Matematik Chalmers

TMAO026/MMAA430 Partial differential equations II
Partiella differentialekvationer II, 2013—-08-30 f V

Telefon: John Bondestam-Malmberg 0703-088304
Inga hjdlpmedel. Kalkylator ej tillaten. No aids or electronic calculators are permitted.

You may get up to 10 points for each problem plus points for the hand-in problems.
Grades: 3: 20-29p, 4: 30-39p, 5: 40—.

1. Formulate the trace theorem and prove it for a square domain in R?2.

2. The damped wave equation is
Uy —Au+ouy=f in QxR
u=0 onI'x Ry
u(+,0) =v, w(,0) =w in N

)

Here « is a positive constant. (a) Explain why the extra term cu; represents ”damping”.
(b) Prove a bound for the energy £(t) = ([lus(t)||? + [ Vu(?)||?).
3. Consider the spatially semidiscrete finite element approximation of the heat equation
up — Au = f, in Q2 xRy,
u =0, onI' x Ry,
u(-,0) = v, in .

Show the error estimate

lun(®) = u(®)]] < llow = vl + C2{Jloll> + / Jue(s)2 s }.

4. The Stokes equations in Q C R? are
—Au+Vp=f inQ
(1) V-u=0 inQ
u=0 onl
Here u = (uq,us,us) is the velocity field, p is the pressure, and f = (f1, fo, f3) is a force.

(a) Show that the Stokes equations can be given the following weak formulation. Find u € X and
p € M such that

) a(u,v) +b(v,p) = (f,v) VYveX
@ b(u,q) =0 Vge M
HereX:(H&)g,M:{qengﬁz‘ﬁllqudx:O}and

81}1‘ 8wi o _ .
v = [ S TET A v = (Vv (0v)= | AT

(b) Show that if a weak solution is extra smooth, then it is a classical solution, that is, a solution
of (1). Hint: to show V-u =0, take g =V -u—V -uin (2).
(c) Use the weak formulation to prove a bound for the velocity.

5. State and prove the maximum principle for the heat equation.
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