Matematik Chalmers

TMAO026/MMAA430 Partial differential equations II
Partiella differentialekvationer II, 2014—-08-29 f V

Telefon: Elin Solberg 0703-088304
Inga hjdlpmedel. Kalkylator ej tillaten. No aids or electronic calculators are permitted.

You may get up to 10 points for each problem plus points for the hand-in problems.
Grades: 3: 20-29p, 4: 30-39p, 5: 40—.

1.

(a) Find u € H}(Q) such that, (Vu, Vv) + (cu,v) = (f,v), for all v € H3(9).
(b) Let V}, C HE () be the space of continuous piecewise linear functions defined on a triangulation
of Q. The finite element method reads: find u; € V}, such that,

a(uhmv) = (f7 U)7 Yv € Vh~
The Galerkin Orthogonality a(u — up,v) = 0 for all v € V}, follows directly and gives us,
IV (= un) 720y < alu —up,u—up)

= a(u — up,u —v)
IV (u —un)| 2 |V (u = v)|| + Bllu — unl| L2 llw — v L2 ()

< (14 C?B)IV(u—un)| 2@V (w = )| 220,
where C' is the Poincare-Friedrich constant and v € V}, is arbitrary. We conclude

96— un)lzey = (1+C28) int [V (a = 0)llzs (o

IA

(c) Yes, let A; > 0 be the smallest eigenvalue of —A. Then with ¢ = —2! we have,

A1 1 A A1 1 9
a(0,0) = (Vo, Vo) = 22(0,0) 2 5(Vo, Vo) + S (0,0) = -(0,0) = 5 |VelEao,
i.e. a is coercive.

2.

(a) Let {\;, ¢:}72, be the set of eigenvalues and (orthonormal) eigenvectors of —A. We note that
u(w,t) = 300 ai(t)gi with a;(0) = (v, ¢;) and @;(t) = (v, ¢;)e~FitME,

(b) Therefore,
lu( )72 ) = ZI ¢i)[Pem N,

i.e. the norm decreases exponentially Wlth mcreasmg ~ for fix ¢.
(¢) We multiply by @ and integrate in over 2 and [0, t] to get,

b 1 1
/O () 320 ds + 5 (IVu(®) 320y + Mu@® e = 5 (V01320 + V0l
t
= / (4, 4) + (Vu, Vi) + v(u, @) ds
0
=0.

Therefore fo [|(s ||L2(Q ds < 3 <||VU||%2(Q) JF’Y”'UHQL?(Q))'



3.
(a)

(b)

(b)

()

We have || f(u) — f(w)llr2@) < llu— wllr2(o) + [[v* + ww + v*|[r3@)lu — wl|pe) < (1 +
CQRQ)HU*wHHl(Qy
We have

t
[Su®)ll @) < vl @) +/0 (t =) 720 f (u(9) 2o ds

< Ry + CT'/?R,

since || f(u)l|z2) < [1f(w) = f(O)|lz2(0) < Cllullgi) < C - R. Let R = 2Ry and 7 be small
enough for Crl/2R < Ry.
We have,

t
1St — Swllaay < / (t — )72 F(u(s)) — F(w(s) ]| 12 ds
< ORI s u(t) = w0

By taking maxo<¢<, and choosing 7 small enough for T1/2O(R) < 1 we prove that S is a
contraction.

Let Vi, C H}(€2) be the space of continuous piecewise linear functions defined on a triangulation
of 2. The BE-FEM approximation fulfills: find u}' € V}, such that,

(uff —up =t v) + k(Vup, Vo) =0, Yo € Vi,

with k being the time-step, u) = Pyv and Py, : L*(Q) — V}, isthe L?-projection.
We get,
[up |72y < (ui, up) + k(Vup, Vup) = (up =" up) < llupllze@lup @),

i.e. ”uZ”LQ(Q) < ”uz_lHLQ(Q) and therefore ”uZ”LQ(Q) < ||’U||L2(Q).
For smooth data it holds,

u(n - k) — upl| L2 < C1h* + Cak.

5. See the proof of Theorem A.4 in Partial differential equations with numerical methods by
Thomée and Larsson. /axel



