Matematik Chalmers
Tentamen i TMAO026 Partiella differentialekvationer, fk, TM, 2005-10-19 fm M

Telefon: Christoffer Cromvik 0762-721860
Inga hjédlpmedel. Kalkylator ej tillaten.

You may get up to 10 points for each problem plus points for the hand-in problems.
Grades: 3: 20-29p, 4: 30-39p, 5: 40—.

1. State the trace theorem and prove it for a square domain in R2.

2. Give a weak formulation and prove existence and uniqueness of solutions to the boundary value
problem

— V- (aVu) = f, in Q,
u =g, on I,

under suitable assumptions.

3. Consider
up — Au = f(u), in 2 xRT,
u=0, in T x RY,
u(+,0) = v, in Q.

(a) Assume that f(s) = —F'(s) with F(s) > 1s* (a quadratic potential). Prove that
@) + @] < vl + 2/ F(v)dz, t=0.
Q

(b) Assume that f satisfies a global Lipschitz condition: |f(s1) — f(s2)| < L|s; — so| for all
s1, 82 € R. Show the stability estimate:

lur(8) = w2 ()] < el —wall, ¢ >0.

where u1, us are two solutions with different initial data v, vo. Hint: Gronwall’s lemma

t
o(t) < A+ B / #(s)ds (with B > 0) implies ¢(t) < AeP’.
0

4. Consider the same equation as in Problem 3. (a) Formulate a semidiscrete finite element method
(discretized only in the z-variables) for this problem.

(b) Prove an error estimate in the case when f(u) is replaced by f(x,t).
(¢) Prove an error estimate in the case when f(u) is globally Lipschitz as in Problem 3(b).

5. Consider the initial-boundary value problem for the wave equation

Uy — Au = f, e, t>0,
u =0, zel, t>0,
u(z,0) = v(x), u(x,0) =w(x), T €,

where 2 C R? is a bounded domain with smooth boundary I and f = f(x,t). Show the following
estimates by the energy method:

wwh+MﬁW§COW+WM+AHﬂ@MQ,

t
)l < O(I80] + by + [ 1u(s))ds).
Hint: [ |(f,ue)|ds < [y || £(s)]| ds maxo<s<; |us(s)|. Take f = 0 if you cannot do f # 0.
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1. See the book, Theorem A .4.
2. See the book, Section 3.5.

3. Weak formulation:
u(t) € Hy, u(0) =,
(us, ) + alu, ¢) = (f(u),¢), V¢ € Hy, t>0.
(a) Choose ¢ = us(1):
(ue, ue) + alu, ue) = (f(u), ur) = —(F'(u), ue)

uell® + 2 Defuli + Dt/QF(u) dz =0

[l as s Hawp + [ Py ae= o+ [ P)as
0 Q Q

/Ot | ||? ds + %\u(t)ﬁ + %/Qu(t)2 dr < %|v|f + /Q F(v)dx

u()[F + [[u(®)|? < Jofi +2/QF(v) dx

(b) Form the difference of the two equations, set w = u; — ug, choose ¢ = w(t):
(we, w) +a(w, w) = (f(ur) = f(uz), w)
3Dellw]l + fwlt < 1 f(ur) = flua)| wll < Llluy = ua|| fJwl] = Ljw]f?
lw]| Def|w]l + [w]} = Ljwl|?
lw]| Def|w] < Lijw|?
Diflwl| < Lijw]|

[w(@®)] < [lw(O)]] +L/O [[wl] dt
(@) < e w(0)]]

lur(t) = ua ()] < e™[lvr — o2

’U,h(t) S Sh, uh(O) = Up,
(un,t: X) +alun, x) = (f(un);x), Vx € Sp, t>0.

where S}, is the usual family of piecewis linear finite element spaces based on a family of triangu-
lations of €2, and vy, € S}, is some approximation of v.

(b) This is Theorem 10.1.
(¢) Now equation (10.15) in the book becomes

(9t7X) + a(97X) = 7(pt7X) + (f(uh) - f(u)aX) VX S Sh



Choose x = 60(t) and use the Lipschitz condition and Gronwall’s lemma:
sDOIZ + 101 < Noel 101 + 11f (un) = F@)OI < Nl 101 + Lllun — ull]16]]
1O1LDION < [lpell 101 + Lljwn — wll||6]]
Dl|OlF < Nlpell + Llfun =l < llpell + LIIOI + Lilpll

10(0)] < 160)]| + / (Ilpell + Zlloll) ds + L / 1] ds

T t
o < 16001 + [ oul + ol ds+ 2 [ ol ds. ¢ 0.7
T
lo)l < e (16(0)] + / (loell + Lliol)) ds), ¢ € [0,7]

t
ool < e (101 + [ orll+ Lol ds). ¢ 0
This leads to
Jonte) — )] < e (o = ol + Ol + €7 [ (ke + Eluls)ds). 20
in the same way as in Theorem 10.1.

5. Weak formulation:
u(t) € Hy, u(0) = v, u(0) = w,
(ute, 9) +alu,¢) = (f,9), Vo€ Hy, t>0.
(a) Choose ¢ = us(t).
(e, ue) + alu, ue) = (f, ue)
3 Dellue® + 5 Delult < [ F] el

t
lus (01 + [u(t)} < ||w|\2+|v|§+2/0 | f[ el ds
t
lur ()1 + |u@®)F < w? + Iv|?+2/ 1F ()]l ds max [Ju(s)]]
0 <s<
t 2
Jus @) + (O < [l + 1ol +4( [ 17l ds)”+ § max (o)
0 LS
T 2
eI + fute)f <l + ol + 4 [ 17s)ds) + % max ()] ¢ € [0.7)
0 <s<

2 2 o ( 2 2)
goax Jlur(B)I° + max Ju()fy <2 max ([[u (O +u®)f

T 2
< 2l + 2ot +5( [ 17)1ds) + § ma (o)

T 2
1 2 2 2 2
b gm0+ gmax fu(t)f < 2+ 20 +3( [ 1)) as)

0<t<T

T 2
mev [l (8)|” + mae [u(0)]F < € (Jlwl® + o]} + / 1)l ds))

)] + ) < € (ol +foh + [ 17Gs) )

(b) Differentiate the equation with respect to ¢ and choose ¢ = uy(t) and finish as in (a).
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