Matematik Chalmers

Tentamen i
TMAO026/MMAA430 Partial differential equations II
Partiella differentialekvationer II, 2011-08—-26 fm V

Telefon: Adam Wojciechowski 0703—-088304
Inga hjalpmedel. Kalkylator ej tillaten. No aids or electronic calculators are permitted.

You may get up to 10 points for each problem plus points for the hand-in problems.
Grades: 3: 20-29p, 4: 30-39p, 5: 40—

1. Give a weak formulation and prove existence and uniqueness of solutions to the boundary value
problem (under suitable assumptions)

— V- (aVu) = f, in Q,

u =g, on I

2. Let u be a solution of the initial-boundary value problem
uy — V- (a(x)Vu) =0, in Qx Ry,
u =0, in' xRy,
u(-,0) = v, in .

Make the usual assumptions about the coefficient a and show that

[u@®)[lr < Cllv|lx, t>0,
[u(t)]l2 < Cllv]2, t>0,
()l < Ct V2], t>0.

3. Consider the spatially semidiscrete finite element approximation of the heat equation
up — Au = f, in Q2 xRy,
u =0, onI'x Ry,
u(-,0) = v, in Q.

Show the error estimate

lun(t) = w@Il < lon = vl + Ch2{ Jo]lz + / Jur(5)ll2 s .

4. (a) Let Q be the unit square in R? with boundary I'. Prove the inequality
[vllz, @) < Cllvlwi), Yve cl(Q).
Here ||v]|z,(r) = [p [v|ds and [[v]lwa () = 0]z, @) + IVl -
(b) Use this to construct a trace operator .
5. Consider the initial-boundary value problem
ur +a - Vu + agu = f, in Q2 xRy,
u =g, inl'_ xRy,
u(+,0) = v, in Q.
(a) Present the method of characteristics for this problem.
(b) Assume ag(x) — 3V - a(z) > a > 0 and show the energy estimate

t t t t
||u(t)||2+// uQn-adsdt—&—a/ ||u|\2dt§||vH2—|—/ \|f||2dt+// *ln - a| ds dt.
o Jr, 0 0 o Jr_

/stig



TMAO026/MMAA430 Partial differential equations I
Partiella differentialekvationer II, 2011-08—26 fm V. Solutions.

1. See the book, Section 3.5.

2. The weak formulation is
) u(t) € Hg(Q), u(0) = v,
(ue @) + alu, ) =0, Vo € Hy(Q),
where a(-,-) = (aV-, V-). As usual we assume: 0 < ag < a(x) < a; for all x € Q, so that
a(v,v) > aglv|?, Yo € HY,
la(v,w)| < aylvly jwly, Yv,w € Hg.

Here |v]; = ||V

(a) Take p =

(ug, u) + a(u,u) =0,

1d, .,

&l + a(u,u) =0,

u 2 alu,u S = ||V 2
(2) Ju(®)] +2/0 () ds = o],
(3) L)l < 1ol

1
(4) llu||* 4 = —a(u,u) =0, [because af(-,-) is symmetric]

2/ [uel® ds + a(u(t), u(t)) = a(v,v),

a(u(t), u(t)) < a(v,v),

(5) ao|Vu(t)|* < a(u(t), u(t)) < a(v,v)
< al|Vol? + [lv]l* < (a1 + o) Volf?,
Vu@)| < C[[Voll.

Together with (3) this proves
[u(®)llr <[l
(c) Differentiate (1) with respect to t and then take ¢ = uy:

(wee, ur) + aug, ug) =0,
1d
2 dt

t
luc(®)]? +2 / a(ur,ug) ds = ue (0],

Jur (D) < [lue (0)]]-
Now u; = V- (aVu) = aAu + Va - Vu. Therefore ||ut(0)] = |[aAv + Va - Vo|| < C||v||2, so that
[w (D] < Clol]2-

1

||UtH +a(utaut) Oa



Also, using elliptic regularity and the previous estimates of ||u:(¢t)|| and ||u(t)||1,
[u®)|l2 < CllAul| < CllaAul| = Cllug = Va - Vul] < C([lue(£)]] + [lu(®)[1) < Clv]2.
(d) Multliply (4) by t:

1.d
tl|ug || + §taa(u,u) =0,

d
2t ||ug||? + a(ta(u,u)) = a(u,u),
s||lugl|? ds + ta(u(t), u = a(u,u)ds,
2 [ sl ds + ta(u).u(®) = [ atww)a

t
1
aot||[Vu(t)[|* < ta(u(t), u(t)) S/ a(u,u)ds < §||vH2, [by (2)]
0
[Vu(t)]| < Ct= /2]
3. See Theorem 10.1.

4. (a) Start with
1 v
- & dy.
v(0,22) = v(z1,72) ; 8I1(y»$2) ]

(b) In a similar way as in the trace theorem in the book we can define v : W (Q) — Ly (T).

5. (a) The characteristics © = z(s), t = t(s) are given by

dzx
L = ala(s),1(5)),
ds

Hence t = s+ C, choose C' = 0 so that s = 0 at the initial time. Then ¢ = s and the first equation
becomes

dr _ a(x(t),t)

dt T
Then w(t) = u(xz(t),t) satisfies the equation

dw(t

© WO 1 ao(a(t) D) = Flale) 1)
To find the solution at (Z, ) we follow the characteristic thru (z, ) backwards until we hit ¢ = 0 at
xo or hit T'_ at (x, o). Then we solve (6) with the initial condition w(0) = v(zg) or w(ty) = g(zo)-

(b) Multiply by w(t) and integrate by parts.
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