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F�GIHKJ8LNM*LPOQJSRST2UWVQGCXYM�O[Z]\IVS^_LP`aGCJ8bcLPOQJ
n d n egf�h�ikjDlkmon v pChrq U�s h�m�tkuvu�lkwxh U

lkmyp U tIp n egj s{z h�|}t�f$m�h�h�|N|~t�j!t�|&l�����f s u�ikm s f�h�m

v =











v1

v2���
vn











.

����UC� pCh U t�f�t�|N|~t n egf�h�ikjDlkm�h�mv��h�jgh���i U tku�w�h�p R
n �

�<�0G(`��5G(��R#�<U jot � t�jPj2f s f s |N|A��h�u�ikm s fkt�f sNU pCh U�s h�j�j�m��Cw�f s pWlk| s i�t�j s p z � U ikjgh�m �� h�j�i�t U w�t U��C� myt�w�h�pvh U 7 e>p s w�h U u s l U h�|N|kf�h�ikjDlkm v =
(

x y z t xv yv zv

)t �
p � m (x, y, z)

� m�m��Cw�u�iIl�lkmyp sNU t�jDh�m U t � t � m�j s p z � U ikjgh U l���� (xv, yv, zv)
� m<��tku�j s~� e

��h�jNu�f�h�ikjDlkm U��c� m�f sNU pCh U]s�z � U ikjgh U (x, y, z) f s p�j s p z � U ikjDh U t �
 <¡_¢�£�¤�¥�¡¦£�§�¨�§�¥ª©.£�«�«�¨�¥ª«�¨�¬8­)®Y£¯§�¨�«�¡�­)¥�£�§°­(±�²�³Y£¯´)§�£¯®�®.µ�­�¶¸·C¡8²�¨�¢�£v¹rº)§°·)£�»I«�­)§�£¯§
¡_®�¬
¨�¥�£¯«�­C±�²¼§�©�¶�¶�£�«½¹rº)§½´�­(¢�«g¾C±�»ª¬�¡¦´I¨�·�£�»I«�­)§y£�§¯¿8À�¡~·)£¯«y·C¡�µ<·C¡�»I«�¡�´�«�¨k«�«�¢�£�¤�¥�¡¦£�§�¨
¢�£¯¶¸µ�Á�¨k«�«�¢�£Âµ>«�Ã�¶�¶�£�§°º�·)£�§y£�¥�µ<¶�£¯¢�¢�£Â¢�£¯¤�¥�¡¦«�¡¦­)¥�£¯§°·C¡8§�£¯¢�¨�¥�´cÄy­)§>«�¡}µy®Y£¯±�¡
¨�¬~Å
¹P¨�¬¦¬�£¯¥

n = 2
­(±�²

n = 3
¿

Æ}Á�«
u =

(

u1 u2 . . . un

)t ­(±�²
v =

(

v1 v2 . . . vn

)t ·�¨�§�¨�«�·�Á
n
Å!·)£�»I«�­)§�£¯§

­C±�²
c ∈ R

¿� ½¡A¢�£�¤�¥�¡�£¯§�¨�§Ç¥ª©0È
+�¿ÊÉÇ¢�¢�¡¦«�¡�­)¥0È

u + v =











u1 + v1

u2 + v2¿¿¿
un + vn











.

Ë ¿<ÌW©�¬¦«�¡�®�¬¦¡�»k¨�«�¡¦­)¥�¶�£¯¢Wµy»k¨�¬
Ã�§¯È

cu =











cu1

cu2¿¿¿
cun











.

Í ¿<ÎC»�¨�¬
Ã�§y®�§�­C¢�©�»I«cÈ
u · v =

n
∑

i=1

uivi

Ï ¿�Æ}Ã�¥�´)¢�£�¥]¨c·�£�¥�·)£¯»I«�­)§¯È

|u| =
√

u · u =

√

√

√

√

n
∑

i=1

u2

i .

ÐE¨�¥�¨�¬�­)´�¡Q¶�£�¢Ñ·�Á�§�«�¡¦¢�¡�´I¨�§�£°£�§>¹P¨�§�£¯¥�²�£¯«Ê¨c·�·)£¯»ª«�­)§�£¯§Ò¡�®�¬
¨�¥�£�«Ò­C±�²�§�©�¶�¶�£¯«�´)º)§�·C¡
¹rº)¬ÓÄ�¨�¥�¢�£<¢�£¯¤�¥�¡¦«�¡¦­)¥�£¯§�¿
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F�GIHKJ8LNM*LPOQJ����}s u ��� h�m$t�jPjÒjPf���f�h�ikjglkm�h�m u l���� v
� m �_\�Z*\��P�rG(�P�r\ lkw pCh�jYq U�U u

h�jPj5m�h�h�|N| j5jot�| c u���t�jPj cu = v l�����f s u ��� h�m�t�jPj�pCh � m OQZ�M�O��[OQJ8\��P\ lkw u · v = 0 �
	<£�«�Ã�§�¥ª© £�¥�·C¡¦»ª«�¡�´�
P¶�£�¥ »�¨�¥�µ�»�£�¡�¥I«�£ Ä�Ã�«�«�£�»ª©�¬���©�®�®�´)¡¦¹N«�¨�«y«�·C¡�µ�¨a¨�«y«�¢�£�µ�µ�¨
¢�£�¤�¥�¡~«�¡�­�¥�£�§Ê¹rº)¬ Äy£¯§<µ�¨�¶�¶�¨�§�Ã�»C¥�£�§�£¯´)¬�£¯§�µ�­)¶ ¢�£�·C¡&«�¡�¢�¡¦´I¨�§�£v·C¡�µ�¨k«½¹rº)§<·�£�»I«�­)§y£�§�¡
®�¬�¨�¥�£�«E­(±�²�§�©�¶�¶�£¯«�¿IÌ�Á�¥�´I¨�¨�· ³Y£�·(¡¦µ�£¯¥�Ã�§5²�£�¬¦«E¡¦¢�£�¥I«�¡�µ�»k¨�­C±�²�·C¡�´)º�§5£¯«�«�¨c·$¢�£�¶
µy­)¶ £�
�£¯¶�®Q£�¬�­C±�²�¨�¥I·�Ã�¥�¢�£¯§5µ�£�¢�¨�¥�¢�£¯«�«�¨½¹rº)§5¨�«y«K·C¡�µ�¨�¨�«y«��K¾ª«�²�¨�´�­)§�¨�µ5µ�¨�«�µE´IÃ�¬�¬�£¯§
­C±�»ªµ�Á�¡A´)­(¢(«g¾(±�»ª¬¦¡�´$¢�¡¦¶�£¯¥�µ�¡¦­)¥0¿
�vZ*OQ�5OQbcLNM*LrOQJSR�� i�t�| � m z m�l�p��ªikj � mÂp s u�jPm s ���Cj s f � f�h�mvtIpIp s j s l U � p5fAu

u · (v + w) = u · v + u ·w
�c� m n egf�h�ikjDlkm�h�m u

�
v l���� w �

� h�f s u �  <¡Ò¹PÁ�§�¢�¡�§y£�»I«$¹r§�Á�¥ ¢�£�¤�¥�¡¦«�¡�­)¥�£�¥ ¨c· ¨�¢�¢�¡~«�¡�­�¥ ­(±�² µ�»k¨�¬�Ã�§�®�§y­(¢�©�»I«�
P­C±�²
¶�£�¢�©�®�®Q£�¥ª³�¨�§�¥�­�«�¨�«�¡�­)¥���¨�«�«

u · (v + w) =











u1

u2¿¿¿
un











·











v1 + w1

v2 + w2¿¿¿
vn + wn











=
n

∑

i=1

ui(vi + wi)

=
n

∑

i=1

uivi + uiwi =
n

∑

i=1

uivi +
n

∑

i=1

uiwi = u · v + u · w.

 �¨�¢�·C¡A©�«�¥ª¾ª«y«PÄ�¨�¢�£�¹rº)§y©�«�­�¶ ¢�£�¤�¥�¡~«�¡�­�¥�£�§y¥�¨ ·�¨�§Ç¡0µy«�­)§y«°µy£¯«�«Ê£¯¥C³�¨�§y«Ê¢�¡¦µy«�§y¡�³�©(«�¡¦·C¡ Å
«�£¯«�£¯¥W¹rº�§Ò·�¨�¥�¬�¡¦´ ¶ ©�¬~«�¡�®�¬�¡�»k¨�«�¡�­)¥�­C±�²�¨�¢�¢�¡¦«�¡�­)¥0¿

�

� \�M*bWR���� jN��t � lkmytku�u�t�jru �I� |N|�h�m s8� l�p�j � ��ik| s~� p s w�h U u s l U n
� pEfAu�lkw u l���� v

� m
lkm jgl � l U t�|~t n egf�h�ikjglkm�h�m<u�� �I� |N|�h�mvt�j�j

|u + v|2 = |u|2 + |v|2.
� h�f s u ��� º)§y©�«�µ�Ã�«�«�¥�¡�¥�´�£�¥ ¨k«�« u ­(±�²

v
Ã�§_­)§y«�­)´)­)¥�¨�¬
¨ÊÃ�§K®Q£�§_¢�£¯¤�¥�¡¦«�¡¦­)¥ £¯»ª·C¡~·�¨�¬�£�¥I«

¶�£�¢a¨�«�«
u · v = 0

¿_À�£¯¥�­)¶ ¨�«y«�©�«�¥I¾C«y«PÄ�¨�¢�£¯¤�¥�¡~«�¡¦­)¥�£�¥�¨c· ¬
Ã�¥�´�¢a¨c· £�¥ ·)£�»I«�­)§
­C±�²]®�§�­)®Q­)µ�¡~«�¡¦­)¥�£�¥�­�·�¨�¥�µ�Á$¹PÁ�§Ò·C¡

|u + v|2 = (u + v) · (u + v) = u · u + u · v + v · u + v · v
= |u|2 + 0 + 0 + |v|2 = |u|2 + |v|2.

�

� ;D@��! 54�6 687#"<;%$>9�@<;D@'&E654
 <¡�µ�»k¨$¥ª©�«�¡¦«y«�¨�®�Á ¶�¨�«�§�¡¦µ�£�§Ò¨�·�´)­C¢�«g¾C±�»ª¬�¡�´$µ>«�­)§y¬�£¯»�­C±�²�³�¬�¨ µ�£�²ª©�§Ò·�¨�§NÄy£½¶�¨�«�§y¡�µ
´)£¯§Ç©�®�®�²�­*·�«�¡�¬¦¬�£�¥W¬�¡¦¥kÄ�Ã�§2¨�·C³�¡¦¬�¢�¥�¡�¥�´�¿
(Ê­)¶�¡�²�Á�´�¨k«�«�£�¥�¶�¨�«�§�¡�µ°¨c·�«g¾C®

m × n
·�¨�§Ê£¯«y«�«y·�Á�¢�¡�¶�£�¥�µy¡�­)¥�£�¬�¬~«2¹PÃ�¬~«�¨�·�§y£�£¯¬�¬
¨

«�¨�¬0¶�£�¢
m
§�¨�¢�£¯§Ç­(±�²

n
»�­)¬¦­)¥�¥�£¯§�¿�)½¶ «�·�Á$¶�¨�«�§�¡¦µ�£�§

A
­(±�²

B
Ã�§Ç¨c·Ñ«g¾C®

m × n
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§y£�µ�®Q£�»I«�¡¦·)£
n × p

µ�Á�¢�£¯¤�¥�¡¦£�§�¨�¢�£½·C¡
C = AB

µ�­)¶:£�¥W¶�¨�«�§�¡¦µÒ¨c·Ñ«g¾C®
m × p

¶�£�¢
£¯¬�£�¶�£�¥I«

cij

µy­)¶ ¬�¡¦´)´)£¯§Ò¡0§�¨�¢
i
­C±�²]»�­)¬�­�¥�¥

j
µ�­)¶

cij = at
i · bj =

n
∑

k=1

aikbkj,

¢�Ã�§
ai

Ã�§Ç§�¨�¢
i
¡
A
­C±�²

bj

Ã�§Ç»�­)¬�­)¥�¥
j
¡
B
¿QÌ�¨�¥]»k¨�¥W¨�¬¦¬¦«�µ�Á µ�£�·�¨�§rÄy£�£¯¬�£¯¶�£¯¥ª«Ê¡

®�§y­(¢�©�»I«�£�¥�µy­)¶ £�¥�µy»�¨�¬
Ã�§y®�§�­C¢�©�»I«Ò¶�£�¬¦¬
¨�¥ 
r«�§�¨�¥�µ�®Q­)¥�¨�«�£¯«Ç¨c· ��£¯¥�§�¨�¢�¡
A
­C±�²Ñ£¯¥

»�­)¬�­)¥�¥W¡
B
¿

� J8`���Z*XAJ8L�J � R�� lkjgh�myt �c� | �¯t U pCh�| s i���h�j
u · v = utv,

p � m z m�l�p��IikjDh U�s � ��� h�m |�h�pCh�j � mÇw�t�j�m s u�w$�C| j s{z | s i�t�j s l U w�h�|N|~t U h U w�t�j�m s u°w�h�pÂ��t�myt
h U mytIp�l����Wh U t U�U t U w�h�p$��t�myt�h U iIlk|�l U�U ��� ��u�h�m f�h�myt�l���i�u���t�j�j�lkw u l���� v

� m
n egf�h�ikjDlkm�h�mvd
	 n×1 egw�t�j�m s u�h�mon�u�� � m utv h�jPj_j!t�|�w�h�pIt U uvt

� m�h U n×n egw�t�j�m s u �
É�¥ª«�¨�´�¥ª©�¨�«y«Ç·C¡A²�¨�§Ç£�¥

m × n
Åo¶�¨k«�§�¡¦µ

A
­C±�²W£¯¥

n
Åo·�£�»I«�­)§

v
¿ 	½Á�´IÃ�¬¦¬�£¯§Ò¨�«y«

AvÃ�§<¨c·W«g¾C®
m × 1 � ¢Ò·�µ�£�¥ m

Åo·�£�»I«�­�§�¿Y <¡_µy£�§�¨�¬�¬¦«�µ�Á�¨�«�«�£�¥
m × n

Åg¶�¨�«�§y¡�µ
A
´)£¯§

£¯¥�¨c·C³�¡�¬¦¢�¥�¡¦¥�´$µ�­)¶ «�¡�¬¦¬Q·�¨�§NÄy£�£�¬�£¯¶�£¯¥I«°¡
R

n
­�§�¢�¥�¨�§Ç£¯«�«Ê£¯¬�£�¶�£�¥I«°¡

R
m
¿

F�GIHKJ8LNM*LPOQJ
��� ��j A fkt�myt�h U m× n egw�t�j�m s u � � ��pChrq U�s h�myt�m½f sA`a\(M�ZkL�b�\IV��_LP��^��J8L�J �[GCJ
f u�lkw � � m�j s |N| A u�lkw

f(v) = Av, f : R
n −→ R

m.
�<�0G(`��5G(� ��� ��j f fkt�myt z m�l��ch�ikj s l U h U�� m � U R

3
z � R

2 u�lkw z m�l�� s ��h�myt�mÂm��Cw$w�h�j
lkm jgl � l U t�| j z � xy e z |~t U h�j � � h�j°��h�j � pCh�m���h�| j�h U iIh�| j°t�jPj z � U ikjgh U (x, y, z) u�i�tWt�f�e
� s |~pItku z � (x, y) � � h�j�j!t�u�fkt�myt�m�w�lkj�w�t�jPm s u�h U

A =

(

1 0 0
0 1 0

)

,

j � f s ��t�mvt�jPj
(

1 0 0
0 1 0

)





x
y
z



 =

(

x
y

)

.

� m�l��ch�ikj s l U h U�� mvt�|N| jru��Wh U w�t�jPm s u�t�fk� s |~p U�sNUC� �
 <¡0§�£¯»�¨�®�¡¦«�©�¬�£¯§�¨�§°¨�«y«°£�¥]¨c·(³�¡�¬�¢�¥�¡�¥�´Â·�¨�§Ê¬¦¡�¥kÄ�Ã�§2­)¶

f(x + y) = f(x) + f(y)
­(±�²

f(cx) = cf(x),¹rº)§°¨�¬�¬
¨v·)£�»I«�­)§�£¯§
x
­(±�²

y
µ�¨�¶�«°§y£�£�¬¦¬
¨�«�¨�¬

c
¿

� º�§Ç¶�¨�«�§�¡¦µ�¨c·C³�¡�¬¦¢�¥�¡�¥�´)£�¥�µ�­)¶ ²�º)§Ç«�¡�¬¦¬
A
µ�Á�¹PÁ�§Ò·C¡

f(x + y) = A(x + y) = Ax + Ay = f(x) + f(y)­C±�²
f(cx) = A(cx) = (Ac)x = (cA)x = c(Ax) = cf(x),µ�Á$¨�«�«Ç¶�¨�«�§�¡�µ�¨c·(³�¡�¬�¢�¥�¡�¥�´)¨�§�¥�¨vÃ�§Ò¬¦¡�¥kÄ�Ã�§�¨�¿ )½¶�·�Ã�¥I«Ç»k¨�¥�¶�¨�¥Ñ·(¡¦µ�¨$¨�«y«°¨�¬¦¬
¨Â¬¦¡�¥kÄ�Ã�§�¨

¨c·C³�¡�¬¦¢�¥�¡¦¥�´I¨�§°¹r§�Á�¥
R

n
«�¡�¬¦¬

R
m
Ã�§<¶�¨�«�§�¡¦µ�¨c·C³�¡�¬¦¢�¥�¡�¥�´I¨�§°µ�­)¶ ²�º)§½«�¡�¬¦¬8¥�Á�´)­)¥

m ×
n
Åg¶�¨�«�§y¡�µ�¿��2£¯´)§�£¯®�®Y£¯¥S¶�¨�«�§�¡�µ�¨c·(³�¡�¬�¢�¥�¡�¥�´)¨�§�­C±�²#¬�¡¦¥kÄ�Ã�§�¨a¨�·C³�¡¦¬�¢�¥�¡�¥�´I¨�§ÑÃ�§�¨�¬¦¬¦«�µ�Á
£¯»ª·C¡~·�¨�¬�£�¥I«�¨�¿
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�<�0G(`��5G(� ���}s u�i�t U ����h�jPmytkikjot�lkm jDl � l U t�| z m�l��ch�ikj s l U�z ��h U]� l�p�j � ��ik| s~� | sNU �ch s
R

n � p5fAu�fkt�m �ch�f�h�ikjglkm s R
n u�i�t z m�l�� s ��h�m�tku�lkm�jgl � l U t�| j z ��h U | sNU �ch L

s
R

n � � t U
i�t U t UC� h]h U | sNU �ch s R

n
z � z t�myt�w�h�jDh�m � lkm w z m�h�� s uÑu�lkw s�z |~t U h�j$l���� m��Cw$w�h�j� h U lkw x = x0 + tv

�










x1

x2���
xn











=











x01

x02���
x0n











+ t











v1

v2���
vn











,

p � m x0

� m�h U�z � U ikj z � L l���� v h U m s ikj U�sNUC� u�f�h�ikjDlkm �c� m L � � t U t�|�l ��s w�h�p�j s p s~� t�m�h
u��¼pChrq U�s h�myt�m�f s lkm jgl � l U t�|~t z m�l��ch�ikj s l U h U t�f x

z � L
�
xL
� u�lkw pCh U f�h�ikjglkm cv

u�lkw � m½u��IpIt U t�jPj x − xL

� m lkm jDl � l U t�|�w�lkj v � � h�jPj!t � h�m
0 = (x − xL) · v = x · v − cv · v,

l���� � m � U pCh�jPjot�| � u�h�m�f s �(j c = x · v/v · v l���� � ��m
xL = cv =

1

|v|2 (x · v)v,

f s |{iIh�j z ��w sNU�U h�mÂlkw h UÂ� lkm�w�h�|�f s i ��U�U h�m s~� h U d�� � m<��t�m�f sKsNU jgh U lkm w�h�m�t�jEm s ikjPeU�sNUC� u�f�h�ikjglkm U v n � � ��u�i�tvf s �(j U � j�j �¯t | s i���h�jDh U x ·v = xtv l�����t�jPj}w$�(| j s{z | s i�t�j s l U
t�f�h�jPj2j!t�|Aw�h�p�h U w�t�jPm s u � m½iIlkw$w$�(j!t�j s f�f s |{iIh�j � h�m

xL =
1

|v|2 (vtx)v =
1

|v|2v(vtx) =
1

|v|2 (vvt)x.

� h�jPj!tÂf s u�t�m�t�j�j&pCh U lkm jDl � l U t�|~t z m�l��ch�ikj s l U h Uvz ��h U | sNU �ch L w�h�pvm s ikj U�sNUC� u�f�h�ikjglkm
v
� m h U | sNU � � mvt�fk� s |~p U�sNUC� w�h�p�w�t�j�m s u�h U

A =
1

|v|2 (vvt).

� ��u�h�m f�h�myt�t�jPj�u�lkw f s5UQ� w U pCh½j s p s~� t�m�h � m vvt h U n × n egw�t�jPm s u �


