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f B(C�D g E�FHG�F A E ?JILK�MON�P G�FQF�E6R KLI�S�M�K�M�T F�GVUQW S UXB A�Y E�FHG�F M�S WZUXF A G K�Y W�G A B6C�D

B [�\ K^]_? G S�?
f ◦ g(x) = f(g(x)) = f(Bx) = A(Bx) = (AB)x,

Y�? F A�A`Y FHUQUJF M�Y�P�AaA�M�KLM�T W M�P GbB(C�c Y�? W MdI�K�M)N�P G�F�E6R KLI�S�M�K�M�T B(C�D S W M D�FHGeUXF A G K�Y W M
AB [
fdgihkj�l)mngiopg@qsrutZv�wyx{zO|Owp}6~�zHw_w

AB 6= BA � zH����~Q�H����v�w��6v���zHw_w � zH����~Q�H����v�w�H�
f ◦ g 6= g ◦ f �

�4�y� h�� �(� ru�y�Hw
f ��� � g � zH�azJ� � w�zHw �!� ��|O� � �6� � � � � �Q�^� ��zH�^v�wb~Jv�� s

��v�� � v�|Ow ��� v
t
�az�� � zH�^v���~ � w_}(��� � t����H���6v��azO��~ � w�� � zH�azH� �6v�~QzHw_� � ��v��

A =

(

cos s − sin s

sin s cos s

) ��v�� � v�|Ow ��� v B =

(

cos t − sin t

sin t cos t

)

.

¡ zH~$~QzH�����Hw_wp� � �6�6v�� f ◦ g ¢ = g ◦ f £ �H�8¤¥}d� � w�zHw �!� � s + t
�az�� � zH�^v��4~ � w_}(���¦��� ���~Q�O��w§v¦��z

AB =

(

cos(s + t) − sin(s + t)
sin(s + t) cos(s + t)

)

.

¨ v��©��zH~$w � � � �Hw8���Vx{�H� ��� �6v�� � ~ªzHwpwb~$}(��w �«� � �!� v��azX~QzHwp� � ��v��¥� z�zHw_w

AB =

(

cos s − sin s

sin s cos s

) (

cos t − sin t

sin t cos t

)

=

(

cos s cos t − sin s sin t − sin s cos t − cos s sin t

sin s cos t + cos s sin t cos s cos t − sin s sin t

)

.

¬ �a�H��6v�w_w�z;x{�H� ��� �6v�w_� � � � � � ~Jv�wp� � ��|Hz � �6v���w � w<v�w§v��¥� z
cos(s + t) = cos s cos t − sin s sin t

sin(s + t) = sin s cos t + cos s sin t.
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M =
(

a b
c d

) [�±`W A G�F�c A F S²Y B�U ILK�MON�P G^F³E(R K�I�S�M�K�M�T-Y�? F³E6R KLI�S FHG M W M D�W A�Y c�EHF S G�FO´A W M¶µ�? W M¶µ FHG�F I�I W I�I B T G�F�U Y B�U Yaµ�PHM�M�Y F³E�EHW�c A BHG�W�G M F u B6C�D v

u

v

D
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S�P G u =
(

a
c

) B6C�D v =
(

b
d

) [��4GaW³F M F³E µ FHG�F I�I W I�I B T G�FHUXUQW M D
′ �

A(D
′

)
� T W Y F³E

A(D
′

) = |u||vL|

S�P G vL

P G S W M B�G A B T B M F I F µ G�B N W{c A�K B M W M F³E v

µ�?�I�K�M)N W M L
Y B�U P G8B�G A B T B M F I UQB A

u [�� M G K c A�M�KLM�T�Y E�W�c A B�G ]�� G L F³E I�PHM�T�S 1
T W Y F³E

e = ±
1

|u|

(

−c

a

)

.

��	 W{C�c M W A R W{G�B�G µ�?�
 B�G K W M�A W{G K�M�T W M� F�E u B(C�D v [��b\ Ky]_? G F I�I�A�Y�?
A(D

′

) = |u| |vL| = |u| |(v · e)e| = |u| |v · e| |e|

= |u|

∣

∣

∣

∣

1

|u|

(

b

d

)

·

(

−c

a

)
∣

∣

∣

∣

=

∣

∣

∣

∣

(

b

d

)

·

(

−c

a

)
∣

∣

∣

∣

= |ad − bc|.

�d��� gio��)o�� guru�n�Hw
M =

(

a b
c d

) ���@� �6v��2� � v��azH�V���$�6v�w<v��¥~ � � zH��w§v�� z � M � det M �� � ~
det M = ad − bc.

�n� � �³x��O� ��� |�������v�w§v � |O� � �6�6v��
∣

∣

∣

∣

a b

c d

∣

∣

∣

∣

= det

(

a b

c d

)

.

\�F S D PHM�S W{G8B�U E K(K�Y A�PHILI W AiA F�G&W M GaW�c A F M�T W I UXW S$Y�K�S B�G M F sex GaW Y�µ W�c A�K E�W tey � � BR KLI�S W M c�B�UQUXW{G S�? F AaA E�FHG�F µ F�G�F ILI W ILI B T G�FHUQUXW M²Y B�U Y�µ�P�M�M�Y"!�µ�µ F³E su B(C�D tv [# W A�A F P G Y F�UXUXF µ FHG�F I�I W I�I B T G�F�U UXF M ]_? G�B�U UXF M F�E6R KLI�S F�G W M D�W A�Y c�E�F S G�F A W M
UQW S UXF A G K�Y W M M ′ =

(

sa tb
sc td

) Y�? F A�A µ F�G�F ILI W ILI B T G�FHUQUXW M cHB�UQUXW{G F A�A D�FQF�G�W³F M
|det M ′| = |sa · td − tb · sc| = |st| · |ad − bc| = st| detM |.

\ K^]_? G F ILILA�Y�?
�4GaW³F M F³EdR K�ILS W M

�4GaW³F M F³EdG�W{c A F M�T W I�M =
|st| · | detM |

|st|
= | detM |.

$ F M c�F M E KLY FdF AaA�Y F�UXUXFJG�W Y%!�I�A F A4T�PHILI W�G ]�� G¦UQW�G4cHB�U µ�I�K C�W{G�F S W�B�UQG ?HS W M B6C�D
E K D�FHG ]��HI N F M�S W I�KLA W¦B µ GaW�C K�Y F Y F A�Y [
&(')�+*¶r-,4��w!z��zHwpw

D
�H��v�wpw/.���� �H����w ��� ��10����H� � �Hw%2 � ~$�a���6v �&� ��zH�^v�w ��� ����Hw D′

� zH�az3� � ���6v�� z � D
}6� �6v����6v�� � � �³¤{�H�azz � � � ���H� � �6�6v�� � ��� v�� z � ~QzHw_� � ��v�� M � t ����H����v�� zHw_w ,4��v�zH� z � D′,4��v�zH� z � D

= | detM |.

# W A W{G�U K�M F A W M�Y FHR Y B I4!(A R W I B µ�µsT W�GXF I�I�A�Y�? FHGaW³F ]�� G PHM�S G K�M�T W M D�B Y W M ILK�MON�P G�F�E�´
R KLI�S�M�K�M�T [
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�4�y� h�� �(��� �y�Hw
M � zH�az$~QzHwp� � ��v���x��O��v�� � � w!zHw �!� � t

��z�� � zH�^v��;~ � wp}6��� � t��ex{�H�
��� ~Jv��Q�¥¤{�H� � z � �6v��2� � w �!� �^v���z � �6v�w<v��¥~ � � zH��w ��� � w_� � � � � � ~Jv�wp� � ��|Hz v�w_w�zH� zHw_w

det M =

∣

∣

∣

∣

cos t − sin t

sin t cos t

∣

∣

∣

∣

= cos2 t + sin2 t = 1.

,4����w����Vx��O�a�H� �H�azH�²v��� � w!zHw �!� � � ��w<v�zH��v�zH� ¢L� ��v ��� �¦� � ~ ��� ~ � ����w��H��|Ow§v � v�����v���� £H��y�Hw���} � ��w!�H����v�w M � zH��zJ~QzHw_� � ��v��²x��O�4��|HzH��� � �6�X~Jv�� v��Zx{zO|Ow � �4� � t����H�

det M =

∣

∣

∣

∣

s 0
0 s

∣

∣

∣

∣

= s2,

v�����v���~Jv���zH� �H�az � �a�Q���d�H��� zH��v�zO��|HzH��zH� | � z��H�azHw§v�� z � ���H�6���O��|HzH��zH��� �
	 �HI N F M�S W G P c M W{G�W THI W�G ]�� G S W A W{G�U K�M F M�A cOF M UJF M�I�P�A�A E K�Y F T W M B�U S�K GaW�c A G P c M�KLM�T [
* [ det

(

cu v

)

= c · det
(

u v

)

� [ det
(

v u

)

= − det
(

u v

)

� [ det
(

u v + w

)

= det
(

u v

)

+ det
(

u w

)


 [ det
(

u u

)

= 0

� [ det M = det M t

�;P G-R W A�6S W�G (

u v

) S W M UXF A G K�YeY B�UªD�FHG u B6C�D v

Y BHU Y�KLM F$cHB I B M�M W{G�[
�d��� gio��)o�� g � tZv�w<v��¥~ � � zH��w§v���x��O�Zv�� 3 × 3 �

~QzHwp� � �;�6v���z �
∣

∣

∣

∣

∣

∣

x1 x2 x3

y1 y2 y3

z1 z2 z3

∣

∣

∣

∣

∣

∣

= x1(y2z3 − y3z2) + x2(y3z1 − y1z3) + x3(y1z2 − y2z1).

\ K&Y cOF Y W M FHGaWZE KLY FdF AaA�S W A W�GaU KLM F M�A W M�]�� G¦W M 3 × 3 ´§UXF A G K�YVY�µ W I FHG Y FHUXUXFJGaB I�IY B�U S W A W�GaU KLM F M�A W Md]�� G-W M 2 × 2 ´�UJF A G KLY [9\ K D�FHG-R I F
&(')�+* � ,4��w!z��dzHwpw

D
�H�Zv�w_w .���� �H����w ��� ���10����H� � �Hw%2 � ~$�a���6v � �¥}6~$~Jv�w ��� � ���Hw D′

� zH�az3� � ���6v�� z � D
}6� �6v����6v�� � � �³¤{�H�azz � � � ���H� � �6�6v�� � ��� v�� z � ~QzHw_� � ��v�� M � t ����H����v�� zHw_w

� � � 0O~Jv�� z � D′

� � � 0�~Jv�� z � D
= | detM |.

$ W S I�K�A W Y A � GaG�W�F M�YaA G PHM�THM�K�M�T PHM ]�� G 2 × 2 ´§UXF A G K�Y W�G�cOF M UJF M E K�Y F©F AaA B6C�c Y�?S W A W{G�U K�M F M�A W M ]�� G 3 × 3 ´§UXF A G K�Y W�G !�µ�µ�]�6I�I W{G-G P c M W{G�W T�I W{G M FQB)E�F M [�� AaA W��(W�U µ W Iµ�? D ! G UXF M c�F M !�A�M�6AaA_N F S W�U��

�4�y� h�� �(��� �@� zH� � �H� �6v��4��v!�H��v��¥� z 3 ����� � 4 �&� x��O� ¤{zH� �6v¦���O|O� � �6���
∣

∣

∣

∣

∣

∣

3 2 5
4 1 5
6 −2 4

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

3 2 3 + 2
4 1 4 + 1
6 −2 6 − 2

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

3 2 3
4 1 4
6 −2 6

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

3 2 2
4 1 1
6 −2 −2

∣

∣

∣

∣

∣

∣

= 0 + 0 = 0.
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$ W{G T W M W�G�W I�I�AZY�? F M9A F T F AaA 3 � WdcHB I B M�M W M P GZW M I�KLMON�P G�c�B�UZR KLM F A�K B M F³E S W A E ?]�� G YaA F�[�\ Ky]_? G S�?$µ�?QY FHUQUJF Y�P�A�A Y B�U K W �(W{U µ�I W A
det

(

u v cu + dv
)

= det
(

u v cu
)

+ det
(

u v dv
)

= c · det
(

u v u

)

+ d · det
(

u v v

)

= 0 + 0 = 0.

# W A�A F YaA�P UQUXW{G N ! E PHI�� E�W{G�W M�Y UQW S Y F A�Y W M B�U E�B I  U ]�� G PHM�S G K�M�T � A� B�U �
� W

c�B I B M�M W M�P G�W M�I�K�M)N�P G�c�B�UZR KLM F A B M F�E S W A E ? F M�S G�F Y�? cHB�UQUXW{G S WJF A�A I�KLT�T F K
W A�A µ�I F M B(C�D E�B I  UXW M R I�K G S�P G�UQW S 0 [
� A�A F M�M F A�Y�POA�A F A�A�] B�GaU !�I W�G�F S W A�A F µ�?�P G�F A�A�A GaW EHW�c A BHG�W�G K G ! UXUQW A�ILK�T�T W{GK W A�A�µ�I F M B�U B6C�D W M�S F YaA BHU UXF A G K�Y W M UQW S EHW�c A B�GaW�G M F Y B�U cHB I B M�M W{G�D�FHGS W A W{G�U K�M F M�A W M I�K c�FZUQW S 0 [� F A�Y W{G M F�B�U FHG�W�FO´�G�W Y�µ W�c A�K E�W�E�B I  U ]�� G PHM�S G K�M�T$T W{G F A�A

| det AB| = | detA|| detB|,

W ]�A W�G Y B�U ]�� G PHM�S G KLM�T W Md]�� G S W M¶Y FHUQUJF M�Y F AaA F ]�!�M c A�K B M W M AB U ?�YaA W¦E�FHG�F µ G�B�´S�! c A W M F�E S W ]�� G A B6C�D B [ $ F M c�F M E K�Y F � A W � T W M B�U S�K GaW�c A G P c M�KLM�T ��F A�A KY�N�PHI E�F²E�W{G�c�W A¦T�PHI�I W�GeF A�A
det AB = det A detB,

� 1�� ¯y° 3
�d��� gio��)o�� g �����@� g �)o�� � �+*³h ')�³l�o�* � g ¢ v�����v�w���~QzHwp� � ��v�� £ z � ��w � �¥��v�| n � I = In ��H���6v��

n × n �
~QzHwp� � �¦� � ~ ��zH�²v�w_w � � � �d� � z�� � � zH��v�� ��� � � � ��� � �8x��O� � � � � �Hw �

# W M cOF I�I F Y-]�� G KLS W M�A�KLA W A�Y UJF A G KLY W ]�A W{G Y BHU S W M E�W{G�cOFHG Y B�U K�S W M9A�KLA W A E KLS U !�ILA�K ´µ�ILK cOF A�K B M � S E Y
A = InA = AIn,]�� G F I�I F n × n ´�UJF A G KLY W�G A [

�d��� gio��)o�� g
	 �n�Hw
A � zH�az v���| � z��H�azHw � ��|�~QzHwp� � � ��� � ~QzHw_� � � B

|HzH����zO�ex��O��o_g�
� � l * � g �)o �_� A � ~

AB = BA = I
� ~ v��¶������zH��~QzHwp� � �$v�� � ��w§v��azH�4��� ��v�w<v � |O� zO���6v�� A−1 �
�4�y� h�� �(� 	 �y�Hw

A =
(

a b
c d

) ��� � zH��w!z��dzHw_w det A 6= 0 � t����H�

B =
1

det A

(

d −b

−c a

)

v�� � � � v�����w � ��� A ��� �«|�v�w�~QzH�©���Hwpw | � ��wp� � ����v��azH�V�6v�� � ~ zHw_w�~$}(��w �«� � �!� v��az A ��� � B �
\ K�Y�?HT¶K W��(W�U µ�I W A F A�A B�U A

P G�W M 2 × 2 ´�UJF A G KLY B(C�D det A 6= 0
Y�? D�F�G A W MKLM EHW�G Y [��¦U²E PHM�AVY�? D�FHG-E K

1 = det I = det AA−1 = det A · det A−1

Y�?
det A−1 =

1

det A
.
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# W A�A F T W�G$F AaA det A 6= 0
P G M��6S E PHM�S�K�THA�]�� G$F AaA A−1

Y cOFW � K�Y A W�G�F�[ # W A�Y�KLYaA F
FHG T ! UQW M�A W A T�PHILI W{G P E�W MQ]�� G 3×3 ´§UXF A G K�Y W�G � B(C�D P EHW MQT B S(A� C�c ILK�T�YaA B�G I W�c K�Y N�PHI E�F
EHW�G�c�W A ��[�\ K D�F�G F I�I�A�Y�?²]�� G 2 × 2 ´§UXF A G K�Y W�G�E KLY F A F A�A

A−1 W�� KLYaA W�G�F�G ⇐⇒ det A 6= 0.

# W A�A F µ�?HYaA�? W M�S W T�PHI�I W�G P EHW M ]�� G T B S�A� C�c I�KLTdYaA BHG I W{c E K�I cHW A E K ?�A W{G�c�B�UXUQW�G A�K�ILIY W M FHGaWH[


