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Tentamen i
TMAO026/MMAA430 Partial differential equations II
Partiella differentialekvationer II, 2011-05—24 fm V

Telefon: Dawan Mustafa 0703088304
Inga hjalpmedel. Kalkylator ej tillaten. No aids or electronic calculators are permitted.

You may get up to 10 points for each problem plus points for the hand-in problems.
Grades: 3: 20-29p, 4: 30-39p, 5: 40—

1. Let 7 = {Tn}n>0 be a quasi-uniform family of triangulations of a polygonal domain  C R?2.
This means that there is a constant ¢ such that

hxg >ch VYK €Ty, VT, € T, where hg = diam(K), h = Ir(nea;_{ hi.
h

Let Sy be the usual piecewise linear finite element space. Prove the inverse inequality
(Vo] < Ch71||UhH Yoy, € S,
by the following steps.
(a) Assume for simplicity that K is obtained by translation and dilation of the unit size reference
triangle K with corners & = (0,0), (0,1), (1,0), that is, K = {x : * = hx& +zk, & € K} for some
zx. Let 05 (2) = v(hg® + zk). Show
0l oy = hrlloll L,y IVOllLo0) = IVOll k) Yo € HYK).

(b) Finish the proof by using that all norms on a finite-dimensional space are equivalent. In

particular, |[-[| g1 (%) and || ||, %) are equivalent on II; (K), the space of all polynomials of degree
<1
2. State and prove the maximum principle for the elliptic operator Au = —V - (aVu).

3. Consider the spatially semidiscrete finite element approximation of the heat equation
ur — Au = f, in Q2 xRy,
u =0, on I' x Ry,
u(-,0) = v, in .

(a) Show the error estimate
t
Jun(®) = u(®)]| < lon = oll + Ch2{Jollz + / Jue(s) 2 s -

(b) Assume f = 0 and prove
lun(t) = u(®)|| < llon — vl + Ch?|[v]l2.

4. Let uy(t) = Ej,(t)vy, denote the spatially semidiscrete finite element solution of the heat equation
in Problem 3 with f = 0 and initial approximation vy, € Sy, v, &~ v. Show that

(1) | Er@)onll < [lonll, t>0,
(2) D En(tyon]l < Ct~Hopll, >0,
(3) | En(t)vn, —on|| < CtY2|oply,  t>0.

5. (a) What do we mean by a ”Friedrichs system” (”symmetric hyperbolic system”)?

(b) Write the pure initial value problem for the wave equation in R? x R, as a Friedrichs system.
(c) Prove a stability estimate for the system in (b) or (a).
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ov 0t 01, o))
1. have dz = h% di and — I = pit
(a) We have dx s d a oz, 89?:]' oz, K 55,

ol = [ o= [ 10PhRds = K01,
v

2
17 23/13%\ dx—E:/ 2l

(b) The equivalence of || - || g1y and || - ||, %) on I, (K) implies that

so that

th di = ||Vo||§2(f().

19012, ) < Ioll2, ) + 19212 ) = ol ) < CllelE, ) Vo € I (),

)

Let vy, € Sp,. Then 04| 4 € Hl(f() and using also the assumption hx > ch we obtain

190l = 3 190l 0 = 30 1903, 4 <C 3 lonl2, i)

KeTh KeTy, KeTy,
=C Y hllonlZ,m < Ce®h72 Y oz, i) = Ch72[lvall?
KeTn KeTy

with a new C.
2. See Chapter 3.

3. (a) See Theorem 10.1.
(b) See the hint for Problem 10.4 (a) in the book.

4. (a) The finite element problem is
@ up(t) € Sk, un(0) = vp,

(unt, x) + (Vup,Vx) =0 Vx e S, t>0.
Take x = up(t):

1
3 Dellunll® + [[Vun||* =
so that
1 2 ' 2 1 2
5) @2+ [ 1) s = o2
0
This proves (1).
(b) Differentiate the finite element problem:
(uh,thx) + (vuh,t7 VX) =0 VX € Sh7 t>0.
Take x = up,((t):
1
§Dt‘|uh,t||2 +[[Vunl* =
Multiply by t2:
Dy (82 [fun,¢ 1*) + 82| Vun e l|* = tllune|®

1



so that

t

1 t
SO+ [ Vi) Pds = [ slluni(s)] ds
0 0
To bound the righ-hand side we we take x = up ((t) in (4) and multiply by ¢:
2 1 2y _ 1 2
T S W A I
so that, in view of (5),
! 2 1 o 1 [ 2 1 2
sllune ()7 ds + StIVun@®)" = 5 | [[Vun(s)lI”ds < Zlloall”.
0 0
Therefore:
1 ¢ 1
S0 < [ sl (o) ds < o
0

This proves (2) (with C' = 1//2).

(c) To prove (3) we note

t 2 t 2 t
funte) = onl? = || [Cuneo)as| < ([ unetollas) <t [ o)) as,
0 0 0

where we have
! 2 1 o 1 2
lun.e(s)I” ds < SIVonll” = 5 lvnli
0

by taking x = up(t) in (4). This proves (3) (with C' = 1/1/2).

5. (a) See Section 11.4, page 178.

(b) Set w; = uy, ug = uy,, us = u,,. Then

o _ oy Oua Ous
at T Tnn w2w2_81’1 6562
Ous _, _0u
ot T By
Ous ., _0u
ot T Oay
that is
Uy 01 0 u | 0 0 1 Uy
§UQ:1008iU2+OOOaiUQ
lus] (o 0 0] 9% Jus] [1 0 0] 92 |uy
or
ou |0 L Ogy |00 1y
1o o e {1 0 o] 9




(¢c) See Theorem 11.5. In the particular case of part (b) above we have B = 0, B = B—
3 Z?:l 0A;/0z; =0, so that

1
“DUI?=0
DU =0,

1 2_1 2
ST = S0P,

1

1 1 1 1 1
S (12 + S e, O + St O = Sl + o, I + 5 o

which means that the usual energy is conserved.
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