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You may get up to 10 points for each problem plus points for the hand-in problems.
Grades: 3: 20–29p, 4: 30–39p, 5: 40–.

1. Let Ω ⊂ Rd be a bounded domain, with boundary Γ. Consider Laplace equation with g ∈ C2(Ω),{−∆u = 0, in Ω,

u = g, on Γ.

(a) Derive the weak form. Hint: Let u = u0 + g and seek u0 ∈ H1
0 (Ω).

(b) Bound ∥u∥L∞(Ω) (the max norm) using the maximum principle.
(c) Formulate the finite element method with boundary data gh = Ihg and derive an error estimate

in energy norm ∥∇(u− uh)∥.

2. Let Ω ⊂ Rd be a bounded domain, with boundary Γ, and I = (0, T ). Consider the initial value
problem,

(1)


u̇−∆u = 0, in Ω× I,

u = 0, on Γ× I,

u(·, 0) = v, in Ω,

with v ∈ L2(Ω).

(a) Express the solution in terms of the eigenfunctions and eigenvalues of −∆.
(b) Show that the L2(Ω) norm of the solution decays exponentially in time.
(c) Assuming v ∈ H1

0 (Ω) show that

|u|H1(Ω) ≤ min(Ct−1/2∥v∥L2(Ω), |v|H1(Ω)).

3. Let Ω ⊂ R3 be a bounded domain, with boundary Γ, and let I = (0, T ). Consider the semi-linear
parabolic problem,

(2)


u̇−∆u = f(u) := u(1− u), in Ω× I,

u = 0, on Γ× I,

u(·, 0) = v, in Ω.

Assume ∥v∥H1(Ω) ≤ R0.

(a) Let ∥u(t)∥H1(Ω) ≤ R and ∥w(t)∥H1(Ω) ≤ R for 0 ≤ t ≤ T .
Show that,

∥f(u)− f(w)∥L2(Ω) ≤ C(R)∥u− w∥H1(Ω), t ∈ [0, T ].

Hint: The inequality ∥w∥Lp(Ω) ≤ C∥w∥H1(Ω) holds for 1 ≤ p ≤ 6.
(b) The solution to equation (2) can be written using the parabolic solution operator E(t) (the

solution operator to equation (1)), in the following way,

u(t) = E(t)v +

∫ t

0

E(t− s)f(u(s)) ds.

Let Su(t) = E(t)v +
∫ t

0
E(t − s)f(u(s)) ds, B = {w : max0≤t≤τ ∥w(t)∥H1(Ω) ≤ R}, and show

that S : B → B for sufficiently large R and small τ .
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(c) Show that S is also a contraction mapping (and therefore has a fixed point u = Su), i.e. show

max
t∈[0,τ ]

∥Su− Sw∥H1(Ω) ≤ γ max
t∈[0,τ ]

∥u− w∥H1(Ω),

where γ < 1, for sufficiently small τ .

4. Consider the following abstract elliptic problem in weak form: find u ∈ H1
0 (Ω) such that,

a(u, v) = l(v),

where a is a bilinear form, l is a linear functional, and Ω is a bounded domain.

(a) Show that H1
0 (Ω) is a closed subspace of H1(Ω). The trace theorem for functions in H1(Ω)

can be used without proof.
(b) Give sufficient assumptions on a and l so that the problem has a unique solution in H1

0 (Ω).
(c) Let Ω ⊂ R2. Give an example of a non-constant b so that the bilinear form a(u, v) = (∇u,∇v)+

(b · ∇u, v) fulfills the conditions in (b).

5. Let Ω ⊂ R2 be convex with smooth boundary, v ∈ L2(Ω), and f(t) ∈ L2(Ω), for 0 ≤ t ≤ T .
Show that the L2-error in the semi-discrete Galerkin finite element approximation of the parabolic
problem,  u̇−∆u = f, in Ω× (0, T )

u = 0, on Γ× (0, T ),
u(·, 0) = v, in Ω,

is bounded in the following way:

∥uh(t)− u(t)∥L2(Ω) ≤ ∥v − vh∥L2(Ω) + Ch2

(
∥v∥H2(Ω) +

∫ t

0

∥ut∥H2(Ω) ds

)
, t > 0.
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