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Ï�I�k�A¶E�G�H�A�;ÂL�;�WOA�G�A�?�^ÐE�GJL�GJI�MN;�A�?�ADLNQ~kOI#^X;ÑE�;�I�GJ=PL¿?�L>LNE�GJL�G�I�MN;�A�?OAPL�G�A¶;�APL�GB?O\]\�<
e�k�^OG�I�=@?O<m?�^¸E�G�A¿L�I�GJE@Ò>G7LZYXeÁGJAK?�^¸G�\]G�MNG�APL�n�I�?�I�?OE�W(elG�I�?�L�;]W(A�G�I�WX[�s�?�L�L�E�G�AhMqC�\ÂÃ
L�;�e�\];�[�GJI�?O<#MNG�E¶E�GJL_?O=PL�C�G�\�\�?¯L�?O\�G�LoQTS(I¸E�G�AÓ?�A�E�I�?¯LZYXeÁGJA0`�Ô�M M¸?OA¶pPYDL�GJI¸L>^Ok
I�?OE�G�I¦<�kBnOA�E�I�?O<�L�G�[�=DA�G�Lqe�k�E�GJL�G�I>M¸;]A�?OAPL�GJA0`rÕ7G�LVQ~kOIjM¸?OA¯A�nO<ÖL�?OAcW(MNG�E�GJ\�p�?�I>L
QTI�kOA¸E�GJH�A�;ÂL�;]W(A�G�A¨×~<>GÑplGJ^X;�<9;l?�^X<>A�;]L>L�Ø�`Â*�;lplW(=�G�AÊÙ�`X:7;ls�?OI�?�\�\]L�<�k�QTC�\]\�=OW(APL�I>W(\�\Êe�k
^�?OEq<>W(MÚs�nOA�E�GJIxMNG�E#E�G�L�G�I>M¸;]A�?OAPL�GJAqW(MÛM¸?OAqC�L>QTS(I%GJA#G�\�GJM¸GJAPL�nOIÜI�?OE�WOeÁGJI�?�L�;�W(A
e�k#GJABM¸?�L�I>;�<J`
Ýº?�A#=�?�ANMNG�Eq^X;]<�<xMNS'E�?7pÁG�^X;�<�?¦?�L>LxE�G�L�GJI�MN;�A�?OAPL�G�Ao;�APL�G�nOA�E�I�?O<xW(MÚM_?�AqL�I�?�A�<ÖÃ
elW(A�GJI�?OIaM¸?�L�I>;�<>G�A0Þ�E�^9<

det A = det At.
Ï�I�k�A¸E�G�L�L�?¦Q~kOIÇ^X;l?�L�L�?O\]\
?�I�GJU(\�GJI8<�W(MßUPn�\�\�GJI%QTS(I8I�?�E�G�I�W'[�=D<�kVUPnO\]\�GJIxQTS(I8=OW(\]W(A�A�GJI�`
Ýº?�AB=@?OAhL�G�àB?OE�E�GJI�?#G�ABMqC�\]L�;�elG�\Á?�^hG�AK=OW(\]W(A�A�L�;]\�\lG�A¨?�A�A�?OA�=OWO\�W(A�A�C�L�?OAB?�L�L
nOA�E�I�?#E�G�L�G�I>M¸;]A�?OAPL�GJA0`
á�Ch<�=@?�^X;.QTW(I�M�C�\�GJI�?RL>^�kqI�G�<>C�\]L�?�La<>W(MâUOG�I�G�L�Lm<�n@L�Lm?�L>L�plG�I�nO=DA�?#E�GJL�G�I�MN;�A�?OAPL�G�A
M¶sm?ºG�\]G�MNG�APL�nOI�?ºI�?�E�W(elG�I�?@L�;�WOA�G�IJ`�×~ãxL�L#plGJ^X;�<V;9Q~?O\]\�G�L

n = 3
?�^cQTS(\äÒ�?�A�E�GN<�?�L�<

H�A�A�<m;rpÁW(=�G�AK;µ?�^'<>A�;]L>L�Ø�`¾å'`æÙ
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�O�R���§ @�O�����g���~�O�X¡O�X�Â�O���>���|�����Ñ�'�l�X�����~���~�O�X¡O�X�Â�O���q�N�O�~�����Ñ�_���
�O�~��¡X�@�l�O���������_�����

aii
�z¥ q¡P�O�|�����R�O�~�

det A =
n

∏

i=1

aii.

Õ7G�LjnOIÑ?O\]\]L�<�kNGJA�=OGJ\]L�?�L�L7E�;�I>G�=PL7plG�I�nO=DA�?_E�G�L�GJI�MN;�A�?OAPL�G�AºQTS(I�G�ABL�I�;�?OA�U(C�\
nOIaM¸?@Ã
L�I�;�<J`rÏ%S(I¦GJA U(WXE�LZYX[�=D\�;]UKM¸?�L�I�;�<jU(nO\�\]G�I�E�G�LRs�G�\ÂLVGJA�=OGJ\]LV?�L>LVS�^OG�I>QTSOI�?�E�G�AcL�;�\]\%GJA
L�I�;
?�A�U(C�\�nOIÇM_?@L�I�;]<9MNG�E_s@Ò�nO\�e_?�^_GJ\�G�MNG�APL�nOI�?RI�?OE�WOeÁGJI�?�L�;�W(A�GJI9WX[�s¿W(Mß^X;.A�WOL�GJI�?OI
^X;�\]=@?7I�?OE�W(eÁGJI�?�L�;�W(A�G�IÜ^X;�UOS(Ix<�k�=@?OAoM¸?OAqE�kjplG�I�nO=DA�?jE�GJL�G�I�MN;�A�?OAPL�G�AqQTSOIxG�AoU(WXE'Ã
LZYX[�=D\�;]U¨×T=D^�?OE�I�?�L�;�<�='ÙaM_?@L�I�;]<�`ÊÝB?OAº=@?OA#Ò>CºADCBQTI�kOUP?o<�;�UNW(M E�GJA�A�?_MNGJL�W'EK?O\]\]L�;�E
\ÂY'[�=@?O<JÞ�W'[�sKE�G�LÑUOS(IaE�G�A	�
� ��{��¸Ä Å��O�|���

n × n
�Z�N�O�g�������O�O�  @�O���|�� @�>�@�¦�~�|�|�%���  @�O�����g���~�O�X¡O�X�Â�O�j�N�O�g�����¦� ½a�

�������_����� �O�>�¸�>�P�X��¢������O�~� �@�.��� �
Ì ������� � :�;µU(S(ImGJL>L7;]A�E�C�=PL�;�W(A�<>pÁG�^X;�<�S)^OG�I

n
`lÏ%S(I�p�?O<ÖQ~?O\�\]GJL�?OAPL�?�U¿?�L>L

n = 2
WX[�s

?�L>L
A =

(

a b
c d

)

.

Ô�M
a = 0

<�k¨pPYDL#E�G_L>^OkBI�?OE�GJI�A�?BW'[�s <�?O=OGJA¶n�I�=D\
?OIJ`ÜÔjM
a 6= 0

ÞÜ<�k¨?OE�E�GJI�?
−(c/a)

UPkOA�U(G�I�QTS(I><>L�?oI�?OE�GJAKL�;�\�\ÁE�G�AB?OA�E�I�?�`�Õ7koQ~kOI�^X;
(

a b
c d

)

−→

(

a b
0 d − bc/a

)

WX[�sBE�nOI�MNG�EKnOIa<�?O=OGJAº=D\
?OIJ`

 ADL�?OURAXC_?�L�L�e�k�<>L�k�G�A�E�G�LanOI8<�?OAPL9QTS(I�?O\]\
?�M¸?�L�I>;�<>G�I8?�^o<>L�W(I�\]G�=

(n−1)× (n−1)
`

:7;j<�=@? ^X;�<�?¶?@L�LK;j<�kÐQ~?O\�\�U(nO\�\]G�I¿E�G�LºWX[�=D<�kÐQTS(I
n × n

ÃZM¸?�L�I>;�<>G�I�`��zk@L
A

^�?OI�?
GJA UOW'E�LZYX[�=D\�;]U

n × n
Ã M_?�L�I�;]<�`9Õ7GJLKI�n�[�=OG�IB?�L>L¿^X;�<�?Ð?�L>Lh^X;j=�?�A"Q~kFs�G�\
?FQTS(I><>L�?

=�W(\�W(A�A�G�A¯C�L�W(M QTSOI�<>L�?hG�\�GJM¸GJAPL�GJL7L�;�\]\ÜA�W(\�\]W(I�ÞÊLZY¨plGJL�I�?O=PL�?hE�GJA¯E�G�\Ç?�^§M¸?�L�I�;�<>G�A
A

<�W(M plG�<>L�kOI�?�^NE�G
n− 1

<�;�<ÖL�?R=OW(\]W(A�A�GJI�A�?�WX[�s¿E�G
n− 1

<�;]<>L�?VI�?OE�GJI�A�?'`�Õ7GJA�A�?
=@?OA S)^OG�IÖQTS(I�?O<VL�;�\]\xG�A²S)^OG�IÖL�I�;�?OA�U(C�\
nOI¦M¸?�L�I>;�<¦G�A�\];�UOLR;]A�E�C�=PL�;]W(A�<�?OAPL�?OUP?�A�E�GJLVWX[�s
E�n�I�MNG�Ec=�?�A²n�^(GJA

A
E�GJL¿×~G�Q|L�GJI�<�WOM ^';8s�?�E�G¸A�W(\�\]W(I�;xQTS(I><>L�?�=OWO\�W(A�A�G�A QTSOI�C�L�W(M

QTS(I><>L�?oGJ\�GJM¸GJADL�GJL�Ù�`
Ô�MÚ?O\�\�?�GJ\�GJM¸GJADLx;XQTS(I><>L�?7=OW(\]W(A�A�GJA#I�GJE�?OAonOIÜA�W(\�\D<�kjnOI%<�?O=OGJAN=D\�?OI�` 
 APL�?�U�ADCo?�L�L
k�L�M¸;]A�<>L�W(A�GÑGJL�La?�^_E�G�M¬nOI�<>=X;]\]L�QTI�kOAhA�W(\]\ `�9YDLmGJ^OG�APL�C�G�\�\ÂLmI�?OE�G�I�<�kN?@L�L

a11 6= 0
`

Ô�M M¸?OAB<>G�E�?�A§?OE�E�GJI�?OI
−(ai1/a11)

UPkOA�U(GJImI�?OE
1

L�;�\�\.I�?OE
i

QTS(I�?O\]\
?
2 ≤ i ≤ n<�k�=OW(MNMNG�I�I�?OE�GJI�A�?#?�L>L�Q~k�GJAhA�W(\]\
?¦;ÁQTS(I><>L�?Ve�\
?�L�<�GJA¿W'[�shE�nOI�MNG�Ehn�I�<�?�=OG�A�=D\
?�I�`

�

���0u'� ÉÇu'ÈÑ� Åµ���O���@�O�l�X���j�X�������o���O�T�����Ç�� @�V�O�~�������>�@�@�l�
∣

∣

∣

∣

∣

∣

3 6 9
2 7 −2
4 11 24

∣

∣

∣

∣

∣

∣

År�Ü�O���@�O�l�X�����_���Z���X���K�O�~�Ç�P�P�X���>�N�����Â�O�7¢l�©�Â¡��#�'�©�~�¾¢����l�O�q���K�>�P�R���@� ���r�X�g��Ë@�g�~�
�J�P�X�¦���������������9�O���� @���>�N���O�|����� ��¼�½¦�JO�
∣

∣

∣

∣

∣

∣

3 6 9
2 7 −2
4 11 24

∣

∣

∣

∣

∣

∣

= 3

∣

∣

∣

∣

∣

∣

1 2 3
2 7 −2
4 11 24

∣

∣

∣

∣

∣

∣

= 3

∣

∣

∣

∣

∣

∣

1 2 3
0 3 −8
0 3 12

∣

∣

∣

∣

∣

∣

= 3

∣

∣

∣

∣

∣

∣

1 2 3
0 3 −8
0 0 20

∣

∣

∣

∣

∣

∣

= 3·1·3·20 = 180.
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n
W(pÁGJ=@?OAPL�?

x1, x2, . . . , xn

n�IaG�AKG�=P^�?�L�;]W(A�e�koQTWOI�MNG�A
n

∑

i=1

aixi = b,

E�n�I
ai

WX[�s
b

nOIÇH�à�?¦L�?O\ `OãÇL>L9Ègy~w��J±���{juD³�����{�y~}lw � ��� �J{�u'�ÆMNG�E
m

GJ=D^�?�L�;�W(A�G�IÇWX[�s
n

W(pÁGJ=@?OAPL�?�n�I9s�GJ\]L9G�A�=�G�\ÂL
m

<>LZYX[�=�G�AK<�kOE�?�A�?VGJ=D^�?�L�;�W(A�G�I�WX[�s¿GJA¿\�S(<>A�;�A�URL�;�\�\�GJL�L
<�kOE�?OAPL�<>YX<>L�G�M nOImGJA

n
Ã L�;]eÁGJ\.<>W(Mi<�?@L�;�<ÖH�G�I�?OI�?O\�\�?�G�=P^�?�L�;�W(A�GJI�A�?'`

�a;ÂL�L�?�L�G�àKe�k#E�G�LÑ\];�A@Ò�n�I�?�GJ=D^�?�L�;�W(A�<�<>YX<ÖL�G�MNGJL






x + 2y + 3z = 12
3y − 8z = 14

20z = 40
:7;0=@?OAB=�W(I>L�<>=XI>;]^�?#E�GJL>L�?o<�W(M

Ax = b
Þ�E�nOI

A =





1 2 3
0 3 −8
0 0 20



 , x =





x
y
z



 , b =





12
14
40



 .

Ýº?@L�I�;]<�GJA
A

=@?O\]\
?O<ÇQTS(I�³Ê}0u����PyTu'wl{)�²��{��@y ��WX[�s
b

=@?O\�\�?O<ÇQTS(I����Ê´ÊuD��ÈTuX� ���ÁuD³.{�}l�D`
ãxQ|L�GJI�<>W(M E�GJA�<>;�<>L�? G�=P^�?�L�;]W(A�G�A"p�?�I�? ;�A�A�G�s�kO\]\�GJI

z
<�kFQ~kOI¿^X;�QTI�kOA"E�GJA�A�? ?�L�L

z = 2
`! �n�L>L�G�IÑ^';ÇADC¯;�A§E�GJL�L�?h;%E�GJA²?OA�E�I�?¿GJ=D^�?�L�;�W(A�G�A¶×~<>W(M p�?�I�?h;�A�A�G�s�kO\]\�GJI

yWX[�s
z
Ùm<�koQ~kOI�^X;

3y = 14 + 16
Þ�E�^�<

y = 10
`ÁÔjMi^X;µADC¨<�n@L�L�GJI7;]ABE�GJ<�<�?¸^�nOI�E�GJA

;%QTSOI�<>L�?KGJ=P^O?@L�;�WOA�G�A¯<�khQ~kOI�^X;
x = 12 − 2 · 10 − 3 · 2 = −14

` 
 L�LRE�GJLRp�\]GJ^º<�k
s�n�IxG�A�=�G�\ÂL�?@L�LÇp�?�I�?j<�C�[J[�GJ<�<�;Â^DL�<>C�p�<>L�;�C�GJI�?jE�GaW(\];�=@?Ñ^�?OI>;
?Op�\]G�I>A�?7s�nOA�U(G�IÇ<�?OM¸M¸?OA
MNG�EK?�L>Lm=OWXG�"N[�;]G�APL�M¸?�L�I>;�<>G�ABnOI�L�I>;
?OA�UOC�\
nOIJ`�Õ7G�L�L�?oQTS(IÖQ~?OI�?�A�E�Gjp�I>C�=@?OIa=@?O\�\�?O<�QTS(I
# ��³%$'{��'& # �J{�yT{(&r{)yT}lw�`

 ADL�?OUjADCo?�L�Lx=OWXG�"N[�;]G�APL�M¸?�L�I>;�<>G�Aq;]ADL�GanOI%L�I�;�?OA�U(C�\�nOI�`�:7;'^OGJL�?�L>Lx^X;�=@?OA#U(S(I�?7E�GJA
S�^(GJI>L�I�;
?�A�U(C�\�nOI7M¶sm?_G�\]G�MNG�APL�nOI�?¿I�?OE�W(eÁGJI�?�L�;�W(A�G�I7WX[�s§E�G�Ljs�nOI>\�;�U(?_nOIj?@L�L�E�G�<�<�?
;]ADL�G�nOA�E�I�?OI#\�SO<�A�;]A�U(<�M¸nOA�UOE�G�A W(M M_?OAÐ;]A�=D\�C�E�GJI�?OI�s�S(U(GJI�\�GJE�<>^OG�=PL�WOI�A�<>W(M GJA
G�à'L�I�?K=OW(\]W(A�A0`�×~Õ7GJL>L�?ºp�I>C�=@?OI¦=@?O\�\�?O<�QTS(Ij{�}�{���È~�²��{��@y ��uXw�`¾Ù 
 L�LVpPYDL�?KL>^�kKI�?OE�G�I
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E1 = a11x1 + · · · + a1nxn − b1 = 0
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E1 = 0
E2 = 0
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E1 = 0
E2 + kE1 = 0
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E1 = 0
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E2 = −kE1 = 0
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3x + 6y + 9z = 36
2x + 7y − 2z = 38
4x + 11y + 24z = 102.

.
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3 6 9 36
2 7 −2 38
4 11 24 102
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3 6 9 36
2 7 −2 38
4 11 24 102



 ⇔





1 2 3 12
2 7 −2 38
4 11 24 102



 ⇔





1 2 3 12
0 3 −8 14
0 3 12 54
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1 2 3 12
0 3 −8 14
0 0 20 40
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det A = 0
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1 2 3 1
2 4 3 2
3 6 a 4
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det A = 0
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1 2 3 1
2 4 3 3
3 6 a 4



 ⇔





1 2 3 1
0 0 −3 1
0 0 a − 9 1
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1 2 3 1
0 0 1 −1/3
0 0 a − 9 1
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1 2 3 1
0 0 1 −1/3
0 0 0 1 + (a − 9)/3
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0 = 1+ (a− 9)/3
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1 2 3 1
0 0 1 −1/3
0 0 0 0
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x2 = t
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x1 = 1 − 2t − 3 · (−1/3) = 2 − 2t
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x1 = 2 − 2t
x2 = t
x3 = −1/3,
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