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;6<�=�>@?A=CB�D�E@=GFHEIF�F�E@J�=CK�L�M(F�JNB�L�K@O�OPB�FQESRUT�B�F�BWV�XY<�D�E@DZF�B�DY?ZESR$E@VCBSE�[]\�V�^@D�T�VC<�D�?@B�DU[]\�V
BWD_L`<�DIa�^@VbE�RcJ�<`L�T�D�<�D�?d<�O�L�E@D�B�FSecf(ONB�gW<�B�L`L`F4=�>@?AR(<ihj^SR�B�DkK�XlRc<�[]K�V�XmM�L�BWV�E@T�B8T�BWF�L�<nF�B
E@D�D�K�V�L`M�D�T�E�oQEIF�F1E@V�B�E@D�ESRYT�B�D_O�E@V�E@L�L`B�L�L`K�?�V�E@Xp=�K�Xq=�O�^@D�T�BW=HM�O�OrESR$R@B�sZF�K�VCB�VCD�E
u
Kcg�t

v
R�E@V | det

(

u v
)

| evuwE@DwsIE@DxKcg�sc=�>YM(F�F�VGycg�s�EzT�BWD�D�EkE�V�BSE$=CK�X

|u||v| sinα,

T�^�V
α
^@V{X_<`D�=CF�E|Rc<�D�s�B�L`DrX_BWL�L
E�D

u
K(g�t

v
e(}6BWFCF�EUsIE@DrX_E@D�=�Bd?@B�D�K�X~E�FCFHK�J�=CB�V��

R@B�V�EkE�F�F:K�X
u
M�F�?�\�V:J�E@=�BWD�=�>_^@V�t�\IaCT�BWD�<�O�E@V�E@L�L`B�L�L`K�?�V�E@X_XYB�D_<�D�?@BWF�E@D�D�EIF�^@D

|v| sinα
e

�r�Z�b�i���)�j�N�����1�z�@���I���I���������Z�����
(u,v,w)

�P���c $ k���P¡�¢�£c��¡{�I¤@��¤8¥�¦v§N�©¨)�v¨I�j�c�P����ª
¨)«�¬��I ~��­��¯®���°@�

w ± ¡:¡������]¡�£c���A¤@�j�4 $����¡��²¤z�����j³@�����c£c���d®��C°@� u
�j�����

v
¢@�6 k�I���c��¡

´ ����¡����j����µ@¶1·H ¸³c���1¢@�d���I¢@�����I ¹¡�°Y¡�¢�£c��¡|³c�����I¤@�C¤¯º�»��½¼����©¨I�v¨I�]�(�N���©¨I«�¬1¶

¾bF�F½E@D�D�E�Fi=�^�FCF½E�F�F�=�^@?ZE�T�BWFCF�E:^@ViE�F�F�F�M�X_XYB�D/¿�OPBWs©À�D�?�V�B�F&Kcg�t¯L
>@D�?�À�D�?�VCBWF�O�>�t�\��
?�BWVHt�E@D�TÁhj<ÂT�B�DÃK�V�T�D�<�D�?@B�Dvo{M(F�?�\�V1BWF�FHt�\�?�BWV�K�VC<�B�DZF�B�V�EIFH=Cyc=GF�B�XÄhjK�X~L
>@D�?�À�D�?�VCBWF
ONB�sIE@V{M�O�O�>�F�o{Kcg�trX_K@F�=CR�E@V�E@D�T�B�O�>|R�^@D�=CF�B�VCt�E@D�T�BWDÃM�F�?�\@VHBWFCF1R�^@D�=GF�B�VCK�V�<`B�DZF�BWV�E�F
=Gy(=GF�BWXwe
;6<(=Cs�E�DcM$T�BWÀ�D�<`B�V�E6B�D$O�VCK(T�M�sZFbXYB�L�L�E@DAR�B�sZF�K�V�BWVb<(VCM�XYX_B�FSe�Å�J�=�BWVCR�BWV�EAE�FCF&T�B�F�F�E
^@V8BWDwK@OPBWV�E�F�K�VHO�>UR�BWsZF�K�VCB�V�D�E_</VCM�X_XYBWFHK(g�twE@L�LnF�=�>m?�B�V�BWDÃR@B�sZF�K@VUh�F�<�L`LP=Cs©<�L�L`D�E@T
[]V�>@DÃ=�sIE@L
^�V�O�VCK(T�M�s©F�B�Dvo�e�Æ�K�F�B�V�EYKcg�s©=�>YE�F�F�T�B�Dx<�DZF�B¯^@V8T�B�À�D�<`B�V�E�Tw</O�L
E@D�B�FSe

�r�Z�b�i���)�j�N��ÇÉÈÊ°@�
u
��Ë�Ì

v
�I¤@�C¤$���I°z�@���I���I�������i���( $ k���1��Ë�Ìk�n°@�

α
�I¤@�C¤z $����¡��!¤

�������Z���Í�Î k�����n¤@�Ï³c�� Y¶mÐ���³c�]ÑQ���!���C¤@�Y³Z°kºP�©ÒÂ�S�N¨)Ói¨)�Ê¬½Ô�ÒÂ���c�bÕ
u × v

Õ: k�����n¤@�
u��Ë�Ì

v
¡��I ¸³c���-�(�����@¤k�@���I���I�6¡��I Ö���Z�)®�­�������� ±

× ¶z�I 
u
��Ë�Ì

v
¢@�H��¤@�C¤@���������n¤$¡�°r¢@�

u × v = 0
¶

Ø ¶ |u× v| = |u||v| sinα
Õ{³4�Ê¡d�Í���@¤Y k��³k¤@����¤@��¤@����¤@�C¤@������������£@�C¤@ $ k���Ã¡��I 

u��Ë�Ì
v
¡���¢@���Â���6�)�Z�Â¶

Ù ¶
u × v

¢@�U�I������£c�I�N¤@�/ k�I�1Ú�°Z³c�
u
��Ë�Ì

v
¶

Û ¶
(u,v,u× v)

�(��£cÜI�U�����4Ì�Ü�£c����¡�­)¡����� Y¶

}6B�Fr=CF�>@V�<�T�BWÀ�D�<`F�<`K�D�BWDÏÝ�T�BWDÞM�D�<`s�EßR@B�sZF�K@Vr=�K�X M�O�O�[�ycL`L�B�V�àw=�>áE�FCF�T�B�Frs©V�^SRc=
B�F�FxE@VC?�M�XYB�DZF�[]\�VÃE�FCF�Rc<�=�EÏEIF�FÃT�B�À�D�<`F�<�K�D�B�D#^@Vrs�K�V�VCB�sZFSe�}6B�FxE@D�T�V�EÎR(<`L�L`s@K�VCBWF
JNB�=GF�^@XYX_BWVPaCMzL
^@D�?@T�B�DzO�>

u×v
e©}6B�F{F�V�BWTIaCB8R(<`L�L`s@K�VCBWF4?�BWV�E�F�FQT�BWDk^�V�BWD_D�K�V�X_E@L

F�<�L�L@O�L
E@D�BWF½=�K�Xp=�O�^@D�D�=½M�O�O$ESR
u
Kcg�t

v
e�}6BWFCF�E:?�B�ViF�R�>�XY\IaCL�<`?�t�B�F�B�VWâ@ãäM�O�O�>�F�å�BWL�L`B�V

ãäD�B�T�>�FSåne�}6BWD�D�EUF�R@BWF�ycT�<`?�t�BWF8F�E@=HK�Xqt�E�D�TÃESR�T�B�F8=�<`=CF�E¯R(<`L�L`s@K�VCBWFHKcg�trT�^@VCX_BWTr^@V
Kcg�s©=�>zV�<�sZF�D�<�D�?@B�DÃM�D�<`s©F�JNB�=GF�^@XYTxK(g�tÃT�^@VCX_BWTx^@V8R�B�sZF�K�V�DwM�D�<�sZF�JNB�=GF�^@XYT/e

æ6ç/�(èéÓ4�(ê���È/°@�
(ex, ey, ez)

�I¤@�C¤Ã���-Ì�Ü�£c�����I���!���������C¤Z³-·{ë6ìGÚ�¤I¡ ´ �I í���b�������d¡�¢@ì
£c���:¤@���N¤@�Ê¡�°A�Z�I $ k���6���ÃÚ�¤I¡6¤@���Í�j�j³U¤@�j�b¤@���!¤I¡:�I¤@�C¤AÌ�Ü�£c�����I���!���������C¤Z³�µ@¶1ÐÊ�/Ì�¤@�:¤@���
ex × ey = ez

�]®�������¡��I Ö¤@����¤@�w¤@�:��¤@�C¤@������������£@�C¤@ $ k���k¡��I î¡���¢@����¡6���Z�ï¤@�
ex

��Ë�Ì
ey

¢@�
1
��Ë�Ì-³Z¢@�� k��³k�Í���@¤k k��³ |ez|

��Ë�Ì-³c��¡�¡��c���I î�����|³c�]ÑQ�����j�!�I�Á¤@�
ez
¡�°Ã¢@�

ez�I������£c�I�N¤@�� k�I�½Ú�°Z³Z¤m³c��¤@�N³@�C¤|Ú�¤I¡��@���I���I�������N¤$��Ë�Ì
(ex, ey, ez)

¢@�1Ì�Ü�£c�����I���!����������¤Z³
�����Í�n£@�{¤@���!¤�£Z¤@�N³c���²¶
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� «��)¼x� È/°@�
u
Õ
v
��Ë�Ì

w
�I¤@�C¤_�j���¯�@���I���I�����A�4���( $ k���!¶��U�¯���Z�)®�­I������� ±

× ¶
u × v = −v × u

¶
Ø ¶

(cu) × v = c(u × v), c ∈ R
¶

Ù ¶
u × (v + w) = u × v + u × w

¶

� RxT�B�=C=�E�^@V:T�B¯F�R�>Y[]\�VC=CF�E_B�D�scL�E�¿vX_BWT�E@DwT�B�D-F�V�BWTIaCBmt�E�V�B�F�F�<�g�s@B��²F�V�<`Rc<�E@L`F�JNBWRc<�=
=CK�X F�<�L`Li=GF�K�V�E�T�B�L�E@V�À�D�D�=�<½JPK�s�B�D/eP;�<&=CsIE�DcM M�F�DZycFCFja�E�T�BW=�=�EÃVCB�?�L`B�V:[]\�V�E�FCFd?�B
BWD_Xmycg�s�BWF1E@DZR@^�D�T�J�E@Vb[]K@V�XYB�L�<�s�K(K@V�T�<`D�E�F�[]K@V�X []\@V&R�BWs©F�K�V�O�V�KcT�M�sZF�BWD�=�>AE�FCFQXkE@D
L�^�F�F8sIE@DxV�^�scD�EzM(F�T�B�DÃ[]\�V8?�KcT�F�ycg�scL`<�?ZEmR@B�sZF�K@V�B�VWe

� «��)¼_ÇpÈ/°@�
u =

(

x1 y1 z1

)t ��Ë�Ì
v =

(

x2 y2 z2

)t �:��� ´ Ì�Ü�£c�����I���!����������¤Z³�µ
·{ë6ìGÚ�¤I¡�¶��|°U£Z¢@�������¯¤@�j�

u × v =

∣

∣

∣

∣

∣

∣

ex ey ez

x1 y1 z1

x2 y2 z2

∣

∣

∣

∣

∣

∣

= (y1z2 − y2z1)ex − (x1z2 − x2z1)ey + (x1y2 − x2y1)ez

=





y1z2 − y2z1

−x1z2 + x2z1

x1y2 − x2y1



 .

� �ièß»�¨)ÒÊ�i����§ ���U�������� $���N¤@������� �Q¡�¤@��¡���� ¡��@¤-���NÚ�¤@���{¡���¡A¡��I  ���z®S�I�� k�����½³c��ì
������ $���N¤@���1¡��I  �@¤@�á¤@���I¢@�N³Z¤I¡|¡��I   $�����Â��¡����!£c����Õ6�]®�������¡��I  ������ k���������ß�Â®SÜI��¡��!¤
�C¤Z³c��� ¢@�A�@���I���I�����m��Ë�Ìï�����²¤@�n¶

	�������¡�¶�
dB�D�K�X E�F�F6?�\�V�EY=�E@XYX_EYVCB�=�K@D�B�X_E@D�?�=CK�X <½B
��BWX_O�L�BWF�K�R�E@D-[]\�V�\)RcVC<�?ZE
s�K�XUJ�<`D�E�F�<`K�D�BWV8ESRrJ�E@=GR�B�sZF�K�V�BWV�D�EY=�>$[j>@VHRc<!â

ex × ey = ez, ey × ex = −ez

ez × ex = ey, ex × ez = −ey

ey × ez = ex, ez × ey = −ex

ex × ex = 0, ey × ey = 0, ez × ez = 0.

Å�X¹X_E@DxE@DZR�^@D�T�BWV�T�BWFCF�EzK(g�txV�^@s©D�BWV�BW?�L�BWV�D�E$K�R�E@Dw=�>z[j>�VHR(<

u × v = (x1ex + y1ey + z1ez) × (x2ex + y2ey + z2ez)

= (y1z2 − y2z1)ey × ez − (x1z2 − x2z1)ez × ex + (x1y2 − x2y1)ex × ey

= (y1z2 − y2z1)ex − (x1z2 − x2z1)ey + (x1y2 − x2y1)ez.

�

æ6ç/�(èéÓ4�(ê1Ç�	���¡��!¢@  ���Þ�@���I���I�r¡��I  ¢@�x�������Z���Í�C¢@�¯ k�I�UÚ�°Z³c�
u =

(

2 3 4
)t

��Ë�Ì
v =

(

2 1 5
)t ¶������|³c�]ÑQ�������!�I�ï¢@�

u × v
�I������£c�I�N¤@�Ê k�I�1Ú�°Z³c�

u
��Ë�Ì

v
¶�ÐÊ�

Ú����C¢I�I�N¤@�
u × v

 k��³$Ì
�W¢@� ��¤�¤@�m¡�¤@�]¡����Á��Ë�Ìd®W°@�

u × v =

∣

∣

∣

∣

∣

∣

ex ey ez

2 3 4
2 1 5

∣

∣

∣

∣

∣

∣

=





3 · 5 − 4 · 1
−2 · 5 + 2 · 4
2 · 1 − 3 · 2



 =





11
−2
−4



 .
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;6<(=Cs�E:D©M$J�L
E@D�TmE@D�D�E�F&Rc<`=�E6EIF�F½T�BWF�B�V�XY<�D�E@DZF�B�D|[]\�V½BWD
3×3

��X_E�F�V�<�=/R@B�VCscL`<�?�BWDU?�BWV
R@K�L`ycXz[]\�V�^@D�T�V�<`D�?�B�DÂe��&\�V�=GF6K@J�=�BWVCR�BWV�E@V�R(<½E�FCF6K�X

M =
(

u v w
) =�>�ESRcJ�<�L`T�E@V

M
BWD�t�B�F�=�s©M�JNB�DÃO�>|T�B�D�O�E@V�E@L`L�BWL�L�BWO�<�ONB�T$=CK�Xq=�O�^�D�D�=8ESR

u
¿
v
Kcg�t

w
e � L�L`F�=�>A?�B�V

R@K�L`ycXYB�DéE�R�O�E@V�E�L�L�BWL�L`B�O�<`OPBWT�B�D�=CK�XÄ=�O�^@D�D�=|ESR
u
¿
v
Kcg�t

w
T�B�DéR@K�L`ycXz[]\�V�^�D�T(�

VC<�D�?U=CK�X¹T�B�DÃL�<`DIa�^@V�E|ESR(J�<�L�T�D�<�D�?@B�D�?�<nR�BWDÃE�R
M

?�B�VWe���K�V�XYL�BWV�D�EA[]\�V1=Cs�E�L
^@V��4Kcg�t
R@B�sZF�K�VCO�V�KcT�M�sZF�</s@KcK�VCT�<�D�EIF�[]K�VCX¹?�BWV�E�F�F

det
(

u v w
)

= det
(

w u v
)t

= (u × v) · w.

}6BWD []\�V�=GF�EßL`<�s©t�B�F�B�D [j>�=k?�BWD�K�X E�F�F_F�V�E�D�=�ONK�D�BWV�E#hj=CK�X <�DZF�B�^@D�T�V�E@VkT�B�F�BWV�XY<n�
D�E�D©F�B�Dvo6Kcg�tï=�BWT�E@DÁ?�\�V�E_F�R�>�V�E�T�JZycF�B�DÁ=�K�X JZycF�B�V�F�B�g�s@BWDéFCR@>�?�>@D�?�BWV�K(g�tïT�^@VG�
XYB�T$<`D©F�BHt�BWL�L�BWV4^@D�T�V�E@VbT�BWF�BWV�XY<�D�E�D©F�B�D/e@}6B�D_E@D�T�V�E�L�<`s©t�BWF�B�DU[j>@=&[]V�>@DU[]K�VCX_L`B�V�D�E�e
h�u-E@DxJ©y©F�B�V:M�F:J�E@=CR@B�sZF�K@V�B�VCD�E

(ex, ey, ez)
XYK@F

w
âä=�s@KcK�VCT�<�D�EIF�B�V8<ÊT�B�Dw[]K@V�XYB�L�L�E

T�B�F�BWV�XY<�D�E@DZF�B�D/e�o
;6<½=Cs�E�D©MïJNB�V�^@s©D�E_R�K@L`ycX_BWD

V
ESRwO�E@V�E�L�L�BWL�L`B�O�<`OPBWT�B�DÃ=�K@X =CO�^@D�D�=�E�R

u
¿
v
Kcg�t

w
e � DZF�E@?z[]\�VC=CF�E�F�F

(u,v,w)
^@V�B�F�F�t�\�?�BWV�K�VC<�B�DZF�B�V�EIF�=Cyc=CF�B�Xxe/Å�X

α
^@V8Rc<�D�s�B�L`D

XYB�L`L
E@D
u × v

Kcg�t
w
=�>z[j>�VHR(<�h]=�BdÀ�?�M�V�o

V =
J�E�=Cy©F�E@D × t�\IaCT�B�D

= |u × v||w| cosα = (u × v) · w.

u

v

w

u × v

α

α

}6B�F�F�E�R�E@VÊO�VCB�gW<�=ÊR�E@T¯Rc<�Rc<�L`L�B&Rc<`=�E�eS;6<©E@DZF�K�?�T�Kcg�sAE�F�FÊRc<Zt�E�T�BQBWF�Fit�\@?�B�VCK�V�<`B�DZF�BWV�E�F
=Gy(=GF�BWXwe/ÅdX¸<`=CF�^�L�L�B�F

(u,v,w)
^@V:R@^�D�=CF�B�V�K@V�<�BWDZF�B�V�E�F�=�>�K�J�=CB�VCR@B�V�ErE�F�F

(v,u,w)^@V8t�\�?�B�VCK�V�<`B�DZF�BWV�E�F�Kcg�tÃR(</[j>�V�E�F�F

(u × v) · w = (−v × u) · w = −(v × u) ·w = −V,

BWD�L�<`?@FbJNB�V�^@s©D�<�D�?@B�D$[]\�V4t�\�?@B�V�K@V�<�BWDZF�B�V�E@T�B8=Gy(=GF�BWXîK)R�E@DÂe@;�<�[j>�V4E@L�LnF�=�>�F�<`L�Lc=�L�M(F�E�F�F

det
(

u v w
)

=

{

V,
K�X

(u,v,w)
^�V:t�\�?�B�VCK�V�<`B�DZF�BWV�E@TÂ¿

−V,
K�X

(u,v,w)
^�V8R@^�D�=CF�B�V�K@V�<�BWDZF�B�V�E@T/¿

T�^�V
V
^�V8O�E@V�E�L�L�BWL�L`B�O�<`OPBWT�B�D�=CK�XÖ=CO�^@D�D�=�ESR

u
¿
v
Kcg�t

w
e

�����
	©,/3

¾4D L�<`DIaCBm<bO�L
E@D�B�Fd=�K@X <�DZF�Bz^@V�L�KcT�V�^�F�sIE@D =�s©VC<`R�E@=dO�>�[]K�VCX_BWD
y = kx + m

T�^�V
k, m ∈ R

eb¾4DáL�KcT�V�^�FmL`<�DIaCBYt�E@V|B�sZR�E�F�<`K�D�BWD
x = n

[]\�VmD�>�?�K@F
n ∈ R

e��½\�VUE�FCF
=CL�<�O�O�EUK�L�<`sIE|F�ycOPBWV6ESRrBWs©R�E�F�<�K�D�B�V8sIE@DxXkE@Dr=Cs©V�<`R�EzJ�>@T�EU[jE@L`L�BWDr=�K�X

Ax + By + C = 0,
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T�^�V
y = kx + m

F�B
��=GR@E�V�E@V:X_K�F
A = k

¿
B = −1

K(g�t
C = m

K(g�t
x = n

F�B �
=GR@E�V�E@VAXYK@F

A = 1
¿
B = 0

Kcg�t
C = −n

e½ÅdX|R@^�D©F¯=�>w^@VAT�BYO�M�D�s©F�B�V|<4O�L
E@D�BWF
=CK�XÖ=�EIF�<�=GÀ�B�V�E@V

Ax + By + C = 0
B�DxV�^IF�L�<�D)aCB@e

¾bF�F¯E�D�D�E�FA=�^�F�F¯E�FCFAJPBW=�s©V�<nR�ExBWDÁL`<�DIaCBU^@VdX_BWT tIa�^@L�O ESRïBWD O�M�D�sZF
P = (x0, y0)O�>�L`<�DIaCBWD�Kcg�tïB�D V�<`s©F�D�<�D�?�=CR@B�sZF�K�V

v =
(

v1

v2

) []\�V�L�<`DIaCB�DÂ¿PTHR{=AB�DïR�BWs©F�K�Vd=�K@X ^@V
O�E�V�E@L`L�B�L`L&XYB�TÁL�<`DIaCB�D/eÊÅdX

R = (x, y)
^@VAB�Dé?�K(T(F�y(g�s©L`<�?xO�M�D�sZF|O�>xL`<�DIaCBWD =�>-^�V

−→
PR = tv

[]\@V8D�>@?�K@F
t ∈ R

e��1s�K(K�VCT�<�D�E�F�[]K�VCX~J�L�<�V1T�BWFCF�E
(

x − x0

y − y0

)

=

(

tv1

tv2

) BWL�L�BWV {

x = x0 + tv1

y = y0 + tv2.

}6B�F�F�EYJ�VCM�sIE@V8sIE@L�L�E@=8êj�������c�i¼z�©ÒÂº�«��)�]�N��Ó��ÁÓi«�¨)«�èß�Z���©¨��²�v¨�è e
� D©F�E@?kD©M-E�F�F:Rc<it�E@V�BWD-L`<�DIaCBd?�<nR�BWD�ESR

Ax + By + C = 0
eP¾4DwV�<�sZF�D�<�D�?@=CR�BWsZF�K�V

?�BW=¯E�R −−→
P0P1

T�^@V
P0

Kcg�t
P1

^@Vd?@K(T�F�ycg�s©L�<`?ZErO�M�D�sZF�B�V¯O�>xL`<�DIaCBWD K(g�t []V�>@D T�B�F�F�E
[j>@V{XkE�D�L�<`DIaCB�D�=�B�sZR�E�F�<�K�D�O�>UO�E@V�E�X_B�F�B�VG[]K�V�Xxec¾bF�F�E@D�D�E�FH=�^�F�F8^@VHE�FCFHt�BWL`F1B�D�s�B�L`F
=�^�F�F�E

x = t
hjK�X

B 6= 0
¿ZE�D�D�E@VC=

y = t
o&Kcg�t_=CB�T�E�D_L`\�=�E�M�F

y = (1/B)(−At−C)
¿

THR{=
(

x
y

)

=

(

0
−C/B

)

+ t ·
(

1
−A/B

)

.

	�^@V�<n[]V�>@DA=�BWV½Rc<cE�F�F (

1

−A/B

)

= (1/B)
(

B
−A

) ^�ViBWDUV�<`sZF�D�<`D�?�=CR@B�sZF�K@V�e�Å�X R(<©<`=CF�^�L�L�B�F
=�^�F�F�B�V

y = t
h�E�D©F�E@V

A 6= 0
oH=�>U[j>@VHRc<

x = (1/A)(−Bt − C)
¿�THR{=

(

x
y

)

=

(

−C/A
0

)

+ t ·
(

−B/A
1

)

.

�¯T�BWFYt�^�VU[jE@L�L`BWFm[j>�VUR(<�EIF�F (

−B/A
1

)

= (−1/A)
(

B
−A

) ^�V$B�DÏV�<�sZF�D�<�D�?@=CR�BWsZF�K�VWe
�
J�>�T�EU[jE@L�L`B�D�[j>@VHRc<�E@L`L`F�=�>$E�F�F (

B
−A

) ^�V8B�DxV�<�sZF�D�<�D�?@=CR�BWsZF�K�VWe
Å�J�=CB�VCR@B�V�ExKcg�s©=�>xE�F�F

n =
(

A
B

) ^@VdK@VCF�K@?�K�D�E@LiXYK@FdV�<`sZF�D�<`D�?�=CR@B�sZF�K@V�D (

B
−A

) Kcg�t
E@L`L`F�=�>U^@V

n =
(

A
B

) B�Dx=�>$sIE@L�L�E@TÃ���N¨Ièß«�ê]ºN�©ÒÂ���v¨AF�<�L`LÂL`<�DIaCBWD
Ax + By + C = 0

e
�½>UX_K@F�=CR�E@V�E@D�T�B�=�^�F�F�?@B�=8B�sZR�E�F�<�K�D�BWDrO�>UO�E@V�E@XYBWF�BWVC[]K�VCX []\@VHB�DÃL�<`DIaCB:</V�M�XYXYBWF
ESR





x
y
z



 =
−−→
OP0 + tv =





x0

y0

z0



 + t ·





v1

v2

v3



 ,

T�^�V
P0 = (x0, y0, z0)

^�V8B�DxO�M�D�sZF�O�>$L�<�D)aCB�DrKcg�t
v
B�D-VC<�sZF�D�<�D�?�=GR�BWs©F�K�V�e

��
�� �

��>�F
π
R�E@V�E_BWFCF6O�L
E@Dw<iVCM�XYX_B�F6Kcg�t�E@DZF�E@?�E�FCF

n =
(

A B C
)t ^�V�BWD�D�K�VCXkE@L �

R@B�sZF�K�V8F�<�L�LNO�L�E@D�BWF�¿�THR{=
n
^@VHK�VGF�K�?�K@D�E@LÂXYK@FHR�E@V�aCB�R�BWs©F�K�V�=�K�X¹^@V8O�E@V�E@L�L`B�L`LNXYB�T

O�L�E@D�B�FSe4Å�X
P0 = (x0, y0, z0)

^�VUB�DáÀ �ÎO�M�D�sZFY<1O�L�E@D�B�FzK(g�t
P = (x, y, z)

B�D
?�KcT�F�ycg�s©L�<`?$O�M�D�sZF�<ÊO�L
E@D�BWFS¿�=�>$?Z^@L`L�B�VHE@L�LnF�=�>mE�F�F

0 = n · −−→P0P =





A
B
C



 ·





x − x0

y − y0

z − z0





= A(x − x0) + B(x − x0) + C(z − z0)

= Ax + By + Cz + (−Ax0 − By0 − Cz0).
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Å�J�=CB�VCR@B�V�E�E�F�F
P0

E@DZF�K�?@=:R�E@V�EYBWDwÀ �wO�M�D�s©F�=�>kE�F�F
x0, y0

K(g�t
z0

^@V�D�>@?@V�E$À ��E
F�E@L/=�>YE�FCF

D = −Ax0 − By0 − Cz0

^@V8BWFCF:JPBW=CF�^�XmF�F�E@L�e(;�</[j>�V�E@L�LnF�=�>mE�F�F

Ax + By + Cz + D = 0

^@V�B�sZR�E�F�<�K�D�BWD�[]\�V�BWF�F1O�L
E�DkXYB�T�D�K@V�X_E@L`R@B�sZF�K�VCD (

A B C
)t

.
Æ:K@F�BWV�EUE@D�E@L�K�?@<�D

XYB�TÃB�sZR�E�F�<�K�D�BWDx[]\@V8B�DxL�<�D)aCB�</O�L�E@D�BWF�e

æ6ç/�(èéÓ4�(ê���	���¡��!¢@  ���I�I¤@�j�!�I�Â���Y®SÜI�:�N�n¤@�Â���1¡��I Ö£Z°@�A£c���Â�I î�N�c���I�����
(1, 2, 3)��Ë�ÌÎ¡��I  Ì�¤@�

(4, 5, 6)
¡��I  �Â�I�� Y¤@�Í�@���I���I�W¶kÐÊ�6¡�°�£ �I�I¤@�#¤@�j�z���I�I¤@�j�!�I�Â���#¢@�m��°

®S�I�� k���
4x+5y +6z +D = 0

®SÜI���N°�£c�I�
D
¶��ï¤@��Ú���¡��!¢@ $ k���A�����I�n¤I¡��

D
£c���Â�I 

¤@�j�{�c�j��­��j� �W¤Ã¤@�j�
(1, 2, 3)

�Í�n£�£c���1��°¯�N�n¤@�Â���b¡�°r¤@���

0 = 4 · 1 + 5 · 2 + 6 · 3 + D = 32 + D,

¡�°�¤@�j�
D = −32

��Ë�Ì����I�I¤@�j�!�I�Â���ï¢@�
4x + 5y + 6z − 32 = 0

¶

��>�F
u =

(

x1 y1 z1

) K(g�t
v =

(

x2 y2 z2

) R�E@V�E�FCR@>Ã<�g�s�B�O�E�V�E@L`L�B�L`L
EzR�B�sZF�K�V�BWV
=CK�X ^@VAO�E@V�E@L�L`B�L�L�EkXYB�TßB�F�F¯O�L�E@D/e�}�>w^@V¯R�E@V�aCB$R�B�sZF�K�V

w
=�K@X ^@V|O�E@V�E@L`L�BWL�L&XYB�T

O�L�E@D�B�F{BWD_L`<�DIa�^�V�s@K@XUJ�<�D�E�F�<`K�D$ESR
u
K(g�t

v
¿
w = su+ tv

ecf�>¯K@X
P0 = (x0, y0, z0)^@V�BWD-À �xO�M�D�s©F6<�O�L
E@D�BWF:K(g�t

P = (x, y, z)
^@V�B�Dw?�KcT�F�ycg�scL`<�?YO�M�D�sZF6<iO�L
E@D�B�F:=�>

?Z^�L�L�BWVHE�FCF −−→
P0P = su + tv

[]\�V8D�>@?@V�E
s, t ∈ R

e �1s@KcK�VCT�<�D�EIF�[]K�VCX~J�L`<�VHT�BWF�F�E




x − x0

y − y0

z − z0



 =





sx1 + tx2

sy1 + ty2

sz1 + tz2





BWL�L`B�V






x = x0 + sx1 + tx2

y = y0 + sy1 + ty2

z = z0 + sz1 + tz2.

}6B�F�F�EYJ�VCM�sIE@V8sIE@L�L�E@=HÓ½êj«��i�Z�)¼$�©ÒÂº�«(�)�j�N��Ó �ÁÓ½«�¨)«�èé�©�S�c¨��²�v¨Iè�e

���	� 0�
 �67

�&\@V�=CF{=�sIE|Rc<N?�B:B�D�XYBWF�K(TY[]\�V1EIF�F{JPBWV�^@s©D�Erh]X_<`D�=CF�EZo4ESR(=GF�>@D�T�BWF
d
[]V�>@D_B�D�O�M�D�sZF

P
F�<`L�LZB�D$V�^�FbL`<�DIaCB

L
e � Rc=CF�>@D�T�B�FQ?�B�=NaCMUE�RmESRc=CF�>�D�T�BWFQXYB�L`L
E@D

P
K(g�t$T�BWD$O�M�D�sZF

QO�>
L
=�K�Xp^@Vi=�>�T�E@D$E�FCF −→

PQ
^@V�K�VGF�K�?�K@D�E@L©X_K�F

L
e�}6BWF&?Z^@L`L�B�V�E�L�L`F�=�>�E�FCF&JNB�=GF�^@XYXkE

Q
¿�B�L`L�BWVH</R�E@V]aCB�[jE@L`L |−→PQ| e

R Q

P

L

��>�F
R
R�E@V�ErB�DïÀ �ïO�M�D�sZF¯O�>

L
¿ÂRc<�L�s�B�DÁ=�K�X t�B�L`=CF�e�}�>Ã^@V�F�VC<
E@D�?@B�L�D

PQR
V�^�FC�

Rc<�D�scL`<�?dKcg�t −→
RQ =

−→
RPL

¿©THR1= −→
RP

âä=�K�VCF�K�?�K�D�E@L
EdO�VCKIaCB�sZF�<`K�DYO�>
L
e(uwBWT�tIa�^@L`O_ESR

�by©F�t�E�?�K�V�E�=:=�E�F�=8[j>@V8X_E@DÃT�>

d = |−→PQ| =

√

|−→RP |2 − |−→RQ|2 =

√

|−→RP |2 − |−→RPL|2.
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� �ièß»�¨)ÒÊ�i����§ßÇÖ·�Ú�¡������@���C¤x¤@����³c�����N¤r k������³d®��(�c£c���C¤@�UÚ�°Z³c�$�1�j�I°ï��Ë�Ì������z³@��ì
 k����¡��!�I�Â���W¶Êë¯�I������¤x��Ë���¡�°k¤@���{�I¤@�����1¤@�6�N�c���I�����

R
�������8��°@�@�����@¤@�d����¡��c�Í�²¤@�����!¶

æ6ç/�(èéÓ4�(ê�� Ð�¤Z³ï¢@�_¤@��¡��²°@�N³c���
d
 k�����n¤@�w�N�(���I�����

P = (1, 2, 3)
��Ë�ÌÁ�Í��� �S���

L£@���@��� ¤@�






x = 4 + t
y = 5 + 2t
z = 6 + 3t

È/°@�1�c���
R = (4, 5, 6) ∈ L

¶¯ÐÊ�bÌ�¤@�|¤@���
v = (1, 2, 3)

¢@�$���ï�����I�j�����c£@�@���I���I�Q®SÜI�
L��Ë�Ì����ß����Ì�����¡��@���I���I�1��¤@��¤@���������P k��³

v
£c��¡|¤@�

e =
1

|v|v =
1√
14





1
2
3



 .

ÐÊ��®W°@�|³Z¢@�� k��³��I  −→
RQ

¢@�m³c���Á�I������£c�I�N¤@�n¤A�N��� �S���I�j�!�I�Â���ï¤@� −→
RP

��°
L
¤@���

∣

∣

∣

−→
RP

∣

∣

∣
=

∣

∣

∣

∣

∣

∣





−3
−3
−3





∣

∣

∣

∣

∣

∣

= 3
√

3.

∣

∣

∣

−→
RQ

∣

∣

∣
=

∣

∣

∣

−→
RPL

∣

∣

∣
=

∣

∣

∣
(
−→
RP · e)e

∣

∣

∣
=

∣

∣

∣

−→
RP · e

∣

∣

∣
|e| =

∣

∣

∣

∣

∣

∣

1√
13





−3
−3
−3



 ·





1
2
3





∣

∣

∣

∣

∣

∣

=
18√
14

.

d =
∣

∣

∣

−→
PQ

∣

∣

∣
=

√

∣

∣

∣

−→
RP

∣

∣

∣

2

−
∣

∣

∣

−→
RQ

∣

∣

∣

2

=

√

27 − 182

14
=

√

27(7 − 6)

7
= 3

√

3

7
.

;6<i=CsIE_D©MïE@D�?@V�<�O�EYO�VCK�J�L`B�XYBWF�E�F�F:JNB�V�^@s©D�E�ESRc=CF�>�D�T�BWF
d
XYB�L�L�E@DÃB�DwO�M�D�sZF

P =
(x, y, z)

Kcg�téB�F�F¯O�L
E�D
π
<4VCM�XYX_B�FSe � DZF�E@?wE�F�FABWsZR@EIF�<�K@D�B�D []\�VdO�L�E@D�BWF¯^�Vd?�<`R@B�D

ESR
Ax + By + Cz + D = 0

e�}6>_^@V

e =
1√

A2 + B2 + C2





A
B
C





BWDÎD�K�VCXkE@LnR�BWs©F�K�VAF�<�L`L
π
ESRÁL
^@D�?@T

1
e���>�F

P0 = (x0, y0, z0)
R@E�V�EwBWDÎ?�KcT�F�ycg�s©L�<�?

O�M�D�sZF�<ÂO�L
E@D�BWFSe � Rc=CF�>@D�T�B�F�[]V�>@D
P
F�<`L�L

π
?�B�=�T�>YESR�L
^�D�?�T�BWDwESRrT�B�DxK�VCF�K�?�K�D�E�L
E

O�VCKIaCB�sZF�<�K�D�BWD-ESR −−→
P0P

O�>$D�K@V�X_E@L�BWD�F�<�L`LÂO�L�E@D�B�FSe�;6</[j>@V�E@L�LnF�=�>$E�F�F

d = |(e · −−→P0P )e| = |e · −−→P0P | =

∣

∣

∣

∣

∣

∣

1√
A2 + B2 + C2





A
B
C



 ·





x − x0

y − y0

z − z0





∣

∣

∣

∣

∣

∣

=
|Ax + By + Cz − (Ax0 + By0 + Cz0)|√

A2 + B2 + C2

=
|Ax + By + Cz + D|√

A2 + B2 + C2
,

T�^�V8T�B�Dx=�<`=CF�EzL�<`s©t�BWF�B�Dr[]\�L aCBWV8ESRÃE�FCF
P0

L�<�?@?�B�V{<ÊO�L
E@D�BWF�=�>YE@L`L`F�=�>U^@V

Ax0 + By0 + Cz0 + D = 0.
�8<`L�LN=�L�M(F8O�>@ONB�sIE@V1Rc<ÊEIF�F8X_E@D�JN\�V1[]\�VC=�\�sIEm[]\�VC=CF�>UtcM�V8XkE@Dks@K�XYX_BWV1[]V�E�X F�<�L�LvT�B
K�L`<�sIE|[]K�VCX_L`B�VCD�Em[]\�V�ESRc=CF�>�D�T�B�Dw<�=GF�^@L`L�BWF{[]\�V�E�FCF8[]\�V�=C\�sIEzXYB�XYK�VCB�V�EUT�B�Xxe


