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c > 0
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cv
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c < 0

 �Í$³�­O�
v
��²�³

cv
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w = 1

|v|
v
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v
��²�³

w
�& �­O�$�^­^����¡��m�����6����²�³

|w| =
1

|v|
|v| = 1.
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−→
AB
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B
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AC.

ïiI�W�Ü�L�Yb\cE�P�RTI@j�C�\�\�W(ñ




�

�v
w

v + w


 E�LJC�IJ_OC�I�WÛW�\J\i_(RTP�PTYOM)IJCa\FW�\J\
w
Ey�)I�U�WOIiR

B
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CaSÅH)M6j�\¸s6d�Y[P�R�H�_)CaYb\�M)I¶Y�W�SÊN�WOSºUJ�ÒWOPTPT\�RTj WOSb\�W�W�\�\¼j�CaSÒEG�)I�U�WOIFRACaSÅ_6R�L�L¼K���S�Y[\
C�k�\�C�IJL�M)Nëj�C�\�E�WOI�WqVOI`P
V�S�H)jºM6d�e�I�RTY[\�S�R�S�HqL�MON e�WOI«EyC�\¸s6j�C�PTL�COg��cM)NëR�e�zOH¶j�CaÜ�S�R��
\�R�M)S�CaS�W�_�W�\�\X\J_OzZ_OC�Yb\�M)IJC�I]VOIXP�RTY�W�g
�AI�M6j���Yb\�N^C�j�L�Y�WOP�VOI¼nmIJC�CaP�PT\«\�WOP
u«M6d�eÛWOj�j�RT\�R�M)S�Wv_º_OC�Yb\�MOI�C�IXk��)P UJC�I`j�C¼IJC�H)PTC�I`LJM)N
N�WOS VOI^_�WOSà_6R�j�LJY�WÊHbVOPTP
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c, d ∈ R
M6d�e

u � v
M6d�e

w
_)C�Yb\�M)I�CaIDW�\J\vñ

1. c(dv) = (cd)v.

2. (c + d)v = cv + dv.

3. c(v + w) = cv + cw.

4. v + w = w + v.

5. u + (v + w) = (u + v) + w.
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ex

ey

xex

yey P = (x, y)

O

v =

(

x

y

)
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x1

y1

)

+

(

x2

y2

)

=

(

x1 + x2

y1 + y2

)

c ·

(

x

y

)

=

(

cx

cy

)

∣

∣

∣

∣

(

x

y

)∣

∣

∣

∣

=
√

x2 + y2
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m× n
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m
�J­b¬6���¼��²�³

n
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3 × 3

®¸�^­O�m���� 
A
 ����F¦6�> ����





a11 a12 a13

a21 a22 a23

a31 a32 a33



 ,

¬b§O�
aij ∈ R
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i
¿] �·�­O�J­O�f�f���l�J­b¬6���.��²�³�¬6���

­O�G¬O�J­�¿
j
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A
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B
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A
��²�³

B
¿
C = A + B

¿A�6���4���
cij = aij + bij

¿`¬b§O�
cij

§O�Z��°����f�����
(i, j)

�
C
��²�³��f���� �·�­O�J­O�G¬6��Î����

A
��²�³

B
´

ÆDÇ?�(ÈÊÉA�(½�	 ÕÊ��¬Å­O�G¬O��­¹����¬w �Í¹§O���^­O�¨���� �­b¬b¬O���m�!��� ³���°Ñ�Z����¡b��°Ñ�q©�­O�J­Ò­O�m�¼�^­O�
­b¬b¬6���J­O�i�f���� �·�­O��­O�G¬6�¶��°����f�����>�f��¬f·�­O��­O�G¬O�J­bä

(

1 2
3 4

)

+

(

7 8
9 10

)

=

(

1 + 7 2 + 8
3 + 9 4 + 10

)

=

(

8 10
12 14

)

.
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A
·�­O�J­������^­O�m���� i��²�³^°±ÍO�

λ ∈ R
´ 
0�<¬6��Ì>���!����­O�AÉ�¥*�0Ã�â�¤4�v�(�

Ùb£
A
��²�³

λ
¿
C = λA

¿@�6���4���
cij = λaij

¿D¬b§O�
cij

§O�º��°����f�����
(i, j)

�
C
��²�³

�f���� �·�­O�J­O�G¬6��Î����
A
´

ÆDÇ?�(ÈÊÉA�(½ ��� ���q���
2 × 2

®¸�^­O�¨���� AÎaÍO�F·��

7 ·

(

1 2
3 4

)

=

(

7 · 1 7 · 2
7 · 3 7 · 4

)

=

(

7 14
21 28

)

.
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A
��²�³

B
·�­O�J­^�m·�Í��^­O�m���� ����i­O·q�mÏ ¯ m× n

����  ¯ ��¡��¨��·O� n× p
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A
��²�³

B
¿
C = AB

¿&�6���4���

cij =
n

∑

k=1

aik · bkj,
Î����

1 ≤ i ≤ m, 1 ≤ j ≤ p,

¬b§O�
cij

§O�q��°����f�����
(i, j)

�
C
��²�³��f���� �·�­O�J­O�G¬6�AÎ����

A
��²�³

B
´

ÆDÇ?�(ÈÊÉA�(½��ßËZ��Ì>�����m�!���4���^¡O­O�º·O����¡O­¶°Ñ���¸�i���f���¨��·O���J­b¬Z��²�³$¡b���� ��¨°±­b¬¶·��m¬$���DÎ����� �®
�!­�­O�G©�°Ñ�!²�¡�¿��f���f ����ë·��4¡b���$�f���]­O�m�< ��l§O�l¬6����·�§O°±¬O�±�O�<�G­O�¨¦6��°Ñ�±����²�³$³�­O�]�m����·�°Ñ�±�b­
�!�6���� �¡O­ ¯ ���a´������ 2 × 2

®¸�^­O�m���� �����ÎaÍO�F·��mä
(

1 2
3 4

)

·

(

7 8
9 10

)

=

(

1 · 7 + 2 · 9 1 · 8 + 2 · 10
3 · 7 + 4 · 9 3 · 8 + 4 · 10

)

=

(

25 28
57 64

)

��²�³
(

7 8
9 10

)

·

(

1 2
3 4

)

=

(

7 · 1 + 8 · 3 7 · 2 + 8 · 4
9 · 1 + 10 · 3 9 · 2 + 10 · 4

)

=

(

31 46
39 58

)

.
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B
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´	�4�JÍO�¹¬6��Ì>�����m�!���4���

Î���° ªv����¬6������²�¡� �Í¶­O�¨�
AB

³�­O�X°Ñ��¡O­¼�^ÍO�6�b­F��­b¬6���@ ����
A
��²�³Z°Ñ��¡O­¶�^ÍO�6�b­l¡b��°Ñ¦6�$�4���

 ����
B
´
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BDCaS k��OI�LJ\�W�Wv_xj�CaL�L�W�I�CaH)P�CaIlL�V�H)C�IFW�\J\Fj�C�S VOIFW�L�L�M6d�R�W�\�R±_Ånmj�C�\FL�KGC�P
W�IlR�S�HOC�S I�M)PTP
_�WOIAN�WOS$EG�)I�U�WOI&NZ��PT\�R�K�PTR�daC�I�W)u0_6R�PTYOC�\�VOIAP
zOS�HO\�R±k�I�zOS$��K�KyCaS6E�WOIJ\>k�I�z�S^j�CaÜ�S�R±\�RTM)S�C�S
M6d�e}M6C�IJe��)Ih\X_(RTYb\�R�HZk��OI�W�\�\�NZ��PT\�RTK�P�RTY�W�\�RTM)S�C�S^L�Y�W$_�WOI�W�WOSb_�VOS�j�E�WOI�g
{ÛW�S LJY6��P�P�C�H)R±_)C�\�_6R�L$Y[��S�S�WÊj�C�Ü�S�R�CaI�W C�S NZ��PT\�R�K�PTR�Y�W�\�R�M)S C�PTC�N^C�Sb\�_6RTL^R�W�S�WOP�MOH)R
N^C�jFj�C�Ü�S�RT\�R�M)S�C�Sik��)I|WOj�j�RT\�RTM)S

�
N�CaS¶j�C�S�S�W�M)KGC�I�W�\�RTM)SFVOI0R�Sb\�C>WOP�PTL?P�RTY�W@WOSb_OV�S�j�E�WOI

LJM)NQj�CaS�_6R(UJ��Lh\]j�CaÜ�S�RTC�I�W�\vg
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ØDR`YOM)N^N^C�I$R`j�C�\�\�WÊWv_6L�S�R±\�\$k��)I$CaS�YOCaP�e�C�\�L^L�Y[��PTPXW�\�\�RTS�L�Y[I�VOS�Y�WwM)L�L$\�RTP�P
2 × 2

�
N�W�\�IJR�LJC�I

�
N�CaSÛj�C�\DHbz�I]W�\�\cH)�)I�W�WOPTP
WZj�C�Ü�S�R±\�R�MOS�C�I�Nqs6d�YOC�\lN^C�IcH)C�S�C�I�CaP�P�W�M6d�e}_6R

z�\�C�IJYOM)N^N�CaI�\�RTP�P6j�Ca\J\�WFL�C�S�WOI�CcR�Y[��I�LJC�S?g6BDC�\«Y�M)N^N�CaI>W�\�\A\�WOP
WOLAMON�Wv_(E�R�P�j�S�R�S�H)WOI
M6d�e.C�S.Lhs(S�M)Sbs(N \�R�PTPcW�_6E�RTP�j�S�R�S�HbW�IfVOI^k���S�Yb\�RTM)S�CaI�g	�]VOIfj�Ca\�HbVOPTP�CaI^L�zÒY�WOP�P�WOj�C
PTR�S�U�VOI�WÒWv_6E�R�PTj�S�R�S�HbWOI n�k���S�Yb\�RTM)S�C�I�u�WOSb_OV�S�j�C�I�N�WOS#j�M6d�Y#W�_�\�I�W�j�RT\�R�M)S \�C�I�N^C�S
Wv_6E�R�PTj�S�RTS�HbWOIag
ìASx_)CaYb\�M)I (

x
y

) Y�WOSÛEyC�\�I�W�Y[\�WOLDLJM)N»C�S
2 × 1

�¸N�W�\�IJR�L�M6d�ex_(R<Y�WOSxj�z�\�C�ðÛNZ��PT\�R��
K�PTR�daC�I�WZCaS

2 × 2
�¸N�W�\�IJR�L«N�Caj�CaS�_OC�Yb\�MOI�ñ

(

a b

c d

) (

x

y

)

=

(

ax + by

cx + dy

)

.

��C�LJ��PT\�W�\�C�\DE�PTR�I�L�MON»Lhs6S�C�LlCaSxSbs}_OC�Yb\�MOI�g���\�Hbz�C�S�j�C¼k�I�zOS}j�Ca\J\�WfHO�)Ic_6R|k��)P U�W�S�j�C
j�C�Ü�S�R±\�R�MOS?g
���b�������*�m�G�����>� Ó(���J­ ���

2 × 2
®¸�^­O�¨���� 

A =
(

a b
c d

) ´�� Ù���¥��mî�Ùb£ �<�¨½mÃ<���m��Â~�6�
È ÙDÉ

A
¬6��Ì>���!���J­� ¶¬bÍ� ����

v =

(

x

y

)

7→ Av =

(

a b

c d

) (

x

y

)

=

(

ax + by

cx + dy

)

.
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ÆDÇ?�(ÈÊÉA�(½�� Þ?ÍO�
A =

(

2 0

0 2

) ´�Ë¶Íº§O�

A

(

x

y

)

=

(

2 0
0 2

) (

x

y

)

=

(

2x
2y

)

,

 �Í
A
¬O¦�©�©�°±­O�F°±§O�6�b¬6��� ��²�³Û©���·�­O��­O�i����¡��m�����6�6��� ­O·�­O°�°±­�·O��¡��¸�������a´

���b�������*�m�G���ßÞ0ÍO�
V
·�­O��­l�^§O�6�b¬6����­O·]­O°�°±­l·O��¡��9�������a´(�@�f­O·�©���°±¬O�����6�c �§��6�� «·�­O�J­

½m�¨����Á�¥Û���

f(u + v) = f(u) + f(v),
Î����¶­O°�°±­

u,v ∈ V,

f(cv) = c · f(v),
Î����¶­O°�°±­

v ∈ V
��²�³

c ∈ R.

ÆDÇ?�(ÈÊÉA�(½�� éy§O�¨�
f(v) = 2v

´�Ë¶Íf§O�
{

f(u + v) = 2(u + v) = 2u + 2v = f(u) + f(v),
f(cv) = 2(cv) = (2c)v = c(2v) = c · f(v),

 �Íº­O�m�
f
§O�F°Ñ���vªa§O��´

ØDR�L�zOH¼e�VOI�W�\J\Ak���S�Yb\�RTM)S�C�S^L�MON2j���E�E�P
WOI>C�S�_)CaYb\�M)I«VOI>E�zOj�C�CaSfP�RTS�U�VOI&W�_6E�RTP�j�S�R�S�H
M6d�e C�S NfW�\�I�RTL�Wv_6E�R�PTj�S�RTS�H�g��cL�U�VOP±_OWf_OC�IJYOCa\¶VOIiEGC�HOI�C�K�KyCaS N�W�\�I�R�L�Wv_(E�R�P�j�S�R�S�H^M6d�e
PTR�S�U�VOI]Wv_6E�R�PTj�S�R�S�HfC�Yb_6RT_�WOPTC�Sb\�W n�M(d�ewR�k�M)IJ\�L�V�\J\�S�RTS�H)CaSxYOM)N^N^C�ID_6R�W�\�\iY�WOPTP
W�j�C�N
k��)IXPTR�S�U�V�I�WZWv_6E�R�PTj�S�RTS�HbWOI�u�ñ

�4Ù��*î�� 
�­O��ªv���^­O�¨���� �­O·�©���°±¬O�����6�l§O�>°Ñ���vªa§O�@��²�³$���$·�§O���4§O�>·�­O��ªv��°Ñ���vªa§O��­O·�©���°±¬O�����6�
���x�^­O�m���� �­O·�©���°±¬O�����6�b´
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ìAS�S�W�\���I�P�RTHqk�I�z�HbW$NfWOS�M�k�\�W$LJ\�VOP�PTL`R�S�k��OIXVOIcW�\�\�e�RT\�\�WZNfW�\�I�RTL�CaS�L�M)NQLh_�WOI�WOI�N^MO\
CaSwH)RT_OC�SxPTR�S�U�VOIcWv_6E�R�PTj�S�RTS�H�gGì�\�\lLh_�WOIle[��IlN�WOSÛY�WOSÛH)�)I�W^Ü�S�S�LlR�k��)P U�W�S�j�C¼C�S�Y[P
W
M6d�eÛW�S[_�VOS�j�E�WOI�W�L�W�\�Lag

�4Ù��*î�Ý����ZÙ�îvî�Ù��*îa�(���#ç`�
f
§O�Z���w°Ñ���vªa§O�¼­O·�©���°±¬O�����6�� �ÍZ�6�� ¼�^­O�m���� ����qÎ����

f
�Ö�

©�­� ����
(ex, ey)

¢f­O·
(

f(ex) f(ey)
)

,
¬A·| `Î����� ��!­�¡b��°Ñ¦6�$�4��� �6�� �­O·�©���°±¬6����­O·

ex

¦6�G¬6���
f
��²�³Å¬6����­O�G¬O�J­�¡b��°Ñ¦6�$�4���

­O·�©���°±¬6���w­O·
ey

¦6�G¬6���
f
´

ÆDÇ?�(ÈÊÉA�(½��ßÞ?ÍO��ÍO�¸�����±�6���
f
·�­O�J­«Î�¦(��¡��m�!���4���f ���� ¬O¦�©�©�°±­O��·�­O��ªv�c·O��¡��¸���a´ 
|�|·O���

ª�¦�����¬b­O�Û�^­O�m���� �����¿��f���}·��� �¡O­$��°�°Ñ¦[ ��m�����J­��]­� � �­O�� ����º�6���4��� ­O�m��¦6�m��Ï��m� ªa­�¬6�����G­
Î����¼­O�m�X©��� ��!§O�$�^­��^­O�m���� ����G´�
|�&³�­O�¼­O�m�

f(ex) = f

((

1
0

))

=

(

2
0

)

,

f(ey) = f

((

0
1

))

=

(

0
2

)

,

 �Í��^­O�m���� ������6�� q­O·
(

f(ex) f(ey)
)

=

(

2 0
0 2

)

.


