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f(z) s8t p8n�p8uwv@o0xzy|{~}l� t Im z ≥ 0 �A�|� p8o0o f(z) → 0 ��� z → ∞ x
Im z ≥ 0 ���,� o x0 � p t p

t|�-� uwuwo �A�|� xwn@o � q t|�"t p f(z)
z−x0

t0� n@o�{ � ndo �Gt|� n�x��q �Gt|� n �

x

y

CR

x0 R−R

Cε

� ndo � q t p8u � n ∮ f(z)
z−x0

dz t0� ndo ��� u�p�{ � ndo �Gt|� n s8t 0 ����� o$q s uwu �"t p8o0o
∣∣∣∣
∫

CR

f(z)

z − x0
dz

∣∣∣∣ ≤
maxz∈CR

|f(z)|
R − |x0|

πR → 0 ��� R → ∞,

�A�|� ∫

Cε

f(z)

z − x0
dz → −πi Res

z=x0

f(z)

z − x0
= −πif(x0) ��� ε → 0.

m�uwuwo|y ��s8t �	� ∫ ∞

−∞

f(x)

x − x0
dx

( �"�l� )
= lim

R→∞
ε→0

∫ x0−ε

−R

+

∫ R

x0+ε

f(x)

x − x0
dx = πif(x0).

� �-� p8n ��t p ��t|��s8t
f(x) = − 1

πi

�	� ∫ ∞

−∞

f(t)

x − t
dt,

}l� t p8uwu�p t|�-� uwu�p x �G� }�o �"t y �"� p t p8o0x � n�x t|� p8u�� �A�|� xw�*p8qExwn s8t|�G� u�p t } � y¡  � � f(z) = u(x, y) + iv(x, y)
 

u(x, 0) = − 1

π

�	� ∫ ∞

−∞

v(t, 0)

x − t
dt, v(x, 0) =

1

π

�	� ∫ ∞

−∞

u(t, 0)

x − t
dt.

� ndo � q t p8u �"t n�p!y � � �G�G� o t�s��G�"t���s8t's8t�¢ xwuw£ �"t o0o t p8n�y]} ��t � �"t¡��¤�s8t �*p t|� £ � y|o s �¥o � p t � xg}���u ¦|p8n �G�§�G� �G�nGxwo0x � n^¨
©
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	��������� ndo � q t p8u � n�� ���!�G� n ��� xzy|o �"t p t��
v(x) =

1

π

�	� ∫ ∞

−∞

u(t)

x − t
dt

� © �
{Ep8uwu�p�y���������� �!"!# %$'&)(*,+- �./��& p � u(t) �

� x^y0{ t x � �"t v = Hu
 
v(x) = H[u(·)](x)

  �E� ��
0 � t } � nG{Ao0x � n � n f(z) � � p8n � p t � xp8uwuwo|y � }l��u ¦|p8n �G� y6p8�¥£�p8n � � � uwu�p8n t|� p8u�� �A�|� xw�*p8qExwn s8t|�G� u�p t n�p��� t|� p8u�p �G� uwn^¨

v(·, 0) = H[u(·, 0)], u(·, 0) = −H[v(·, 0)].m�uwuw� s ndo�{Ep8n��*p8n � xzy�p~p8o0o � � u(t) s8t�� n � n t|�-� uwu � s8t|� } � nG{Ao0x � n�y � � s8t o0xwuwu t�s�� {AuwxwqEo t|� q � u s8t  y � {Ep8n��*p8n �G� ��nGx �"t p � n } � nG{Ao0x � n

f(z) =
1

πi

∫ ∞

−∞

u(t)

t − z
dt, Im z > 0.

�§��s8t f(z)
p8n�p8uwv@o0xzy|{~}l� t Im z > 0

  �@����� � � x �G� ��nGx �"t p t
f(x) = lim

y→0+
f(x + iy), x t|�-� uwuR 

y � £Guwx t Re f(x) = u(x) �A�|� Im f(x) = (Hu)(x) �21 � u(t) t|�"�Gt|� y � ndo �"t p t'� n y0xwqEn�p8uR �y � {�p8uwu�p�y f(t)}l� t43 ��&5$'&6$'�87-!#�
(�9:$;(���<'&6$'�=��& p�y|y �A� x �"t p � � �-� u(t)
¨

f(t) = u(t) + i(Hu)(t).

� }�o �"t y � � xwndo � q t p8u � n x>� © � s8t }lp8uwo0nGxwnGq � n � � uwu�p8n } � nG{@o0x � n �"t n�p u(t) �A�|� 1/t
 �y �rs8t Hu = u ∗ 1

πt
�� �-� p8n � s n � nGxwnGq<p � o �-��t xwn }�� t 0 ���Gt x �"t o t p8n�y]} ��t � �"t p � q � n �"t p8uwxzy �"t p �G� } � nG{@o0x � n �"t � � xzy|o t xw£ � o0x � n �"t��} �8t �*p8n ��� Ĥu = û · (−i sgn ω) � m�uwuwo|y ��s8t f̂(ω) = 0 ��� ω < 0

  �A�|� f̂(ω) = 2û(ω) ��� ω > 0 �
?�@A�CB5DE�CFG�IH p8q

u(t) = cos ω0t, ω0 > 0.
0 � t Im z > 0

} � y'� �-��� ¦ s u � p �KJ ��t|� p8n�y�u � ���*p*x%� � t|�t|� y �^��� n ��t|�¥� p8u � � u�p8n � o

f(z) =
1

πi

∫ ∞

−∞

cos ω0t

t − z
dt =

1

2πi

[∫ ∞

−∞

eiω0t

t − z
dt +

∫ ∞

−∞

e−iω0t

t − z
dt

]

= Res
ζ=z

eiω0ζ

ζ − z
+ 0 = eiω0z,

y � p8o0o �G� n*p8n�p8uwv@o0xzy0{Ep�y0xwqEn�p8u � n�£Guwx t f(t) = eiω0t � m�uwo �"t n�p8o0x � o	{Ep8n � x�£ �"t�s {An�p ¢ xwuw£ �"t o0o t p8n�y]} ��t � � n^¨

v(t) = (Hu)(t) =
1

π

�	� ∫ ∞

−∞

cos ω0τ

t − τ
dτ = − 1

π
Re

�	� ∫ ∞

−∞

eiω0τ

τ − t
dτ =

= − 1

π
Re

[
πiRes

ζ=t

eiω0ζ

ζ − t

]
= − 1

π
Re(πieiω0t) = sinω0t.

L �"t�s {@nGxwnGq � n�{�p8n �A� {�y � y0{ � � �-��� ¦ s u � p � q � n �"t p8uwxzy �"t p � 0 ���Gt x �"t o t p8n�y]} ��t ��¨
û(ω) = π [δ(ω + ω0) + δ(ω − ω0)] ,

v̂(ω) = −i sgnω · π [δ(ω + ω0) + δ(ω − ω0)] = −iπ [−δ(ω + ω0) + δ(ω − ω0)]

= F [sinω0t] ,

v(t) = sinω0t.
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m�n � s n � p8n �G� p � �G� n p8n�p8uwv@o0xzy0{Ep!y|xwqEn�p8u � n f(t)
x y|o s uwu � o�}l� t �G� n�}2v�y0xw{Ep8uwxzy0{�p!y0xwqEn�p8u � n u(t)

{�p8n
p8uwuwo|y � y � y$y � � � n�q � n �"t p8uwxzy �"t xwnGq p � jω

�R� � o �A�G� n �
?�@A�CB5DE�CFG� L � o t p8{Ao�p �G� n�p8� � uwxwo ��� � �A��� u �"t p �G� y0xwqEn�p8u � n u(t) = (1 +m cos Ωt) cos ω0t

  ��s8t Ω <
ω0
  |m| < 1 �

� x{�p8n�y|{ t x � p

u(t) = cos ω0t +
m

2
[cos(ω0 − Ω)t + cos(ω0 + Ω)t] .

� nGuwxwqEo$}l� t|� q ��� n �G�¥���G� � ��� u s8t'�G� n�p8n�p8uwvAo0xzy0{�p y|xwqEn�p8u � n

f(t) = eiω0t +
m

2

[
ei(ω0−Ω)t + ei(ω0+Ω)t

]
= eiω0t

[
1 +

m

2
(e−iΩt + eiΩt)

]
=

= (1 + m cos Ωt)eiω0t.

� K ��W��ZO Wb�SGUETVWXiY8[]\^Td_ S�T
0 � t�� nr} � nG{Ao0x � n f(t)

y ��� p8n�p8o0o e−pt|f(t)| s8t xwndo � q t|�"t £�p t � � �"t xwndo �"t � p8uwu � o (0,∞)
}l� t n � q � n t|�-� uwu{ � n�y0o�p8n@o p �G� ��nGx �"t p�y � p � u�p �-� o t p8n�y]} ��t � � n

F (s) = L[f(t)](s) =

∫ ∞

0
f(t)e−stdt.

¢�s8tZs8t s = σ+ iω � n!{ � � � u ��� � p t x�p8£ � uR  �@��� xwndo � q t p8u � nr{ � n � �"t q �"t p t }l� t Re s = σ ≥ p � 0 � ti�G� y|y6p
s s8t

|F (s)| ≤
∫ ∞

0
|f(t)|e−pte−(σ−p)tdt.

0 � t � p t ¦ � ε > 0
{�p8n � x � s u ¦|p � o0o t0 > 0

y � p8o0o ∫ t0
0 |f(t)|e−ptdt < ε � 0 � t σ > p s8t

|F (s)| ≤
∫ t0

0
|f(t)|e−ptdt + e−(σ−p)t0

∫ ∞

t0

|f(t)|e−ptdt ≤ ε + e−(σ−p)t0

∫ ∞

0
|f(t)|e−ptdt,

�A�|� �G� o0o�p!{Ep8n�qV� t p�y ��xwn ��t|� s n 2ε � � σ � s u ¦]y�o0xwuwu t�s�� {AuwxwqEo§y0o ��t o � m'uwuwo|y � q s uwu �"t p8o0o F (s) → 0 ���
Re s → ∞ �

� x � p t|�!s8t F (s) s8t p8n�p8uwv@o0xzy|{�x � p8u � � u�p8n � o Re s > p � 0 � t p8o0o � xzy�p �G� o¥p8n � s n �G�"t � xy�p8o|y �"t } t�� n�� �"t � p t x�p8£ � uwo �-��t xwn y � � y s q �"t p8o0o �G� o s8t o0xwuwu � o � o<p8o0o �G�"t x � �"t p�� � p � �^� σ �@��� ω � n �G�"txwndo � q t p8uwo �-� {@n � o �@��� p8o0o �G� t|� y � uwo �"t p8n �G� � p t o0x � uwu�p �G�"t x � p8o ��t n�p s8t { � ndo0xwn ���"t uwxwqdp ����� �G�G� }2vAuwu �"t����� p ���|� vd�	�'x � �*p8nGn�y � { � p8o0x � n �"t  �o v

(
∂

∂σ
+ i

∂

∂ω
)F (s) =

∫ ∞

0
f(t)(

∂

∂σ
+ i

∂

∂ω
)e−stdt = 0,

� }�o �"t y � � e−st s8t p8n�p8uwvAo0xzy0{�x s �9}�� t � � o t) �@��� y�p8o0xzy]� �"t p t � p ���|� v@�	��x � �*p8nGn�y � { � p8o0x � n �"t ∂
∂σ

e−st =

−i ∂
∂ω

e−st � m'uwuwo|y ��s8t F (s)
p8n�p8uwvAo0xzy0{ � 0 � t��G�"t x � p8o�p8n�q s uwu �"t p8o0o

F ′(s) =
∂

∂σ
F (s) =

∫ ∞

0
f(t)

∂

∂σ
e−stdt =

∫ ∞

0
f(t)(−t)e−stdt.

m�uwuw� s ndo�} � y
F (n)(s) =

∫ ∞

0
f(t)(−t)ne−stdt.






1 }�o�p�{�p8n F (s)
} ��t o|y s o0o�p�y�p8n�p8uwv@o0xzy0{Ao � o�p8n�}�� t'� p8u � � u�p8n � o Re s > p � � y � }Rp8uwuu � o �"t � x � p � u�p �-� �o t p8n�y]} ��t � � n � p t p �G� n*p8n�p8uwvAo0xzy0{Ao } ��t o|y�p8o0o�p'} � nG{@o0x � n � n ����� o � ���� { � n � �"t q �"t p t ∫ ∞

0 et ·e−stdt = 1
s−1� nd£�p t o }l� t Re s > 1

 �� � n � x%y s q �"t p8o0o � p � u�p �-� o t p8n�y]} ��t � � n p � } � nG{Ao0x � n � n et s8t��G� n p8n�p8uwv@o0xzy0{Ep} � nG{@o0x � n � n 1
s−1 �G� ��nGx �"t p � x ��� u�p s

� � u�p8n � o � o � � s = 1
� �-��� n � nG{ � u ��� u^x s = 1 �

1 }�o�p�{Ep8n f(t) � o �"t � xwnGn�p�y �Gt y0xwn � p � u�p �-� o t p8n�y0} ��t � F (s) � � p8n�{Ep8n�p8n � s n � pry0xwqrp � t|� y � uwo�p8o} t�� n 0 ���Gt x �"t p8n�p8uwvAy � n�y � � x�}l��u ¦|p8n �G� xwn � �"t y0x � n�y�y�p8o|y �
��� 	����6�
	 &2! $�<K$-!"!

f(t) �� !���:�, +�� $'&)(,!� ��& 3 �/$'�� .��'& &�$ *��' � !(��-!"!#& �&C<����' 4(,!#7���9�� � (49:+-&2!#� & � �� ��8� <+������ $- ��& (�!#7���9�� � ( 9:+'&6!#� & � �� �� ��< 3 �� ����:$-! $�� �!���' �*��- "� $' $# � a ≥ p

f(t) =
1

2πi

∫ a+i∞

a−i∞
F (s)estds =

1

2πi
lim

R→∞

∫ a+iR

a−iR

F (s)estds.
� M �

� �,!"! $ <��'����� 4*��' $'� ��$
t > 0 % +'. f(t)

� 3 � (�9:+'&6!#� & � �#! �,!(& � &)9 ! �, '� $' 3 �$(�& � �� %$-!(�(�� $-!"!
f(t) =

1
2 [f(t+) + f(t−)]

�
) ��� � (*� � x§p8n � s n �G�"t 0 ���Gt x �"t y xwn � �"t y0x � n�y|y�p8o|y ��� } � nG{@o0x � n � n g(t) = θ(t)f(t)e−at

� ��s8t θ(t) s8t
¢ � p � xzy0x �G� y�y0o � q�} � nG{@o0x � n^ �xw£Gu�p8n ��s � � n�£ � o �-� {@n�p � H(t) � uwu �"t u(t) � ����� y|y 0 ���Gt x �"t o t p8n�y]} ��t � s8t

ĝ(ω) =

∫ ∞

−∞
g(t)e−iωtdt =

∫ ∞

0
f(t)e−ate−iωtdt =

∫ ∞

0
f(t)e−(a+iω)tdt = F (a + iω),

�A�|� � x � p t �2� �-� s = a + iω �

g(t) =
1

2π
lim

R→∞

∫ R

−R

F (a + iω)eiωtdω,

eatg(t) =
1

2πi
lim

R→∞

∫ a+iR

a−iR

F (s)estds.

0 � t t > 0 s8t eatg(t) = f(t)
  �A�|� ��� y0o ��� n �G� o }l��u ¦ �"t¡�

� x y �"t§�A� {�y � p8o0o xwndo � q t p8u � n x � M � £Guwx t 0
}l� t

t < 0 �
1 }�o�p s8t y0xwo � p8o0x � n � n �G� n � � o|y�p8o0o�p~� � o � � p8n^¨ � x � p t§� n�} � nG{Ao0x � n F (s)

qEx � � n^  �A�|� � x � xwuwu o�pt|�-� p ����� � �G� n s8t � p � u�p �-� o t p8n�y]} ��t � � n p � n � q � n } � nG{Ao0x � n f(t) � 0 � t0�����G� nGxwnGq � n s8t p8o0o f(t)y0{Ep8uwu�{ � nGn�p �"t0��� uwu�p�y'� �-� � ¦ s u � p � xwn � �"t y0x � n�y0xwndo � q t p8u � n�xE� M �  �� � n �G� o s8t o v � s8t xwndo � p8uwuwo0x � y�p8n@o�+�G� o {Ep8n n s ��uwxwq � n ��s n � p�p8o0o¥xwn � �"t y|x � n�y0xwndo � q t p8u � n { � n � �"t q �"t p t � � o � n } � nG{Ao0x � n^ ^y � � xwn@o ��� p t
F (s)

y � � y0xwn � p � u�p �-� o t p8n�y]} ��t � � � �-� u s � � uwxwqdp~}�� t0� o|y s o0o0nGxwnGqdp t§��� F (s)
{Ep8n��*p8n �G�A� {�} �~�G� o��n�y0{Ep �G��t|� y � uwo�p8o � o �

� xq �"t o � � ����� � ��� u ��� y ��� p8n�p!y0xwo � p8o0x � n �"t¡�
��� 	���, �-	 &2! $ < $-!"!

g(s)
�' $'&6$'�87-!#�
(�9 �.� ����$

s / &6��$'&��,! � ! +-. �0�-& 3 �8� <-! .��'&C< $"& � &)9:! �� sk % +���� $-!"!
g(s) → 0 3 � s → ∞ �1�2���' 

g(s) 3 $4&6��$����,!# %$'&)(*,+- �./��&5$��

f(t) =
∑

k

Res
s=sk

(
g(s)est

)
.

� 
 �
5 . 3 �,!  � ���� $ ! $'�=�,!

a
�' (�� 3 $'&2! $-!"! Re sk < a

**�' 4$'�� $
k % <��'����, 6� � 3 $' � $�!"!

1

2πi
lim

R→∞

∫ a+iR

a−iR

g(s)estds =

{
f(t),

+-.
t > 0,

0,
+'.

t < 0.

�$7 �

7



) ��� � (*� � s u ¦ R
y � y0o ��t o	p8o0o p8uwu�p sk

uwxwqEq �"t xwnGn�p8n�}l� t �G� n � s n�y0o t p � p8u � � x t { � uwn C = γR+ΓR

xA��q �Gt|� n �

a

z

a − iR

a + iR

γR

ΓR Γ′
R

� �-� f(t) �G� ��nGx �"t p8o p � � 
 � q �"t't|� y0x ��� y�p8o|y � n

f(t) =
1

2πi

∫

C

g(s)estds =
1

2πi

[∫

γR

+

∫

ΓR

g(s)estds

]
.

0 � t t ≥ 0 � p t � x �G�G� y0{Ep8o0o0nGxwnGq � n

|f(t)| ≤ 1

2π

∫

C

|g(s)|e(Re s)t |ds| ≤ 1

2π
eat

∫

C

|g(s)| |ds| = Meat.

m�uwuwo|y �~� p t f(t) � n � p � u�p �-� o t p8n�y]} ��t � � m�ndo�p8q�p8o0o t > 0. �@� £�y0o0xwo � o0x � n � n z = −i(s − a)
� � �"t }l� t

ΓR

x � n � p8u � � x t { � u,x%� � t|��� p8u � � u�p8n � o¡  �@����� n�o0xwuwu s � � nGxwnGqrp � J ��t|� p8n�y�u � ���*p � xzy�p t p8o0o

lim
R→∞

∫

ΓR

g(s)estds = 0.

�
� y�p8���*p�y s o0o � xzy�p�y�p8o0o limR→∞

∫
Γ′

R
g(s)estds = 0

  � � t < 0 ��� }�o �"t y � � ∫
Γ′

R
−γR

g(s)estds = 0

� nGuwxwqEo � p ����� v�y�y�p8o|y  Gy � }���u ¦ �"t �$7 � �
��� o � o �"t y0o �8t n � p8o0o � xzy�p�p8o0o g(s) � �"t {@uwxwq � n s8t<� p � u�p �-� o t p8n�y]} ��t � � n p � f(t) � 0 x �G�"t p z

� �-�
Re z > a �A�|� u � o R > |z − a| ��� nGuwxwqEo 0 � £GxwnGxzy'y�p8o|y � � � ��{�p�y0o0nGxwnGqrp � xwndo � q t p8o0x � n�y ��t|� nGxwnGq � n s8t

∫ ∞

0
f(t)e−ztdt =

1

2πi

∫ ∞

0

∫

C

g(s)e−(z−s)tds dt =
1

2πi

∫

C

g(s)

∫ ∞

0
e−(z−s)tdt ds

=
1

2πi

∫

C

g(s)

z − s
ds = − 1

2πi

∫

γR

g(s)

s − z
ds − 1

2πi

∫

ΓR

g(s)

s − z
ds.

��� �
� nGuwxwqEo � p ����� v�y'xwn@o � q t p8u�} ��t � � u s8t

g(z) =
1

2πi

∫

Γ′

R

g(s)

s − z
ds − 1

2πi

∫

γR

g(s)

s − z
ds.

��� �
�



� t ��� ���@��� ��� � } � y
g(z) −

∫ ∞

0
f(t)e−ztdt =

1

2πi

∫

CR

g(s)

s − z
ds,

��s8t CR = ΓR + Γ′
R s8t�� x t { � uwn |s − a| = R �g� }2o �"t y � � g(s) → 0 ��� s → ∞   � xwuw{ � o s8t uwxw{Ao v � xwqEo� �-� p8o0o maxs∈CR
|g(s)| → 0 ��� R → ∞,

}���u ¦ �"t p8o0o
∣∣∣∣
∫

CR

g(s)

s − z
ds

∣∣∣∣ ≤
maxs∈CR

|g(s)|
R − |z − a| · 2πR → 0 ��� R → ∞.

m�uwuwo|y ��s8t ∫ ∞

0
f(t)e−ztdt = g(z),

� xwuw{ � o�£ � � xzy�p t$��� y0o ��� n �G� o � � f
¨ y � p � u�p �-� o t p8n�y]} ��t � �

?�@A�CB5DE�CFG�I0 � t0� o|y s o0o0nGxwnGqdp t n�p*x � p8o|y M s8t��G�G� }2vAuwu � p }l� t�t p8o0x � n � uwu�p�} � nG{Ao0x � n �"t g(s) = P (s)
Q(s)

  ��s8tq t p � P <
q t p � Q �?�@A�CB5DE�CFG�>0 � nG{@o0x � n � n g(s) = 1

s
e−

1

s �G�G� }�v@uwu �"t }l� t0� o|y s o0o0nGxwnGqdp t n�p x � p8o|y M �G��� n � n � p y0xwnGq � u�p t x��o � o � n s8t x ��t xwq �  �y � g(s) s8t�� p � u�p �-� o t p8n�y]} ��t � � n�p �
f(t) = Res

s=0
g(s)est.

¤���s8t
g(s)est =

1

s
e−

1

s est =
1

s

∞∑

n=0

1

n!
(−1)ns−n ·

∞∑

k=0

1

k!
sktk

=

∞∑

n=0

∞∑

k=0

(−1)ntk

n!k!
sk−n−1.

� �A���*� x � ndo � n�}l� t s−1 } � y$q � n � � y � ���*p8o0x � n�p � p8uwu�p o �"t � �"t � �-� k = n
 Gy � p8o0o t|� y|x ��� n s8t

f(t) =

∞∑

n=0

(−1)ntn

(n!)2
=

∞∑

n=0

(−1)n

(n!)2

(
2
√

t

2

)2n

= J0(2
√

t).

¤�s y0o�p t|� y � uwo�p8o�� �-�G�G� u�p t � x � o�p8n�£ � � xzy ���� 	���� � 	 &2! $�< $�!"!
F (s)

�' 4$'&�$'� 7-!#� (�9 *��- 
Re s ≥ a

+���� $'&2!#�&C< ��&
(1) |F (s)| ≤ C

|s|α
**�' 

Re s ≥ a
+���� � � (�( $ 9:+-&)(�! $'&6! �� 

C
+����

α > 1 %������, 
(1′) |F (s)| ≤ C

|s|α
+���� |F ′(s)| ≤ C′

|s|β
**�' 

Re s ≥ a
+������ �
(�(,$ 9:+'&)(,! $'&2! �� 

C % C ′ +���� α > 0 % β > 1
�

�!� �' 
F (s) 3 $4&6��$���� !# $'& ( * +' �./��&5$��

f(t) =
1

2πi

∫ a+i∞

a−i∞
F (s)estds, t > 0.

��� �
?�@A�CB5DE�CFG��0 � nG{Ao0x � n � n F (s) = 1√

s
e−c

√
s
� �Gt xwn � x � p8uwq t|� n � nrp � √s �%�G�G� }2vAuwu �"t }�� t0� o|y s o0o0nGxwnGq � n � © �x � p8o|y 
 � �-� q �@� oPv � {@uwxwqEo a > 0 � � c > 0
 GoPv

e−c
√

s
q �8t � � o�n � uwu�} ��t o�p t|�¥s n � p t ¦ ����� o � n�y'p � |s|

��� |s| → ∞  
Re s ≥ a > 0 � 1 � c = 0 s8t xgy|o s uwu � oZ}l� t0� o|y s o0o0nGxwnGq � n � © ′ �	�G�G� }�v@uwu �� � ndo � q t p8u � n�x���� �{Ep8n�£ �"t�s {An�p�y$� �-��t|� y0x ��� {Ep8uw{Av@u � � � y � uwo�p8o � o s8t p8o0o

f(t) =
1√
πt

e−
c2

4t , t > 0, c ≥ 0.

�



� K � WhZY�WO Wkj ORUES�T�����WO S��	��
 M S�X S�T@Y�Y�WgUVY
� � H �-��t xwn }�� t p8n�p8uwvAo0xzy0{EpN} � nG{Ao0x � n �"t�s8t £ � o v �G� uzy � } � uwu¥x y�p8�¥£�p8n � � �-� y0o ��� x � o�p � ��uwo �"t   � � y �o0x � y0xwn � p t x�p8n@o�p� �{ � ndo0xwn ���"t uwxwqdp� ,uwxwn�¦ s8t p~y0v�y0o � � �g� � p8n�p8uwvAo0xzy0{�p!} � nG{@o0x � n �"t  �y � � �G�G� o t�s��G�"t   s8t � }2�o�p�y0o � p � u�p �-� o t p8n�y0} ��t � �"t  @o � �����E� o0o ��uwo �"t yZ� � �"t }l� t xwnGqVy]} � nG{@o0x � n H(s)

  � � y ��� p � u�p �-� o t p8n�y]} ��t � � n�p �xw� �G� uzy|y � p t|� o h(t).

�
�8t p�o0x � xwqdp t|� � xzy|{ � y|y|x � n �"t�� � p8n�p8uwv@o0xzy0{Ep �A�|��� p t � � nGxzy0{Ep�} � nG{@o0x � n �"t x^� � t|�� p8u � � u�p8n � o�� � y|o � n � p8n � p�y|y�p�y�o0xwuwu � ��q t p � p8u � � u�p8n � o �

�
� xzy�y � n�y xwndo � q t p8u�} ��t � � u�}�� t�� p t � � nGxzy0{Ep} � nG{@o0x � n �"t x � ��q t p � p8u � � u�p8n � o Re s = σ > 0

uwv �G�"t
u(σ, ω) =

1

π

∫ ∞

−∞

σu(0, t)

(ω − t)2 + σ2
dt.

1 � f(s) = u(σ, ω)+ iv(σ, ω) s8t p8n�p8uwv@o0xzy|{�}�� t Re s ≥ 0 �A�|� � � f(s) → 0 ��� s → ∞ x
Re s ≥ 0

 
t����G�"t }l��u ¦0p8n �G� y�p8�¥£�p8n � � � uwu�p8n u �A�|� v ��� xw�*p8qExwn s8t p ��� uwn^¨

u(0, ω) = H[v(0, ·)](ω),

v(0, ω) = −H[u(0, ·)](ω).

��� o0o�p q s uwu �"t o � �����$� � f(s) = H(s) s8t�� p � u�p �-� o t p8n�y]} ��t � � n p � � n {Ep � y�p8u } � nG{Ao0x � n h(t)
 $y �p8o0o

H(iω) s8t 0 ���Gt x �"t o t p8n�y0} ��t � � n � m'n@o�p8q � � � s ndo�p8o0o û(ω) �A�|� v̂(ω) s8t 0 ���Gt x �"t o t p8n�y]} ��t � �"ty � � y�p8o0xzy]� �"t p t û = Hv̂ � �§� s8t û = v̂ ∗ 1
πω

= v̂ ∗ F [ i
2π

sgn t]
  �@��� u(t) = iv(t) sgn t

  y � p8o0o
û(ω) + iv̂(ω) = ĥ(ω)

  ��s8t h(t) = u(t) + iv(t) = i(1 + sgn t)v(t) � m�uwuwo|y �~s8t h(t) = 0
}l� t t < 0

 
� � y � h(t) s8t {�p � y�p8u �

� � �,� o h(t) � p t p¥xw� �G� uzy|y � p t|� oZ}l� t�� o0oi��uwo �"t   h(t) 6≡ 0 �
� x � � o�p8o0o � o0o x �G� p8uwo u � q � p�y�y]��uwo �"t � �-�

ĥ(ω) =

{
1, |ω| < Ω,

0, |ω| > Ω,

xwndo ��s8t {Ep � y�p8uwo �
� p � {Ep8n��*p8n�y s qdp � �f�*p8n�£�p t p { t�s � �"t p8o0o ĥ(ω)

y0{Ep8uwu � p t p 0 � o�p8n�}�� t	� o0o s n � uwxwqEoxwndo �"t � p8uwu�<m'n@o�p8q~p8o0o ĥ(ω) s8t p8£�y � u � o0xwndo � q t|�"t £�p t��@��� p8o0o ĥ(ω) = 0
}�� t |ω| > Ω �G�§� q s uwu �"t p8o0o

h(t) =
1

2π

∫ Ω

−Ω
ĥ(ω)eiωtdω.

¢�s8t {Ep8n � x�u � o�p t � p t p � n { � � � u ��� � p t x�p8£ � uR  �A�|� h(t)
£Guwx t!��� p8n�p8uwv@o0xzy0{Nx ��� u�p t

� � u�p8n � o �E1 �
h(t) = 0 ��� n � qdp8o0x � p t|� p8u�p �G� uwnrq �"t � n@o v � xwq ��� o|y|y�p8o|y � n }l� t p8n�p8uwvAo0xzy0{Ep�} � nG{@o0x � n �"t p8o0o h(t) = 0

}l� tp8uwu�p
t
x^y0o t x � � �-� }l� t0� o|y s o0o0nGxwnGq � n � m�uwuwo|y � {Ep8n�xwndo � ��uwo t|� o � p t p {Ep � y�p8uwo �

� �
� x�y0{Ep8uwu&xg} ��t o|y s o0o0nGxwnGq � n £ �"� p8n � u�p<{ � p ��t p8o0xzy|{@o�xwndo � q t|�"t £�p t p<} � nG{Ao0x � n �"t h(t)

  � � y � y ��� p8n�py � � �G�G� }�v@uwu �"t ∫ ∞

−∞
|h(t)|2 dt < ∞,

� xwuw{ � o,}�vAy|xw{�p8uwxzy0{Ao� � o|y � p t p t s n � uwxwq � n �"t qEx � � u�p�y|y � n p � p8uwu�p�y ��� p8n�p$} � nG{Ao0x � n �"t {Ep8uwu�p�y L2(R) �
� p t ¦ �

h(t) � p t � n � s u �G� ��nGx �"t p � 0 ���Gt x �"t o t p8n�y]} ��t � ĥ(ω)
  y � � �@� {Ay � o0xwuwu � � t L2(R)

  �@���
� u�p8n �|���"t|� uzy} ��t � � u ∫ ∞

−∞
|ĥ(ω)|2 dω = 2π

∫ ∞

−∞
|h(t)|2 dt

q s uwu �"t¡�
�



� � 1 � h(t) s8t xw� �G� uzy|y � p t|� o§}l� t¥� o0o {Ep � y�p8uwo§��uwo �"t   s8t h(t) = 0
}�� t t < 0 �A�|� }l� t � p � u�p �-� �o t p8n�y]} ��t � � n H(s)

q s uwu �"t p8o0o

H(s) =

∫ ∞

0
h(t)e−stdt =

∫ ∞

−∞
h(t)e−σte−iωtdt = F [h(t)e−σt](ω).� u�p8n �����"t|� uzy�} ��t � � u^q �"t

∫ ∞

−∞
|H(σ + iω)|2 dω = 2π

∫ ∞

−∞
|h(t)e−σt|2 dt = 2π

∫ ∞

0
|h(t)|2e−2σt dt

≤ 2π

∫ ∞

0
|h(t)|2 dt = M < ∞ }l� t p8uwu�p σ > 0.

1 � � s ndo¡  � � H(s) s8t p8n�p8uwvAo0xzy0{*}l� t Re s > 0 �@����� � �G� o$��nGn�y � n�{ � n�y0o�p8ndo M < ∞ y � p8o0o
∫ ∞

−∞
|H(σ + iω)|2 dω ≤ M

}l� t p8uwu�p σ > 0,

y � ��nGn�y �G� o � n�} � nG{Ao0x � n h(t)
y ��� p8n p8o0o h(t) = 0

}l� t t < 0
  ∫ ∞

0 |h(t)|2dt < ∞  
H(iω) = ĥ(ω)

�A�|�
H(s) =

∫ ∞

0
h(t)e−stdt, Re s > 0.

��� nGn�p�y�p8o|y${Ep8uwu�p�y��>$-����7 /�� �"��& �� �( ( $-!( �
���������
	��������� p8n�y s q �"t p8o0o f ∈ H2 � � �G� o���nGn�y � n�{ � n�y|o�p8ndo M

y � p8o0o
∫ ∞

−∞
|f(σ + iω)|2 dω ≤ M

}�� t p8uwu�p σ > 0.

m�uwuw� s nGn�p t|� y s qVy f
o0xwuwu � � t p Hp

 
1 ≤ p < ∞   � � �G� o���nGn�y � n�{ � n�y0o�p8n@o M

y � p8o0o
∫ ∞

−∞
|f(σ + iω)|p dω ≤ M

}�� t p8uwu�p σ > 0,

�A�|� f
o0xwuwu � � t H∞ � � �G� o$��nGn�y � n�{ � n�y0o�p8ndo M

y � p8o0o
|f(σ + iω)| ≤ M

}l� t p8uwu�p σ > 0, −∞ < ω < ∞,

� � y �G� � f s8t £ � q t�s n�y�p � x � p8u � � u�p8n � o Re s > 0 �� p8u � vd��� x � n �"t y§y�p8o|y�{�p8n�n � } ��t � � u �"t p�y�y � � p8o0o
h(t) s8t {�p � y�p8u � � �A�|� � n � p�y0o � � � p � u�p �-� �o t p8n�y]} ��t � � n H(s)

o0xwuwu � � t H2 ��2� � £Gu�p8n � � xwuwu	�*p8n { � n�y0o t0���"t p � o0o ��uwo �"t � �-� qEx � � nNp8� � uwxwo ��� {Ep t p8{@o �"t xzy0o0xw{ A(ω)
  � � y � �*p8n

� xwuwu���nGn�p Φ(ω) �@����� n�} � nG{@o0x � n h(t)
� �-� h(t) = 0

}l� t t < 0
y � p8o0o

ĥ(ω) = H(iω) = A(ω)eiΦ(ω).

��� 	����A� 5 . ∫ ∞
−∞[A(ω)]2 dω < ∞ % 9:$'& .;$'&�� �#!"! $ (*� 3 $'&6$ Φ

+����
h
+'. +���� ��& 3 $:(�! +'.

∫ ∞

−∞

| lnA(ω)|
1 + ω2

dω < ∞.
�
	 �

	



1 � A(ω) �G�G� }2vAuwu �"t �
	 �   �G� ��nGx �"t p t �*p8n u(σ, ω)
� �-��� ¦ s u � p �

�
� xzy|y � nGxwndo � q t p8u � n^¨

u(σ, ω) =
1

π

∫ ∞

−∞

σ lnA(ω′)
(ω − ω′)2 + σ2

dω′.

�§� £Guwx t u(σ, ω) � p t � � nGxzy0{ }�� t σ > 0
  �@��� u(0, ω) = lnA(ω) � � � n�y|o t0���"t p y �-� p8n � p t � � nGxzy0{�p{ � n�¦ � qdp8o � o v(σ, ω) � ��s o0o

H(s) = eu(σ,ω)+iv(σ,ω) , s = σ + iω.

�§� £Guwx t H(s)
p8n�p8uwvAo0xzy0{�}�� t Re s > 0

  �@��� |H(iω)| = eu(0,ω) = A(ω) � � p8n�} �8t �@� {Ay � p8o0o H ∈ H2 �
� nGuwxwqEo

� p8u � vd��� x � n �"t y§y�p8o|y'��nGn�y ��� h(t)
 &y � p8o0o h(t) = 0

}l� t t < 0
 
H(s) =

∫ ∞
0 h(t)e−st dt

}l� t
Re s > 0 �@��� H(iω) = ĥ(ω) ��

t|� £Gu � � � o p8o0o�£ � y0o s ���*p � n�} � nG{Ao0x � n H(s)
y � � s8t p8n�p8uwvAo0xzy0{�x Re s > 0

  ���~t p8n � � s8t|�G� n�p
A(ω) = |H(iω)| s8t qEx � n�p�  � p t � � nGqdp~uz�Ey0nGxwnGqdp t¡����� n � � p8n y|{@xzy|y �"t p �G� uz�Ey0nGxwnGq � n H(s) � p t��G� n
��� o t p � q � n�y0{Ep �g� n p8o0o H(s) 6= 0

x
Re s > 0 � � � o|y � p t p8n �G� ��uwo �"t y s qVy � p t p!p � . �& �. � * $:(�!#74& � 0 � t

� p t ¦ � { � � � u ��� { � n�y0o�p8n@o a
� �-� Re a > 0

q s uwu �"t p8o0oZ} � nG{Ao0x � n � n w = s−a
s+ā
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