
MVE515 Computational Mathematics–Recommended Problem Set 2

Problems

Problem 2.1. (a) Write down the boundary value problem for the 2D stationary heat equation
on the unit square (0, 1)× (0, 1), with constant heat conductivity 3, constant heat source density
equals 2, and constant ambient temperature equals 10 on all sides. On the boundary y = 0 the
heat transfer coefficient equals 7, while on the rest of the boundary it is arbitrarily large. There is
no prescribed heat influx at the boundary.

(b) Write down the weak formulation of the problem.

Problem 2.2. Same as 2.1 but heat conductivity equals 1 +xy, no heat source, constant ambient
temperature 10 on all sides, the heat transfer coefficient on the boundary x = 0 equals 0, it equals
7 on the boundary x = 1, and it is arbitrarily large on the boundaries y = 0 and y = 1.

Problem 2.3. (a) Write down the finite element basis functions φ1, φ2, φ3 for a triangulation
that consits of a single triangle T with nodes P1 = (0, 0), P2 = (1, 0), P3 = (0, 1).

(b) Compute the elements of the stiffness matrix

aij =

∫∫
T

∇φi · ∇φj dA.

Problem 2.4. Write down the weak formulation of the following boundary value problems in 3D.
(a) {

−∇ · (a∇u) + cu = f in Ω,

u = uA on Γ.

(b) 
−∆u = 0 in Ω,

u = uA on Γ1,

DNu = g on Γ2,

where ∆u = ∇ · ∇u and Γ = Γ1 ∪ Γ2 (Γ1 and Γ2 are non-overlapping).
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Solutions.

2.1. (a) On the boundary y = 0 we have g = 0 and the outward pointing normal vector is n = −j.
Thus the boundary condition on this boundary is:

λDNu+ κ(u− uA) = 3(−j) · ∇u(x, 0) + 7(u(x, 0)− 10)

= −3
∂u(x, 0)

∂y
+ 7(u(x, 0)− 10) = 0, 0 < x < 1.

The boundary value problem is
− 3∆u(x, y) = 2 for 0 < x < 1, 0 < y < 1,

u(x, 1) = u(0, y) = u(1, y) = 10, for 0 < x < 1, respectively, 0 < y < 1,

− 3
∂u(x, 0)

∂y
+ 7(u(x, 0)− 10) = 0, for 0 < x < 1.

(b) Find u = u(x, y) such that u(x, 1) = u(0, y) = u(1, y) = 10 for 0 < x < 1, respectively,
0 < y < 1 and

3

∫ 1

0

∫ 1

0

∇u(x, y) · ∇v(x, y) dxdy + 7

∫ 1

0

u(x, 0)v(x, 0) dx

= 2

∫ 1

0

∫ 1

0

v(x, y) dxdy + 70

∫ 1

0

v(x, 0) dx

for all test functions v = v(x, y) with v(x, 1) = v(0, y) = v(1, y) = 0 for 0 < x < 1, respectively,
0 < y < 1.

2.2. (a) On the boundary x = 0 we have λ = 1 + xy = 1, g = 0, κ = 0 and the outward normal
vector is n = −i. The boundary condition here is

λDNu+ κ(u− uA) = (−i) · ∇u(0, y) = −∂u(0, y)

∂x
= 0 0 < x < 1.

On the boundary x = 1 we have λ = 1 + xy = 1 + y, g = 0, κ = 7 and the outward normal vector
is n = i. The boundary condition here is

λDNu+ κ(u− uA) = (1 + y)i · ∇u(1, y) + 7(u(1, y)− 10)

= (1 + y)
∂u(1, y)

∂x
+ 7(u(1, y)− 10) = 0, 0 < y < 1.

The boundary value problem is:

−∇ · ((1 + xy)∇u(x, y)) = 0 for 0 < x < 1, 0 < y < 1,

u(x, 0) = u(x, 1) = 10, 0 < x < 1,

∂u(0, y)

∂x
= 0, 0 < y < 1,

(1 + y)
∂u(1, y)

∂x
+ 7(u(1, y)− 10) = 0, 0 < x < 1.

(b) Find u = u(x, y) such that u(x, 0) = u(x, 1) = 10, for 0 < x < 1 and∫ 1

0

∫ 1

0

(1 + xy)∇u(x, y) · ∇v(x, y) dxdy + 7

∫ 1

0

u(1, y)v(1, y) dy = 70

∫ 1

0

v(1, y) dy

for all test functions v = v(x, y) with v(x, 0) = v(x, 1) = 0 for 0 < x < 1.
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2.3. (a) The basis functions are of the form φ(x, y) = a+ bx+ cy and they are equal to 1 at one
of the nodes and and to 0 at the other two. We thus get

φ1(x, y) = 1− x− y, φ2(x, y) = x, φ3(x, y) = y.

(b)

∇φ1(x, y) = −i− j, ∇φ2(x, y) = i, ∇φ3(x, y) = j.

a11 =

∫∫
T

∇φ1 · ∇φ1 dx dy =

∫∫
T

2 dx dy = 2 area(T ) = 1,

a12 =

∫∫
T

∇φ1 · ∇φ2 dx dy =

∫∫
T

(−1) dxdy = − area(T ) = − 1
2

and so on. We obtain

A =

 1 − 1
2 − 1

2
− 1

2
1
2 0

− 1
2 0 1
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2.4. (a) Find u = u(x, y, z) such that u = uA on Γ and∫∫∫

Ω

(a∇u · ∇v + cuv) dV =

∫∫∫
Ω

fv dV

for all test functions v = v(x, y, z) with v = 0 on Γ.
(b) Find u = u(x, y, z) such that u = uA on Γ1 and∫∫∫

Ω

∇u · ∇v dV =

∫∫
Γ2

gv dS

for all test functions v = v(x, y, z) with v = 0 on Γ1.
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