gf-i-... -1<z<1
arctanx—i(—l)k_lgjc__ll —:U—a;—i—x;—l;—i—... lz] <1

k=1



Fourierserier

Jamn funktion f(z) = f(—x)
Udda funktion f(z) = —f(—x)

Fourierserien av en 2L-periodisk funktion f(z) ges av

1 oo
§a0 + Z ay, COS ? + by, sin nz:r
n=1
dir Fourierkoefficienterna ges av
I I
an:L/Lf(a;)cosnzxda: bn:L/Lf(a:)sinnzxdx

Den komplex Fourierserien av en 2L-periodisk funktion f(z) ges av

0o
E Cnemmz:/L

n=—0oo

dér de komplexa Fourierkoefficienterna ges av

_1/L f( ) —inﬂ':c/Ld
Y » z)e T

Sinusserien av f(z) definierad pa intervallet x € [0, L] ges av

9 L
ansin?, bn:L/O f(:c)sinnLﬂdx

Cosinusserien av f(z) definierad pa intervallet z € [0, L] ges av

1 > nwx 2 [f nmwT
2G0+;ancosL, an:L/O f(x)cosde

Parsevals identitet for en 2L-periodisk funktion f(z)

1 L 2 1 2 S 2 2
7 [ @R o = ool + 3 lanf + b
- n=1




