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1. z2 + 2(1− i)z + 6i = 0⇔ (z + (1− i))2 − (1− i)2 + 6i = 0⇔ (z + (1− i))2 − (1− 1− 2i) + 6i = 0⇔
(z + (1 − i))2 = −8i. Sätt z + (1− i) = x + iy. ∴ x2 − y2 + 2ixy = (x + iy)2 = (z + (1 − i))2 = −8i.

Ocks̊a x2 + y2 = |x + iy|2 = |(x + iy)2| = |(z + (1− i))2| = | − 8i| = 8 ∴







x2 − y2 = 0
2xy = −8
x2 + y2 = 8

⇒ 2x2 = 8⇒

x = ±2⇒ y = ∓2 ∴ z + 1− i =

{
2− 2i
−2 + 2i

⇒ zi =

{
2− 2i− 1 + i
−2 + 2i− 1 + i

=

{
1− i
−3 + 3i

2. (x2 + x)y′ = x − y + 1 ⇔ y′ +
y

x(x + 1)
=

1

x
. Vidare:

∫
1

x(x + 1)
dx = (PB) =

∫
1

x
−

1

x + 1
dx =

lnx− ln(x+1) = ln
x

x + 1
⇒ I.F. = e

R

dx

x(x+1) = eln
x

x+1 =
x

x + 1
∴

d

dx

( x

x + 1
y
)

=
1

x
·

x

x + 1
=

1

x + 1
⇒

x

x + 1
y =

∫
1

x + 1
dx + C1, C1,∈ R⇒

x

x + 1
y = ln(x + 1) + C1 ⇒

y = (1 +
1

x
)(ln(x + 1) + C1)

3.

det A =

∣
∣
∣
∣
∣
∣
∣
∣

1 0 −1 0
1 1 −1 1
1 a 1 1
−1 1 1 −1

∣
∣
∣
∣
∣
∣
∣
∣

−1 1

←↩
←↩

←↩

=

∣
∣
∣
∣
∣
∣
∣
∣

1 0 −1 0
0 1 0 1
0 a 2 1
0 1 0 −1

∣
∣
∣
∣
∣
∣
∣
∣

= (−1)1+1 · 1 ·

∣
∣
∣
∣
∣
∣

1 0 1
a 2 1
1 0 −1

∣
∣
∣
∣
∣
∣

=

= (−1)2+2 · 2 ·

∣
∣
∣
∣

1 1
1 −1

∣
∣
∣
∣
= 2(−1 − 1) = −4 6= 0 ⇒ A inverterbar för alla a ∈ R. För a = 1 beräknas

A−1 med Gauss-Jordan:






1 0 −1 0 | 1 0 0 0
1 1 −1 1 | 0 1 0 0
1 1 1 1 | 0 0 1 0
−1 1 1 −1 | 0 0 0 1







−1 1

←↩
←↩

←↩

RE
∼







1 0 −1 0 | 1 0 0 0
0 1 0 1 | −1 1 0 0
0 1 2 1 | −1 0 1 0
0 1 0 −1 | 1 0 0 1







−1

←↩
←↩

RE
∼







1 0 −1 0 | 1 0 0 0
0 1 0 1 | −1 1 0 0
0 0 2 0 | 0 −1 1 0
0 0 0 −2 | 2 −1 0 1







RE
∼







1 0 −1 0 | 1 0 0 0
0 1 0 1 | −1 1 0 0
0 0 1 0 | 0 −1/2 1/2 0
0 0 0 1 | −1 1/2 0 −1/2







←↩
←↩

1

−1

RE
∼







1 0 0 0 |
0 1 0 0 |
0 0 1 0 |
0 0 0 1 |

1 −1/2 1/2 0
0 1/2 0 1/2
0 −1/2 1/2 0
−1 1/2 0 −1/2







︸ ︷︷ ︸

A−1

⇒ A−1 = 1

2







2 −1 1 0
0 1 0 1
0 −1 1 0
−2 1 0 −1







4. Sätt p = y′ ⇒ y′′ =
d

dx
(y′) =

dp

dx
=

dp

dy

dy

dx
= p

dp

dy
, p = p(y). Vi f̊ar yy′′ = 2(y′)2 ⇔ yp dp

dy
= 2p2 ⇔

dp
dy

= 2p
y

om p, y 6= 0. S̊a separabel ekv. s̊a
dp

p
= 2

dy

y
om p, y 6= 0. Det ger ln |p| = 2 ln(y)+lnC1, C1 >

0⇔ |p| = C1y
2 ⇔ p = ±C1y

2 = C2y
2, C2 6= 0 ∴ y′ = p = C2y

2 ⇔ dy
y2 = C2dx⇔ − 1

y
= C2x+C3, C2 6=

1



0, C3 ∈ R ⇔ y = − 1

C2x+C3
⇔ y = 1

ax+b
, a 6= 0, b ∈ R under förutsättning att y 6= 0 och y ′ 6= 0

dvs y 6= konst. Om y = konst. 6= 0 f̊as denna singulära lösning som den allmänna lösningen med

a = 0 ∴ y =
1

ax + b
a, b ∈ R och singulär lösn. y ≡ 0.

5. Systemet ⇔

{
(D − 3)y + (D − 1)z = x
(D2 − 1)y − (D + 1)z = x + y

(D + 1)

(D − 1) ←↩
=⇒

((D+1)(D−3)+(D−1)(D2−1))y = (D+1)x+(D−1)(x+y)⇔ (D3−3D−2)y = −2 vars kar. ekv.
är r3−3r−2 = 0⇔ r1,2 = −1, r3 = 2 ∴ yh = (Ax+B)e−x+Ce2x. För yp ansätt yp = a⇒ a = 1 ∴ y =
yp+yn = 1+(Ax+B)e−x+Ce2x. Insättning i 2:a ekv. ⇒ z ′+z = y′′−y−x−4 = −2Ae−x+3Ce2x−x−5.

Int. faktor: e
R

dx = ex ⇒
d

dx
(exz) = −2A+3Ce3x−(x+5)ex ⇔ exz = −2Ax+Ce3x−(x+4)ex+C1 ⇔

z = (C1 − 2Ax)e−x + Ce2x− x− 4. Här är A,B,C,C1 ∈ R och y och z uppfyller 2:a ekv. Insättning i

1:a ekv ⇒ C1 = −
A

2
− 2B ∴

{
y = 1 + (Ax + B)e−x + Ce2x

z = −x− 4− (2Ax + A
2

+ 2B)e−x + Ce2x

6. En skärningslinje för planen är ju en skärningslinje ocks̊a för tre av planen t.ex. π1, π2, π3. Lös

allts̊a





1 2 3 | 1
1 1 a | 1
1 a 1 | 1



. För att f̊a en lösningslinje måste det finnas oändligt många lösningar

s̊a det är nödvändigt (men möjligen inte tillräckligt) att 0 =

∣
∣
∣
∣
∣
∣

1 2 3
1 1 a
1 a 1

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 2 3
0 −1 a− 3
0 a− 2 −2

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣

−1 a− 3
a− 2 −2

∣
∣
∣
∣
= 2− (a− 3)(a− 2) = −(a2 − 5a + 4) = −(a− 1)(a− 4).

Lösning för a = 1:





1 2 3 | 1
1 1 1 | 1
1 1 1 | 1




RE
∼





1 2 3 | 1
1 1 1 | 1
0 0 0 | 0




RE
∼





1 1 1 | 1
1 2 3 | 1
0 0 0 | 0




RE
∼





1 1 1 | 1
0 1 2 | 0
0 0 0 | 0



⇒

(†)





x
y
z



 =





1
0
0



 + t





1
−2
1



 .

Lösning för a = 4:





1 2 3 | 1
1 1 4 | 1
1 4 1 | 1




RE
∼





1 2 3 | 1
0 −1 1 | 0
0 2 −2 | 0




RE
∼





1 2 3 | 1
0 1 −1 | 0
0 0 0 | 0



⇒





x
y
z



 =





1
0
0



 + t





−5
1
1



 .

Insättning av dessa lösningar, linjer, i π4 ger för a = 4: 2(1 − 5t) + 4t + 3t = 2− 3t 6= 2 d̊a t 6= 0; för
a = 1: 2(1 + t) + (−2t) + 0 = 2, ∀t. ∴ Endast a = 1 ger en skärningslinje för alla planen och linjen är
som getts ovan i (†).
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