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Q is a bounded convex domain in R? whose boundary T is a polygon and |[v|| = ||| 1,0, |[v)1 =
IVoll, lvllk = [0l g0

1. (a) Formulate one of the maximum principles that we studied in the course.

(b) Present the main idea of its proof.

(c) Present one application of this maximum principle.
2. Let u be a solution of the initial-boundary value problem
us — V- (a(x)Vu) =0, in Qx Ry,
u=0, inT' xRy,
u(-,0) = v, in Q.

Make the usual assumptions about the coefficient a and show that

[u@)] < (o], t>0,
lu®)]lx < Cllvls, t>0,
[u(®)]l2 < Cllv]l2, t>0,

lu(t)|y < Ct™Y2joll,  t>0.

3. Formulate the semidiscrete finite element method for the problem in Problem 2. Prove an error
estimate.

4. Consider the initial-boundary value problem
ug +a-Vu+ apu = f, in 2 xRy,
U =g, inT'_ xRy,
u(-,0) = v, in .
(a) Present the method of characteristics for this problem.
(b) Prove an energy estimate for u under suitable assumptions on the coefficients a and ay.

5. Consider the Navier-Stokes equations for the motion of an incompressible fluid: find a vector
field u = (u1,us2) and a scalar field p such that
ur — Au+ (u-V)u+ Vp = f, in Qx Ry,
V.-u=0, in xRy,
u=0, onI'x Ry,
u(-,0) = v, in Q.

(1)

2
Here f = f(z,t) and v = v(x) are given vector fields and we define u -V = Zu’ai so that
Ly
i=1

2
((u-V)u); :Zulgzj Let (L2)? = {v = (v1,v2) : v; € Lo} with scalar product (u,v) =
i=1 v

Jou-vdr and (Hf)? = {v = (v1,v2) : v; € H}} with norm |v| = 25:1 23:1 |Ovi /0.
(a) Show that, for all p € H!, u,v,w € (H})?,
(vp? u) = _(pvv : u)7
((u-V)v,w) = =((V - u)v,w) = (v, (u- V)w).

(b) Assume that w, p satisfy (1). Show that ((u - V)u,u) = 0 and (Vp,u) = 0. Prove an energy
estimate for u.
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Q is a bounded convex domain in R? whose boundary T is a polygon and [|v|| = [|v]| 1,0, [v]1 =
IVolls [[olle = [[oll e @)

1. See the book.

2. The weak formulation is

) u(t) € Hy(), u(0) = v,

(ut, ) + alu, ) =0, Vo € Hy(Q),

where a(-,-) = (aV-, V-). As usual we assume: 0 < ag < a(x) < a; for all x € Q, so that
a(v,v) > aglv|}, Vv e Hy,

la(v,w)| < aylvly Jwly, Yv,w € Hy.

Here |v|1 = ||Vv]|.
(a) Take ¢ = w:

(ut7 ) + CL(’LL, U) = 07

1d

5 dt”u”2 + a(u,u) =0,

t

2) lu@)? +2 / a(u,u) ds = [Jo]]?,
(3) u@®)| < [lv]]-

1
(4) llut || + = —a(u,u) =0, [because a(-,-) is symmetric]

2 [ el ds + a(u(t), u(t) = a(v,v)
a(u(t), u(t)) < a(v,v),

(5) ao|Vu(t)|* < a(u(t), u(t)) < a(v,v)
< a|Vol? + [lv]]* < (a1 + o) Volf?,
IVu(@®) < Cf[Voll.

Together with (3) this proves
[u@)lx < o]l
(c) Differentiate (1) with respect to t and then take ¢ = uy:

(wee, ur) + a(ug, ug) =0,
1d
2 dt

¢
e (2112 +2/ a(u, ur) ds = [[ue(0)]|*,
0
Jue D] < [lue (0)]]-
Now u; = V - (aVu) = aAu + Va - Vu. Therefore ||u:(0)]| = ||aAv + Va - V| < C||v||2, so that
[w (O] < Clol]2-

—Jluell® + a(ug, ue) =0,

Also, using elliptic regularity and the previous estimates of ||u:(¢)|| and ||u(¢)||1,
[u(®)]2 < CllAul| < CllaAul| = Cllug = Va - Vul| < C[lur(B)]] + [[u(®)][1) < Cllvll2-

1
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(d) Multliply (4) by t:
1 d
tlluell? + St alu,u) =0,

2t ||ug||* + d (ta(u,u)) = a(u,u),
' S||Ut 2 S alu u = ta u, u S
2 [ sl ds -+ ta(ut).u(0) = [ awu)ds.

t
1
aot || Vu(t)||* < ta(u(t), u(t)) S/ a(u,u)ds < S|vl*, [by (2)]
0
IVu(®)] < Ct=2v].
3. See the book, essentially the same as in Chapter 10.

4. (a) The characteristics x = z(s), t = t(s) are given by

dzx
= alax(s),1(5)),
ds

Hence t = s+ C, choose C' = 0 so that s = 0 at the initial time. Then ¢ = s and the first equation
becomes

i a(z(t),t).
Then w(t) = u(x(t),t) satisfies the equation
dw(t)
() 20 4 ag(e(t), pult) = F(a(0) 1)
To find the solution at (z,t) we follow the characteristic thru (Z,?) backwards until we hit ¢t = 0 at
xo or hit T'_ at (Jco, to). Then we solve (6) with the initial condition w(0) = v(zg) or w(ty) = g(zp)-
(b) We assume ag(z) — 1V - a(z) > a > 0. Then it is easy to show

llu(®)|* + // u?n - adsdtJra/ l|lu||? dt < ||v|* + /Hf||2dt+// g*In - al ds dt.
Iy

5. (a) Integrate by parts using Green’s formula and use the fact that u,v,w are =0 on T.

(b) That ((u - V)u,u) = 0 and (Vp,u) = 0 follows directly from (a). Then the standard energy
argument gives

t t
me+Ahﬁw=WW+OAnm%t
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