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Tentamen i
TMA026 Partiella differentialekvationer, fk, ENM
MMA430 Partiella differentialekvationer II, 2008–05–26 f M

Telefon: Fredrik Lindgren 0762–721860
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You may get up to 10 points for each problem plus points for the hand-in problems.
Grades: 3: 20–29p, 4: 30–39p, 5: 40–.

Here Ω ⊂ R2 is a bounded convex domain whose boundary Γ is a polygon.

1. Consider the boundary value problem
−∇ · (a(x)∇u) = f(x), x ∈ Ω,

a(x)
∂u

∂n
+ u = 0, x ∈ Γ,

where 0 < a0 ≤ a(x) ≤ a1 for all x ∈ Ω and n is the outward unit normal on Γ.
(a) Give a weak formulation of this problem and show that it has a unique solution.
(b) Formulate a finite element method for this problem and state and prove an error estimate in
the H1-norm.
Hints: a(u, v) = (a∇u,∇v) + (u, v)Γ and we know that

‖v‖1 ≤ C
(
‖∇v‖+ ‖v‖L2(Γ)

)
∀v ∈ H1(Ω).

2. Let u be a solution of the initial-boundary value problem
ut −∇ · (a(x)∇u) = 0, x ∈ Ω, t > 0,

a(x)
∂u

∂n
+ u = 0, x ∈ Γ, t > 0,

u(x, 0) = v(x), x ∈ Ω,

where a is as in Problem 1. Show that
‖u(t)‖ ≤ ‖v‖, t ≥ 0,

‖u(t)‖1 ≤ C‖v‖1, t ≥ 0,

‖u(t)‖1 ≤ Ct−1/2‖v‖, t > 0.

3. Consider the initial-boundary value problem for the wave equation
utt −∆u = 0, x ∈ Ω, t > 0,

u = 0, x ∈ Γ, t > 0,

u(x, 0) = v(x), ut(x, 0) = w(x), x ∈ Ω.

Show the following estimates:

‖u(t)‖H1
0

+ ‖ut(t)‖ ≤ C
(
‖v‖H1

0
+ ‖w‖

)
,

‖utt(t)‖ = ‖∆u(t)‖ ≤ C
(
‖∆v‖ + ‖w‖H1

0

)
.

4. State and prove the trace theorem for a square domain.

5. State and prove the maximum principle for the elliptic operator Au = −∇· (a(x)∇u). Describe
one of its consequences.
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