Matematik Chalmers

Tentamen i
TMAO026/MMAA430 Partial differential equations II
Partiella differentialekvationer II, 2010—-05—25 fm V

Telefon: Oscar Marmon 0703—-088304
Inga hjalpmedel. Kalkylator ej tillaten. No aids or electronic calculators are permitted.

You may get up to 10 points for each problem plus points for the hand-in problems.
Grades: 3: 20-29p, 4: 30-39p, 5: 40—

1. For the solution of the homogeneous heat equation
ug —Au =0 in @ xRy,
u=20 onI'x Ry,
u(-,0)=wv in Q,
we have the bounds

t
| Ivuts)Pds < cjof?,
0
IV < Ot~ ol

(a) Prove these by means of eigenfunction expansion.
(b) Prove these by means of the energy method. Find good values of the constants in both methods.

2. State and prove the maximum principle for the heat equation.

3. Prove the trace inequality for the disk 2 = {x € R?: |z| < R}. Hint: use polar coordinates 7,

R 2
so that = (z1,22) = (rcosf,rsiné) and start from / 82 (r v(rcos B, rsin 9)) dr.
0 T

4. (a) Formulate the finite element method for the elliptic problem:
-V (aVu) =f in €,
u=20 on I
(b) Formulate sufficient assumptions and prove the error estimate
lur, = ull < Ch?|Jul>.

5. The Cahn-Hilliard equation is to find two functions u = u(z,t) and w = w(z,t) such that

ur — Aw =0 in QO xRy,
w=—Au+ f(u) in xRy,
ou Ow

%:%:0 OHFXR+,
u(+,0) = uog in Q.

Here f(s) = s® — s.
(a) Write down a weak formulation of this problem.
(b) Show that the average of u(-,t) is constant, that is, [, u(-,t)dz = [, uodz, t > 0.

(c) Let F(s) = 2s* — 52 be a primitive of f(s) and define the functional
J(v) = &[|Vo|? —l—/QF(v) dz, ve H'.
Show that J(u(-,t)) < J(ug), t > 0.

/stig



TMAO026/MMAA430 Partial differential equations I
Partiella differentialekvationer II, 2010-05—25 fm V. Solutions.

1. (a) Eigenfunction expansion:

oo
u(t) = Ze_)‘7t{/jg03
j=1
Parseval:
oo oo
[Vu(t)|* = Z)\ e P = 1t~ Z 2Xjt)e b2 < Lty 02 = L7 |w|?,

because max;>ore™" = e~ ! is attained for = 1. Parseval again:

t t o0 e t
/||Vu(s)H2ds=/ ZAje-%'S@;ds:Z/ Aje 2% ds 02
0 e =170

o0
_ 1. . —2\. ~2 1 2Mit 2
=3[ =g =12 (1)
J=1 - j=1
o0
<3y =Ll
j=1

(b) Energy method, weak formulation:
u(t) € Hy;  (ug,d) + (Vu, Vo) =0 Vo & Hy, t > 0.
Take ¢ = u(t) € Hg:
(ut, u) + (Vu, Vu) =

2 2
3 Sl + 9l =

Llu(t)? + / IVull? ds = Ljo]2,
t
/0 Va2 ds < L]

Take ¢ = tu,(t) € Hy:
t(ug, ue) + t(Vu, Vug) = 0,

el + 3 5 (V) — §Vu” =
[ttt as + 3avuoiz = [ 1vuas,
so that, by the first part,
AvuOP < [ 1vul7ds < 2,
[T < 2ol

2. See Chapter 8.



3. Assume that v € C1(Q2). Let #(0) = (cos#,sin ) be the unit vector in the radial direction. Then

2 e [0 2
R*v(Rcosf, Rsinf)” = —(rv(rcosQ,rsm@)) dr
0 a'l"

R
=2 / (7‘ v(rcos @, rsin 9)) (v(r cosf,rsinf) + r Vo(rcosf, rsind) - f(@)) dr
0
R
<2 / (v(r cos 0,7sin 0)% + R|v(r cos 0, 7sin 0)| |Vo(r cos 6, r sin 6) |) rdr.
0
Recall that dz = rdr df and ds = Rd6. Integrate with respect to 0:

2
R/ v(Rcosf, Rsin)?Rdf
0

2m R
< 2/ / (v(r cos 0, rsin0)? + R |v(r cos§,rsin 0)] |Vv(rcos€,rsin9)\)rdrd9.
o Jo
This means
R/ v?ds < 2/(1}2 + R|v| |[Vv|) dz.
r Q
With the Cauchy-Schwarz and Young’s inequalities:
Rlvli o) <2 [ (02 + AP Vo) do

<2[0[17, @) + 2RI ]| o) V0l Lo ()
<2[0l17, @) + 117, ) + R2IVOlE, 0
Therefore

017,y < BRHvll7, ) + BIVYIZ, @) Yoel(Q)
4. See Chapter 5.

5. (a) Let V = H'. Find u(t) € V and w(t) € V such that

(ut,¢)+(Vw7V¢):O VoeV, t>0,
(w,¥) = (Vu, V) + (f(u),y) Vo eV, t>0,

(b) Take ¢ =1 € V in the first equation and note that V¢ = V1 = 0:
(Ut, 1) = 07
that is,

d
&/ﬂu(~,t) dz = (u, 1) =0,

/Qu(yt)dx:‘/ﬂuodx.

(c) Take ¢ = w(t) € V and v = w(t) € V:
(ug, w) + || Vw|* =0,

(w,1) = (V. V) + (£, ) = 3 (Il + [ Plde) = $7w),



By combining these we get

d
—J () + || Vw|* =0,

dt
J(ut)) — T(u(0)) + / IVl ds =0,

J(u(t)) < J(uo)

/stig



