OPTIONER OCH MATEMATIK (CTH[T M A155],GU[M AM690])

LOSNINGAR

Skrivningsdag, skrivtid, sal: 20 maj 2006, 4 timmar, v
Inga hjilpmedel.

Varje uppgift ger maximalt 3 poing.

1. (The one period binomial model, where d < r < u) Consider a call with
the payoff Y = (S(1) — K)* at the termination date 1, where S(0)e? < K <
S(0)e*. (a) Find the call price IIy-(0) at time 0. (b) Prove that e™"Y > IIy(0)
if and only if S(1) = S(0)e".

Solution: (a) Let S(0) = s and S(1) = seX, where X = u or d. We have
Iy (0) = e ™" (qu(se” — K)* + q(se” — K))
= e_TQu(Seu - K)
where

r__ ,d

(& (&

ANSWER : TIy(0) = e "gqyu(se" — K)

(b) The event
[e7Y > TIy (0)] = [(S(1) — K)" > qu(se” — K)]

=[S(1) > K + qu(se" — K)] = [S(1) > (1 — qu) K + quse"]
=[X =u] =[5(1) = S(0)e"]

which proves the assertion in Problem 1(b).

2. A random variable X has the density function f(z) = %=e 2, z € R.
Find the characteristic function cx(§) = E [¢*¥] , £ € R.




Solution. By partial integration,
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=& { [—ei&”e_é + zg/ £ro=% dx} + 27re_%
=(1-¢ )\/271‘6_%.
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ANSWER : cx(&) = (1 —¢&He 7.

3. (Black-Scholes model) Suppose t; < t, < T and consider a financial
derivative of European type with payoff Y =| S(T) — S(¢.) | at time of
maturity 7" Find the delta A(t) of the derivative at time ¢ if

(a) t € |ti, T[. (Hint: Problem 5).

(b) t € Jto, t..

(c) Finally, compute A(t.—) — A(t.+).

Solution. (a) We have
Y = (S(T) = S(t.)" + (S(t.) = S(T)*
and, hence, for all t, <t < T,
Iy (t) = c(t, S(t), S(ts),T) + p(t,S(t), S(ts),T).
Thus by put-call parity,

Iy (t) = 2¢(t, S(t), S(t,), T) + S(t,)e " @Y — S(t) if t, <t < T



and we get
1 S(t) o? _
At) =20 | +(r+—=—)T—-1))—-1ift, <t<T
()= 28( el g (4 )T =)~ 1
— ANSWER
(b) Since
(b, S(t.), S(t.),T) = aS(t.)
where
1 0'2 _ T—t) 1 02
a=®(=(r+ =)VT —t,) —e " T 0(—(r — =)\/T —t,)
o 2 o 2

we get
Iy (t,) = (20 + e "7~ —1)S(¢,).

Thus by the dominance principle for all ty < t < t,,
Iy (t) = (2a + "I~ — 1)S(t)

= (2a+e"T7) —1)S(1)

and we have
A(t) =2a+ e T 1

— ANSWER

(c) From the above,

2

A(t—) — A(tat) = e T=1(1 — 28 (1(r — %) T-t,))

o

— ANSWER

4. Let W = (W(t))i>0 be a standard Brownian motion. (a) Prove that
W(s) — W(t) € N(0,] s—1t]). (b) Suppose a is a strictly positive real
number and set X = (\%W(at))tzg. Prove that X is a standard Brownian
motion.



5. (Black-Scholes model) Suppose 7 =T —t > 0 and

2

1 S o
d = — e E— .
1 Uﬁ(ln + (r+ 2)r)
Prove that
¢ 4.5, K. T) = B(dy)
88 ) 9y ) — 1) -

(Hint: c(t,s, K,T) = s®(dy) — Ke ""®(ds), where dy = d; — 0/7)



