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FHGJI=K1LNM)LPOQKSRSTCUWV
v1 X�Y�Z v2 []\W^_\ V [ U [W`�a V X]^�`�^cb1dfeg[W`�a V X]^ v h U@i X]^kjl`�e

v = av1 + bv2,mJn ^ a, b ∈ R aW\WoNop\]q m U4isr ^@`�e$t LPK'u�v�w]xyOQz|{%LPK~}�M)L�O�K�}J� v1 X�Y�Z v2 by��`�^�\WoNo�j n e V
q U aW\WoNop\]q�`�e|[W`�a V X]^ v h U�i X]^kjl`�e

v =
n

∑

i=1

aivi,

mJn ^ ai ∈ R
isr ^-`�e�o��Nes� n ^�aJX]j����NeQ\ V �!X]e�\W[ {vi} b�:�AG'z���G t RSTAUWV

v1 = ex X�Y�Z v2 = ey bC� U n ^D`�e�o��Nes� n ^�aJX]j����NeQ\ V �!X]e�\W[ ex X�Y�Z
ey `�e|[W`�a V X]^

v = aex + bey = a ·
(

1
0

)

+ b ·
(

0
1

)

=

(

a
b

)

.

� �%q�`�^�Z n ^D\WoNo V q U \ VPV []\W^N�s` 2 � [W`�a V X]^ n ^-`�e|o��Nes� n ^�aJX]j����NeQ\ V �!X]e�\W[ ex X�Y�Z ey b� j�[�����q V n oNo�` V4V \W^ ex X�Y�Z ey � V ^�` m �Njl`�e�q��!X]e�`�^@q U�icU ^D[��
v = aex + bey = a ·





1
0
0



 + b ·





0
1
0



 =





a
b
0



 .

� oNop\�o��Nes� n ^�aJX]j����NeQ\ V �!X]e�`�^ n ^�� m ` V Z n ^ i \WoNo�` V \WoNo V q U [W`�a V X]^�`�^keQ\�� xy ��h op\We�` V bFHGJI=K1LNM)LPOQK���� ��q n�� `�^D\ VPV [W`�a V X]^�`�^keQ\ v1, . . . ,vn

n ^�t L K¡u�v�w�M$Oy{�G�w)OAG¡K�¢~G X]j
`�e m \�o r q�e��Ne � `�e {ai}

V �NoNo
n

∑

i=1

aivi = 0

n ^ m `�e V ^k�N[��P\Wop\�o r q�e��Ne � `�e a1 = a2 = · · · = an = 0 b � j m `H�Ne V ` n ^Ho��Nes� n ^ V
XW��`�^�X�`�e m `:q U q n�� `�^�[���\ VPV m ` n ^�t LPK'ucv�w�M£{�G¡w)OAG¡K1¢1G b�:�AG'z���G t ��� `�a V X]^�`�^keQ\ ex X�Y�Z ey

n ^�o��Nes� n ^ V XW��`�^�X�`�e m ` VP¤

0 = aex + bey =

(

a
b

)

,

[��No¥aJ` V `�e m \]q V Z�\W^�o r q�e��Ne � `�e a = b = 0 b¦Dw)OQ��OQ§sLNM)L�OQKSR©¨ [ U [W`�a V X]^�`�^ v1,v2 6= 0
n ^�o��Nes� n ^ V ��`�^�X�`�e m `ªX]j«X�Y�Z¬`�e m \]q V

X]j m ` n ^ h \W^_\WoNo�`�oNop\Jb `�[���q�bª®@¯�°�±W²�³�´(µ_¶_°�±�±�°_° v1 ·¡¸�¹ v2 º�µ¼»¾½�¯]¿�ºWµ>°�À�Ácµ�·¡Á�¯�Â�Á�Ã'ÂÅÄ¼¶ÆÂ�Á�°fÇ�¯�¯�¶ (a, b) 6=
(0, 0) ¶�ÈWÂ�±W¯�±�±�°�° 0 = av1 + bv2 É�Ê:½CË]±W¯�±W¯J°�±�±�°�° a 6= 0 ÉyÌ@Ác°�²(Á�µ

v1 = − b

a
v2

·¡¸�¹g±�»�»¾°�¶�È-º�µ v1 ·¡¸�¹ v2 Í�±Wµ�±W»¾»�Ác»�»
±'ÉÎ�Ï Ä�ºW¯J°H¶�ÈÐ±�¯�°�±W²Ð±�°�° v1 ·¡¸�¹ v2 ºWµªÍ�±�µ�±W»¾»�Á�»¾»
±�É�Ì�ÈÑºWµ v1 = kv2 ³�´(µª¯�ÈW²(·W°
k ∈ R \ {0} ¶�È

0 = v1 − kv2

Ä¡½�»¾ËWÁ�°ÆÄ'½¾¶�±Wµ�±]°�° v1 ·'¸�¹ v2 ºWµ�»�½¾¯]¿�ºWµ_°fÀ�Ácµ�·¡Á�¯�Â�ÁWÉ
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� È�¶�± Ï�Ï ±-¶�º]°�°�Ë]±W¯ Ï ±W¯ ·¡¸�Ë�¶�È$Ä'½¾¶�±-³�´(» ¿�±W¯�Â�Á Ï Á�µÆ²(Ác¯�Á�µ_Á�»¾»
±-µ�Ác¶���»p°�±�°��
¦Dw)OQ��OQ§sLNM)L�OQK���� `�a V X]^�`�^�eQ\ v1, . . . ,vn

n ^:o��Nes� n ^ V ��`�^�X�`�e m ` X]j X�Y�Z `�e m \]q V X]j
`�e \W[ m `�j aW\We�� VPV ^ ¤ Y�aW\]q q�X]j `�e�o��Nes� n ^�aJX]j����NeQ\ V �!X]e|\W[ m `�\We m ^_\Jb
�:�AG'z���G t	� ¨ \ � v1 = ex, v2 = ey X�Y�Z v3 =





2
1
0



 � V ^�` m �Njl`�e�q��!X]e�`�^cbC� U n ^

−2 ·





1
0
0



 − 1 ·





0
1
0



 + 1 ·





2
1
0



 = 0,

q U v1,v2,v3

n ^ o��Nes� n ^ V ��`�^�X�`�e m `�bC�-`�q�q
� V X]j icU ^ [�� V `�� \ VPV

v1 =





1
0
0



 = −1

2





0
1
0



 +
1

2





2
1
0



 = −1

2
v2 +

1

2
v3

� `�e�X]j \ VPV o r q�\� V v1 b
FHGJI=K1LNM)LPOQK

�
� `�a V X]^�`�^keQ\ v1,v2, . . . ,vn q n�� `�q�� V � r ^_\�`�e {1}�§ X]j []\W^N�s`�[W`�a V X]^

aW\We�q�a]^k�N[]\]q�q�X]j `�e$o��Nes� n ^�aJX]j����NeQ\ V �!X]e-\W[�[W`�a V X]^�`�^keQ\ v1,v2, . . . ,vn h U ` V V �'e���a V
q n VPV b � j v1,v2, . . . ,vn

n ^�`�e���\]q�X�Y�Z
v =

n
∑

i=1

aivi

q U q n�� `�^ [��4\ VPV (a1, a2, . . . , an)
n ^ v � q xyOAOyw�¢1LPK1}�MsG¡wlL¼{1}�§�G¡K {vi} b

�:�AG'z���G t�� � �%Z�\W^ V � m � � \W^�` �Ne isr ^ V ��\]q�`�e (ex, ey)
isr ^D\WoNop\ 2 � [W`�a V X]^�`�^-X�Y�Z V �NoNo �

Z r ^_\We m `�aJX�X]^ m �NeQ\ V q ¤ q V `�j�b%��`�e�j�\We|aW\We V \ [��No¥aW\ V [ U [W`�a V X]^�`�^Dq�X]j�Z�`�o¥q V q�X]jn ^ 6= 0 X�Y�Zg`�� h \W^�\WoNo�`�oNop\ªX�Y�ZHo UWV \ m `�j��
V � r ^�\H`�e|��\]q�b TAUWV4V `�� v =

(

2
1

) �4��\]q�`�e
(ex, ey) b1� U n ^

v = 1 · v + 0 · ey

q U ����\]q�`�e (v, ey) Z�\W^ v aJX�X]^ m �NeQ\ V `�^ (1, 0) b � �%Z�\W^�X�Y�a�q U

ex =
1

2
v − 1

2
ey,

q U ex Z�\W^�aJX�X]^ m �NeQ\ V `�^�eQ\ (1/2,−1/2) ����\]q�`�e (v, ey) b
� ´W» ¿�±W¯�Â�Á�Í�µ�·(ÍQ·(¶�½p°�½¾·(¯Ñ²(Á�µ�Ác°�°l±W»p°�Á�µ_¯�±�°�½¾Ä�°£Ä'½¾»�»¾ËW·(µ-³�´(µ�Á�¯ Ï ºW¯�²(ÂÐÄWÁ�ËJ°�·Wµ�Á�µª±�°�°
��°�²(´(µ�±£Ác¯ À�±W¶�É
¦Dw)OQ��OQ§sLNM)L�OQK

�
� `�a V X]^�`�^�eQ\ v1,v2, . . . ,vn �

V � r ^D`�e ��\]qDX]j�X�Y�Z�`�e m \]q V X]j m `n ^£o��Nes� n ^ V XW��`�^�X�`�e m `ªX�Y�Z�[]\W^N�s`�[W`�a V X]^-aW\We q�a]^k�N[]\]q-q�X]j«`�e¬o��Nes� n ^�aJX]j����NeQ\ V �!X]e
\W[ m `�j�b



���������
	����������������������
�! #"$�%�'&(&)� �

� K1z v�w)xCK1L K�� R � �~Z�\W^ V � m � � \W^�`�\We�[ n e V ��` � ^�` hJh ` V m �Njl`�e�q��!X]e � V \We|\ VPV � `:e U �� X]e i X]^�jl`�oNo m `��4e�� V �!X]eQb=d¼e eQ\ V �¡^ko�� ��m `��4e�� V �!X]e¬\W[ ��` � ^�` hJh ` V n ^�Z�`�o V `�e�aJ`�o V \ V V
o UWV \ m �Njl`�e�q��!X]e�`�e�[]\W^�\l\We V \Wo�` V `�o�`�jl`�e V �f`�e ��\]q�b~�-` VPV \£q V n j$jl`�^ r [W`�^�`�e�q�jl` m
[ U ^@�Ne V �¡� V �N[]\ � hJh i \ V V e��Ne � \W[ m �Njl`�e�q��!X]e isr ^ h op\We�` V�� q�X]j©\WoNo V q U Z�\W^ 2 ��\]q�[W`�a V X �
^�`�^	�ªX�Y�Z�^ �'j$jl` V
� q�X]j Z�\W^ 3 ��\]q�[W`�a V X]^�`�^	�Wb

� 5%;�/2�3��@3�6�����5f<
FHGJI=K1LNM)LPOQK

�
TCUWV

u X�Y�Z v []\W^_\ V [ U [W`�a V X]^�`�^HX�Y�Z�o UWV α []\W^_\gj$�Ne�q V \g[��Ne�aJ`�o�e
jl`�oNop\We m `�j�bC� U m `��4e��!`�^_\W^�[�� §�x'} t v�w]�1w)OC¢��1x�MsG'K u · v � `�e�X]j

u · v = |u||v| · cos α.

�:�AG'z���G t�� � � V � VPV \W^ h U�isr o �c\We m ` V [ U `�� V ^�`�j�\�`��'`�j h `�o �
� b TAUWV u []\W^_\�[��No¥aJ`�eg[W`�a V X]^�q�X]j Z�`�o¥q V b~� U n ^

u · u = |u||u| · cos 0 = |u|2.
� b � e V \ � \ VPV u,v 6= 0 b~� U �Jn oNo�`�^ \ VPV

u · v = 0 ⇔ |u||v| · cos α = 0 ⇔ cos α = 0

[��No¥aJ` V n ^-`�a][��N[]\Wo�`�e V jl` m \ VPV u X�Y�Z v
n ^-X]^ V X � X]eQ\Wop\Jb

Î À�¶_Á�µ_ÄWÁ�µ�±D±]°�°�¶�Ë]±W»
º�µ�Í�µ_·'Â ��Ë�°�Á�¯£±sÄ °�Ä�È@ÄWÁ�ËJ°�·(µ_Á�µ4ºWµ�Ác°_°=µ�ÁcÁ�»¾»¾°1°�±W» Ã�½¾¯�°�ÁfÁc¯�Ä(ÁcË�°�·(µ�É� Ë]±W»�ºWµ�Í�µ�·¡Â ��ËJ° ºWµ ±W»¾»¾°�¶�Èl½¾¯�²(Á�¯|·WÍ�Ácµ�±�°�·(µ�Í�È Ï º�¯�²(Â�Ác¯ ±�ÄgÄ(Á�ËJ°�·(µ�Ácµ�É � Ë]±W»�ºWµ�Í�µ_·��
Â ��Ë�°�Á�¯ ��Í�Í�³��¡»�»¾Á�µf³�´W» ¿�±W¯�Â�Á�µ�ºWË�¯�Ácµ�Á�²W»�Á�µ �* É u · v = v · u É
� É (cu) · v = c(u · v), c ∈ R É
� É u · (v + w) = u · v + u · w É

Ì:Á °�Ä�È�³�´(µ_¶_°�±�³�´(» ¿_Ácµ@Â�½�µ�ÁcËJ°:³�µ�È�¯�Â�ÁcÇ�¯�½¾°�½�·(¯�Ác¯AÃ Ï Ác¯�Â�Ác¯�°�µ�ÁcÂ]¿_Á$ºWµ�²J±W¯�¶�Ë]±lËW· Ï �
Í�»¾½�¸cÁ�µ�±�Â �P¶_Á�À�·WËWÁ�¯H¶_½�Â�±�¯ �"!$# É � Ë]±W»�ºWµ�Í�µ_·'Â ��ËJ°�Á�¯ªºWµÅÁ�¯�ËWÁ�»A±�°�°fµ�ºWË�¯�± ��°Å· Ï Ï ±W¯
¹�±�µÅÄ(Á�ËJ°�·(µ�Ácµ�¯�±�²(½¾Ä¡¯�±$½AË�·'·(µ_Â�½�¯�±�°�Ácµ Ï ±=Í�Á�¯ Î&% � À�±�¶�É
' }�M)§�R � e V \ � \ V V u X�Y�Z v Z�\W^�aJX�X]^ m �NeQ\ V `�^keQ\ (

x1

y1

) ^�`�q h `�a V �N[W` (

x2

y2

) �f`�e �)( �
��\]q (e1, e2) b1� U �Jn oNo�`�^D\ V V

u · v = x1x2 + y1y2.

 `�[���q�b$Ê�½�³PÈWµ Ï ¹�±Dµ�ºWË�¯�Á�µ_Á�²(»¾Á�µ�¯�±D·�Ä�±W¯�·'¸�¹ e1 ·e1 = e2 ·e2 = 1 ·'¸�¹ e1 ·e2 = 0

±�°_°
u · v = (x1e1 + y1e2) · (x2e1 + y2e2)

= x1x2(e1 · e1) + x1y2(e1 · e2) + y1x2(e2 · e1) + y1y2(e2 · e2)

= x1x2 + y1y2.

�
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�:�AG'z���G t�� � �f[��NoNo���`�^ n a]eQ\�[��Ne�aJ`�o�e�jl`�oNop\We [W`�a V X]^�`�^keQ\ jl` m aJX�X]^ m �NeQ\ V `�^keQ\ �
e U � X]e �)( � ��\]q � �N[�eQ\ª\W[ (

2
1

) ^�`�q h `�a V �N[W` (

3
4

) b� ^ U e u · v = |u||v| · cos α
icU ^ [��

cos α =
u · v
|u||v| =

2 · 3 + 1 · 4√
22 + 12 ·

√
32 + 42

=
10√
5 · 5

=
2√
5
.

� oNo V q U n ^ α = arccos 2
√

5
b

� K1z v�w)xCK1L K�� � ��X V q�[]\W^_\We m `�^�`�q
�¡o V \ V �Jn oNo�`�^£� 3
� X�Y�Z n [W`�e �fZ r � ^�` � m �Njl`�e �

q��!X]e�`�^cb4�-` V n ^�j ¤ Y�aJ` V [���a V � � V \ VPV ��\]q�`�e n ^ªX]^ V X]e�X]^kjl`�^_\ m b ¨ � VPV \�`�e � U e � V �NoNoh U ��`�[���q�` V X�Y�Z r [W`�^ VP¤ � \ m � � X]j m ` V V \JbFHGJI=K1LNM)LPOQK � TCUWV
v []\W^_\�`�e [W`�a V X]^HX�Y�Z L `�e o��Nes�s`�b¼�-`�e Oyw�M�O �yO�K~} t } �1w]O��

u�G�x�M�LPOQK~G'K \W[ v h U L � vL � m `��4e��!`�^_\]q�q�X]j m `�e�[W`�a V X]^:q�X]j n ^ h \W^_\WoNo�`�oNoAjl` m L

X�Y�Zªq U m \We|\ V V
vL · (v − vL) = 0.

v

vL L

' }�M)§�� TAUWV
e []\W^�\¬`�eS`�e�Z�` V q�[W`�a V X]^ h \W^_\WoNo�`�oNofjl` m o��Nes�s`�e L b��-`�eSX]^ V X � X]eQ\Wop\h ^�X/�s`�a V �!X]e�`�e|\W[ v h U L

� `�q \W[
vL = (e · v)e.

 `�[���q�b Ê:½ÅÄ(Ác°l±�°_° vL = t · e ³�´Wµ�¯�ÈW²(·W° t ∈ R Ác³N°�Á�µ_¶�· Ï e ·¡¸�¹ vL À�ÈWÂ�±�ºWµ
Í�±�µ�±W»¾»�Á�»¾»
± Ï Á�Â L ÉfÊ:½�Â�±Wµ_Á�ºWµ 0 = e · (v − vL) Í�ÁcµªÂ�ÁcÇ�¯�½¾°�½�·(¯�±�Ä�·(µ_°�·(²(·(¯�±W»
Í�µ_·]¿_Á�ËJ°�½�·(¯AÉ'Ê�½A³PÈWµ

0 = e · (v − vL) = e · v − e · vL = e · v − te · e = e · v − t.

®@»�»¾°�¶�È$ºWµ t = e · v ·¡¸�¹ vL = te = (e · v)e É �

�:�AG'z���G t��  `�q V n j m `�eHX]^ V X � X]eQ\Wop\ h ^�X/�s`�a V �!X]e�`�el\W[�`�e � X m V ¤ Y�a]o�� � [W`�a V X]^ (

x
y

)

h U o��Nes�s`�e h \W^�\WoNo�`�oNo�jl` m v =
(

1
1

) b( X]^kjl`�^��Ne � \W[ v
� `�^

e =
1

|v|v =
1√
2

(

1
1

)

.

	 ^�X/�s`�a V �!X]e�`�e|\W[�`�e|[W`�a V X]^ (

x
y

) � `�q�\WoNo V q U `�e�o�� � V q�\ V q�`�e X][]\We \W[
vL =

[(

x
y

)

· e
]

e =

[

1√
2

(

x
y

)

·
(

1
1

)]

1√
2

(

1
1

)

=
1

2
(x + y)

(

1
1

)

=
1

2

(

x + y
x + y

)

=
1

2

(

1 1
1 1

) (

x
y

)

=

(

1/2 1/2
1/2 1/2

) (

x
y

)

.

� �4q�`�^-\W[ m ` VPV \ \ VPV m `�e�eQ\ h ^�X/�s`�a V �!X]e n ^�`�e�o��Nes� n ^-\W[]���No m e��Ne � X�Y�Z m ` VPV \ �Jn oNo�`�^isr ^ X]^ V X � X]eQ\Wop\ h ^�X/�s`�a V �!X]e�`�^l��\WoNo�j n e�Z�` V b �)� ��q�\ m ` V V \ � `�e�X]j \ V V �Nj$� V `�^_\ m ` V
Z n ^�`��'`�j h o�` V jl` m v �

V � ¤]V V jlX V `�e � X m VP¤ Y�a]o�� � [W`�a V X]^cb �


