Ovningsexempel Fourieranalys

. Funktionenf (z) ar 2-periodisk,och f(z) = (z + 1)? for —1 < z < 1. Utveckla
f(z) i komplex trigonometriskFourierserie.Sbk en 2-periodiskidsningtill ekvatio-
nen

2" —y' —y = f(2).
. Funktionenf (¢) ar 3-periodisk,och
t for 0<t<1,

fA)=4 1 for 1<t<2,
3—t for 2<t<3.

Bestim,i form av entrigonometriskFourierserie en periodisklosningtill differen-
tialekvationen

y" + 3y = f(1).

. Utvecklafunktionencos z i sinusserigaintenallet (0, 7). Anvandresultatefor att
berdkna

> e
2 (4n? = 1)2

. Latf(t) = 1—¢2for|t| < 1 ochlat f vara2-periodisk. Bestmenbegransaddsning
till

ou  0%u

5 9 z>0,—c0<t< o0,
u(0,t) = f(t), —oo<t< o0.

. LosLaplacesskvation Ay = u, + v~ u, + r—2uge = 0 cirkelringenl < r < 2

(polarakoordinater)med randvillkorenu(1,8) = 0,u(2,6) = f(6), dar f(0) ar

2m-periodisk,och

6% .
f(0)=1—p for |6] <.
. Fouriertransformera
% + a2)?’ % + a2)?’ EZ+1D){#2+2t+5)

d)e~lsinbt (a>0,b> 0).
. Funktionenf (t) harFouriertransformerf(w) = - Berakna
a) [t b)),

. . 1 —iw si
. Funktionenf (t) harFourlertransformenH_% Slzw. Berakna/ |£(t)2dt.

—00

. > ginzx .
. Berakna ————dx medhjalp av Fouriertransform.
oo Z(22 4+ 1)
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Funktionenf (t) harFouriertransformeW. Berakna/_oo |f * f'|2dt, dar x
betyderfaltning.

AngeFouriertransformettill funktionen
2
— VA; iwt
@) = ; T+o¢ dw.
Beraknaa) / f(t)costdt, b) / (t)|dt.

Lat f(t) /\/_e coswtdw. Berakna/ |f'()|?dt.

o0

Bestimenlosningtill ekvationen
t
W (8) + 2u(t) + 2t / 2ru(r)dr = o(t).
Losintegralekwationen

oo 0
/ e "u(t —T)dr — / e"u(t — 7)dr = V3u(t) — e .
0 —o00

Bestimenldsningtill ekvationen

u(t) + /t e" tu(r)dr = e 2.

— 00

1
For ettlinjart, tldswarlantsystemgalleratt|nS|gnaIen 2 gerupphor till utsig-
t
nalenm. Berakna|mpuISS\aret,svaretpacoswt. Ar systemekausalt,sta-
bilt?
Ett linjart, t|dsmvar|antsystemhar|mpuISS\areth( ) = e, Laty(t) varasvaret

painsignalene=*. Berakna/ et h(t)y(t)dt.

1
For ettlinjart, tldswarlantsystemgalleratt|nS|gnaIen s gerupphor till utsig-

nalene=2¢". Beraknautsignalen(i form av enkomplex Fourierserie)da insignalen
arimpulstiget

> [26(t—2n) = 6(t — 2n - 1)).
Latz(n) varaN-periodisk,och
1, dd 0<n<k-—1,
z(n) =
0, dd k<n<N-1.

BeraknadendiskretaFouriertransformencharnvandParsevalsformel for attberakna

2muk
Z1 COS =7
2 T
et 1 —cos =~
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BestimdendiskretaFouriertransformetill signalen(sekvensen)(n) = sin %r, n=
0,...,N —1,z(n) N-periodisk.
Visa att funktionernay,, (z) = %e’m ar parvisortogonalai L2(R). Besém
talenc,, s att o
o0 N
/_oo ‘—1 _:1.2 — n:Z_NCn¢n(x)‘2d$

minimeras.
Bestimdenlosningy(z) till y”" —y =0 somminimerar/1 1+ —y(z)]’de.
-1
Bestimsamtligaegervardenochegenfunktionettill Sturm-Liouville-problemet
"+ Af =0, 0<z<a,
f0)=7'(0) =0, f(a)+2f'(a) =0.

Bestimsamtligaegervardenochegenfunktionetill Sturm-Liouville-problemet

_ —4w_d 4m_du‘ _
e (e )—)\u, O0<x<1l,

u(0) =0, u'(1) = 0.

Utvecklafunktionene=22 i Fourierseriem.a.p.egenfunktionerna.

Losproblemet
0%u  O%u
—+ 5= = 0 2,0 1
8:c2+6y2 Y, <r<2,0<y<l,
’LL(.’L’,O) =0, u(x, 1) =0,

u(0,y) =y —y?, u(2,y) =0.

Losproblemet
&%u  Ou
T+iee=2" 10 1,t>0,
+ o2 ot <z < >
u(0,t) = 1, u(1,t) =0,
u(z,0) =1 — 2.

Losproblemet

Uy + Uy, +20u=0, 0<2<1,0<y<1,
u(O,y) :u(]-:y) =0,

u(z,0) =0, u(z,1) = 22 — .

Losproblemet
ot  Ox?
u(0,t) = u(1,t) =0,

=tsinz, 0<z<1,t>0,

u(2,0) = sin 27x.
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Losproblemet

ou _ 2
ot " ox?’

u(0,t) =t + 1,
1

7t) :(]7

0<z<1,t>0,
(
u(
u(z,0) =1—z.

Los Laplacesekvation Au = 0 i omradet) < 6 < f, 1 < r < 2, (polarakoordi-
nateri planet)medrandvillkoren

u=0forr=1, u, =0forr=2,
u=0forg =0, u:r—lf()ré?g.

Utvecklafunktionensin(2 sin z) i trigonometriskFourierserigreell form).

Ett cirkulart membranmedradiea paverkasav en periodiskyttre kraft g sin wt lik-
formigt fordeladover membranet.For de trans\ersellasvangningarnéarvi alltsa
ekvationen
1 0%u q .
u— 252 =9 sinwt, u|lp—q=0.
Bestim den statioréira svangningsiorelsen(dvs. en losningav formenu(r,t) =
v(r) sinwt). Vilka arresonans(vin&l)frekvensera?

Losvarmeledningsekationens, = Au = V2u i encylindermedradienb. Andytorna
arisolerademedanmantelytanr = b (cylinderkoordinater)yder avsvalningslagen
u + 2u!. = 0. Begynnelsetemperaturénr? = z? + y2.

a) Besamenbegransadosningav formenu(r, t) = v(r)ei? till ekvationen

2

@_lﬁ(%) LI
2 —ror\ar) Tt VST<G

u(a,t) = et
darn > 0 arettheltal. For vilka vardenpaw > 0 finnsensadanldsning?
b) Latw varasadantatt Idsningeni a) existerar Visa hur denkan arvandasor att

l6sa

62u_18(6u n?

TE)_T_Qu’ 0<r<a,t>0,

o 1 or
u(a,t) = sinwt, u begransad
u(r,0) =0, u(r,0) = 0.

Evenutelltforekommandentegralerbehbverinte betaknas.

LosLaplacesekvationV2u = 0 i cylindern f = /22 +y2 < R, 0 < z < L, d&
u=0forz=0o0chz = L,ochu =sin 72 (1 — cos ) forr = R.

Bestimdetpolynom P(x) av hbgstandragradensomgor integralen
/ [VZ — P(x)]?e™*dz daliten sommojligt.
0

4
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Bestimdetplynom P(x) av hdgstandragradensomgor integralen
/ [z* — P(z)]%e=" /2dz saliten sommojligt.

Besimdetplynom P(x) av hdgstandragradensomgor integralen
/ [e*/* — P(x)]?we™"dx shliten sommbjligt.
0

Bestimdetpolynomav formenP(z) = 2% + az?® + bz + ¢ for vilket
1
/ [P(x)]2dz ar salitet sommoyjligt.
0
Visaatt/l 2 Pop (z)dx = L(3/2
o 2m T 3\m+1)°

Berakna,t.ex. medhjalp av genererandéunktionen, H,, (0), dar H,, ar Hermites
polynom.

Visafoljandeformel for (de generaliseradd)aguerrepolynome (z):

d a a
%Ln+1 (.’E) = _Ln+1 ('Z.)

(Ledning: Anvandgenererand&inktionen.)

Los Laplacesekvation Au = 0 i omradetz? + 32 + 22 < R? medrandvillkoret
u=z(z? +y?) daz® +y? + 22 = R2.

LosLaplacesskvationAu = 0 i omradet) < a < r < b (sfariskakoordinaterymed
randvillkoren

{ u=1+cosf, dar=a,

u = cos 26, dar =b.
Sok enbegransaddsningtill
U = kg, —co<x<oo,t>0,
{ w(z,0) = (1 —222)e~®", —o0<z < 0.
Losproblemet

Uy, +uy, =2, 0<z<1,—00<y< oo,
uy(0,9) = 0,
u(l,y) = ye~

Lat f tillhoraL? (R) ochsok enlosningtill

(‘32_u+82_u_0 —o<r<oo, 0<y<a
6$2 ayz - Y 7 y Y
u(z,0) =0, u(z,a) = f(z).

Visaatt

/OO lu(z,y)|?dz < /00 |f (z)*da.

— 00 —0Q



48.

49,

Besaimenperiodisklosningtill ekvationeny” — ¢’ +y = f'(t), dar

0 for 0<t<1,
t—1 for 1<t<2,

ft) =

och f arperiodiskmedperiod2. (Med f'(t) avsesdistributionsdervatan.)

Omfunktionenf galleratt

-1 for 0<t<1,
f(t) = i
1 for 1<t<3,

ochatt f(t) ar3-periodisk.Bestim f'(t) (distributionsdenvatan)ochutvecklaf’(t)
i komplex triogonometriskFourierserie. Anvand resultatetfor att berdknaFouri-
erserieutecklingenav f(t).

4 2 & (=DM +inT) . 4 2 )" 1(1 + inm)
f@) =3+ Z “ B 5 7r_ Z 2n27r2+m7r+1)

n2

2 X 3(1 — cos Z1m) 2nmt
t)y==-— 4
y(t) 9 T; m2n2(3 — 3n2772) cos 3

8 2
cosT = — Z 4n2n7_1 sin2nz (0<z < g) Summarblir 7(;_4

cu(z,t) = % + 2 % \/_cos(mrt - 1/71'3:)

n=1

2 = (_1)n1 — inf
ln’r'+7r— Z W(T.n_r n)em

I el ) (g —alw|
a) 5, 4¢ b) 2a3( + alw|)e

(3
C) lloefl“’l(l — 2isgnw) — 110672‘“"6"" (5 - 2isgnw)

d) 4iabw
(W2 + 2bw + a2 + b2) (w2 — 2bw + a2 + b?)
a)i b)——
2V2

inx
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1-e™)
1
9
flw) = 217r\/_ for0 < w < 2, 0forovrigt. a) b)27r<ln3—§)
g(e2 +1)
O(t)e 2t cost

u(t) = 1e—t/ﬁe(t) + %eﬁtu —6(t)

2

Ze_Qltl — te”20(t)

1 t _ .
h(t) = T DL z(t) = coswt gery(t) = %ef'“" sin wt; ej kausalt stabilt.
T _—5/96
2 & 1 > 2 .
— 1—=(-=1 ":| —n°m"/8+2|n|w inmt
\/; Z [ 2( )" e e
n=—oo
summarblir k(N — k).
= sin &
X(p) = Z (n)e /N = —Z N
n—0 oS =K — COS A
1 1 .
m(ez —e~2)~I"l forn £0
Cpr =
" 2r(1—e 3) forn=0
2sinh 1 2¢~1
# coshz + 167 sinh z
5sinh2+1 5sinh2 —1
Egervarden:\;, = vZ, dary;, ardepositivarotternatill ekvationentan va = 55~

A1 = r—/3?,darp, ardenpositivarotentill ekv. tanh 3 = g; uy(z) = e ?®sinh Bz

A = 4+ 32, dar 8,,n = 2,3,..., ar de positiva rotternatill ekv. tang3 =
5 un(z) = e *®sin Bz
n=1 /Bn()\n - 2)
1 2 ( l)n 1
u(z,y) = 6(y -y + 3 Z m(smhnmz + 7sinhnn(2 — x)) sinnwy
i o —2(2k+1)272[(14+¢)3/2—1]
u(z,t) = 71- Z 2k e € 5 sin(2k + 1)z
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£
)

u(z,y) = —isinmv—sm( 0-my) _
= 71'3 sin v/20 — 72
h 2k + 1)272 — 20
32 5 sin(2k + )7z sinh(y/(2k + 1)°n )
™ 2k sinh \/(2k + 1)272 — 20
__—4An?t . > 1 n t 1 e
u(z,t) = e " sm27rm+27rsm1nz::1(—1)" - [n27r2_n47r4 (1—e™™7 )] sinnrz
— 1 2,2
w(z,t) = (+1)1-2)+ Z - (e 2™t _1)sinnmx =
n=1
R (RS WA B Sl RS
— B e 3 sinnrz
4 6 12 ot
oo
+LZ(-1)" — 1] sinh(n+ 1 7l
ur) =3 A+ @O sishn+ )55 o Lyl
o (n+ $)n[(n + 1)2(:%5)? + 1] sinh(n + D 2’ In2

sin(2sinz) = 2 E Jog+1(2) sin(2k + 1)z
k=0

o (%)

— 1) sin wt

. C i
res.frekvar—ag n, darag,, n =1,2,...,
a

2, 8b2[(24 Y)a? —2b] ok
u(r,t) = 2/ _k e~ ()t
(r:?) 1; oi (4o} + b2)J0(ak) 0(

2
Jo(a) + ZaJ(')(a) =0.

_ Jn(wr)
Caco(r) = T.(@a) om J, (wa) # 0.
In(wr)
b. u(r,t) = Jn(wa) smwt+kz:1 ax sm—JN( .
till J,(x), och
2w @
= — Jp(wr
TG ,

L(F) . 7mz 1 10(2Lﬂ) 2z
u(r,z) = —===sin — — = = ———
22 = 7= M T T 27 (22
VT 12
16 —(3+6x— 5% )
3(22% + 12)
8
81(3: +12)
23— a4 33: — i

2 5 20

ar Jo:s positiva nollstllen.

5 ) daray, ardepos.ptternatill

) daray, ardepositivanolistllena

)Jn(%)rdT< = (w2a? — Zg)ﬁljn_,_l(ak))
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H}(0)=0, Hb,, (0)=2(-1)*2ED k=01,

2 3. .
u=-R’z+ (2 +y* +2%)2 - 2*

) 5
u(r0)—#(@—3a—b)+i<g—r)cosﬁ+
30 —a)\ r b —ad \r?
2v° , a° 9
+m(r —r—3)(3cos 0—1)
— 92 22
w(z, t) = 4kt +1 L—

(4kt + 1)5/2 ©

1, 4 4 [ n coshnz
=—(z°-1)+ — innyd
u(@,y) = g@" -1+ 7T/O A5 777 coshny Smydn

u(z, y) = 1 [ Sinhgyf(f)eigwd§( _ i/oo sin%y

27 |_. sinhéa 2a J_ cosh @ + cos ™

_ 0 nmw — Z(]. - (_l)n) inwt
y(t) = Z 2nm(n2n2 — 1+ z'mr)e

n=—0oo

n:;O
> > 2 2 2
Fy=2 ) [6(t—3n-1)=6t—3n)]= ) (e 5 —1)enst
1 e T 1 g
)= = in<gt
ft) =3+ n;m mr
n#0

f)ar)



