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L>MJN�OQPRO�NSN@THU2V�OQWYX[Z�\8TQO]N�U�^QM�Z�W@^H_�Va`b^)cdZ�\]OQM8N�O(e�f�g

Ax = b h�i W A = (a1 a2) i WZ�M
3 × 2 jlk O�N�WSU�f�m�nog i W

Ax =
(

a1 a2

)

(

x1

x2

)

= x1a1 + x2a2

Z�MqprU�M]s i WS\Q^ k c�U�M�O]N�U�^QM[OtTR\Q^)pr^)M�M�Z�W�M�O a1

^(_�V
a2

U
A
mHu�g

Ax = b
V�O�W�prv)f�M�U�M�Pw^ k^H_�VxZ�M h O�fSNy^ k b i W@Z�MxprU�M]s i WS\Q^ k c�U�M�O]N�U�^QMzOtT{\�^)p�^)M�M�Z�WSM�O$U A m�LGp�p�O4prU�M]s i WS\Q^ k$jc�UrM�O�N�U�^)M�Z�WYOtT

a1

^(_�V
a2 i W|Z�NSN|}�p
OQM π

U
R

3
m

π

O

b

b0
a1

a2

L>MJN�OQPaMH~�O�NSN�THUBV�O�W�Z�M�TQZ�\8N�^QW
b
f�^ k U�M8N�ZRprU�P)P)Z�WoUB}�p�OQM�Z�N

π
^H_�V�p�g�N

b0

T�OQW�O
^)W�N�^)PQ^)M�OQp�OR}�W�^]sSZ�\JN�U�^)M�Z�M�OtT

b
}�g

π
m�nog i WGZ�M�T)Z�\8N�^)W x0

f�g h O�M�O�N�N Ax0 = b0f�g�M i W�O$Z�Map�v)fSM�U�M�P[N�U�prp Ax = b k O�M{\Q^ k�k O$U h Z�M k Z�M�U�M�P)Z�MaO�N�N
|Ax0 − b| ≤ |Ax − b|

� v)W|O�p�p
O
x ∈ R

2
m

� ~�W$c�Z�fSN iQkqk Z�W k OQM x0 � u i NSN r = Ax0 − b
m0nog i W r

^)WSN�^)P)^)M�O�p k ^QN[T�OQW�sSZTQZ�\8N�^)W|U
π
^(_�VxfS}�Z�_�U�Z�p�p�N k ^�N a1

^H_�V
a2

m�nGZ�NyP)Z�W
{

at
1
r = 0

at
2
r = 0

h T�f Atr = 0.

� Z�M
0 = Atr = At(Ax0 − b) = AtAx0 − Atb,

h T�f AtAx0 = Atb
e�f�g

x0 i WYZ�M�prv)f�M�U�M�P[N�U�p�p AtAx = Atb
m

nGZ�N�N�O�\]OQM���P)OQM�f�\]OwZ�M�\�Z�p�N���c�Z�THU�f�O�f�U h Z�N�OQprp kqi M�M�O � O�p�p�Z�N|��f�Z|c�^Q\QZ�M��0^H_�V�THU�V�O�W�������*�a���|������ Q¡�¢Q£¥¤Q��¦]§l¨]©�ª
r = Ax − b « £¥�¬©4­$�¬ª��¬­�¢Q£0¨]­ x

��¢Q§�����®@��©S¢Q©{¯°ª�¨]©�­�¢Q±
£���¦]¤]¢Q§��!¨]ª���ªQ²

AtAx = Atb ³
´{µ·¶¹¸�º*»6µ·¼½µK¾¿�ÁÀ[��ª�ªd¢ÃÂ £�Ä���ª��¬ªHÅ·ÆQ¦Q¢Q£¬£�¢]��ÇtÄ]©$��ªÈ­$�¬ª���§°¢]¦]¤]¢8 Q©S¢Q§�£�Ä���ª��¬ªHÅ ³
ÉGÊ2Ë ¶�Ì Ë(Í �ÏÎ�Ð�Ñ��SÒ(��­GÑ���£�Ñ�Ó4��§½§KÄ]¤Q��© « ����§°ÔQ­$§���Ð*��§l��­ÕÔQ©�ªdÔQ©�­�¢QªbÖ�¢Q©Y��ª�­�ÔQªHÅ8 
 8¢Q§!¢���¨]­×­�¢QªØ¤��¬£¬£y¢QªQÑ�¢]����¢���Ó « ©S¢���¨]­×­zÄEÙ�£¥��ÅQ§�§½�¬£¬£YªdÓ�ÅH¨]ªØ§�Ð�ÑÚ¢Q¤[Ç�¡Hª�¦]§��!¨]ª ³Û ª�§!¢�ÅÜ¢Q§�§Ý¤��AÖ�¢Q©w­�ÔQ§! 8¢Q§°¢

x 1 2 3 4 5
y 3 5 8 10 13¨�Þ�ÖR��Ó$¤��¬£¬£�¤��6ÖH�¬§½§!¢z��ª�©SÔQ§B£¥�¬ªtÙt�

y = kx+m
��¨]­ß��§!ÔQ­$­z��©wÄ]¤Q��©���ª��{Â ��Ó « ©�¢b��¨]­­zÄEÙ�£¥��ÅQ§�ÆJ­z�� Ü H������¢Ü 8¢Q§!¢ ³
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� ��Ç�ÓQ©[��§½§Y��¦]¤]¢Q§½�!¨]ª�����Ð���§l��­
Ax = b

­z�� ��a��¦]¤]¢Q§��!¨]ª���©b¨�Þ�Ö��È¨ « ��¦Q¢Qª�§!¢��






















3 = 1k + m
5 = 2k + m
8 = 3k + m
10 = 4k + m
13 = 5k + m

⇔













1 1
2 1
3 1
4 1
5 1













(

k
m

)

=













3
5
8
10
13













.

� � « ����§°ÔQ­$­z��© ª�¨]©�­�¢Q£���¦]¤]¢Q§��!¨]ª���ª AtAx = Atb
¨�Þ�ÖwÇ�ÓQ©

AtA =

(

55 15
15 5

) ¨�Þ�Ö
Atb =

(

142
39

)

.

� Ä�����©b¤��Ý H��ª�ªd¢z��Ó Ç�ÓQ©[¤���£�Ä���ª��¬ªHÅH��ª
(5/2 3/10)t �  B¤6� k = 5/2

¨�Þ�Ö
m = 3/10��¨]­ ÔQ©w£¥�¬ªtÙt��ª���¨]­ ÔQ©�©��¬§!¢8 q� « �¬£� H��ª ³
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 U�W�Z�\]OQ}�UrN�~�p�Z�W�OQWÝO�N�N@Z�Mx~�}�}�f i N�N�M�U�M�P B

OtTqT)Z�\8N�^)W�Z�WY\�O�p�p
O�f � v)WÝZ�Mxc�OQf@^ k T�OQW�sSZ
TQZ�\8N�^)W�\]OQM�f�\JW�U�TQO�f�fS^ k Z�M�~�M�U�\ prU�M]s i WS\Q^ k c�U�M�O]N�U�^QM OtT T)Z�\8N�^)WSZ�W�M�O�U B

m·uJN�OQM j
h O�W h Z���Z k }�p�Z�N i Wyc�OQf�Z�M

e1 =















1
0
0mmm
0















, e2 =















0
1
0mmm
0















, . . . , en =















0
0
0mmm
1















,

fS^ k \]OQp�p�OQf·sS~�f�N|fSN�OQM h OQW h c�OQfSZ�M � v)W R
n
m


 g�N MJ~
f1, . . . , fn

T�OQW�OÜZ�M�c�OQf � v)W
R

n
e�THUrp�\QZ�M�f�^ k V�Z�prfSNtm 
 U&N i M�\QZ�W ^)f�f fi

fS^ kZ�MÜT)Z�\8N�^)W k Z h \Q^H^)W h U�M�O]N�Z�W�U�f�N�OQM h OQW h c�OQf�Z�M2m 
 OQW¬sSZGT)Z�\8N�^)W x ∈ R
n
\]OQMÜfS\JW�UrT�OQf

fS^ k
x = x1f1 + x2f2 + · · ·+ xnfn,� v)WAM�gQP)W�O>N�O�p

x1, x2, . . . , xn

f�^ k \]OQp�p�OQf � v)W
x
\�^(^)W h U�M�O�N�Z�W&U�c�OQf�Z�M (f1, f2, . . . , fn)

m
nGZ�M�M�ORp�Ur\HV�Z�N|\]OQMxf�\JW�U�T�OQf|}�g k O�N�W�U�f � ^)W k fS^ k

x =
(

f1 f2 . . . fn
)











x1

x2mmm
xn











= FxF .
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� Z h OQM h W�Ob^)W hÜi W�\Q^)pr~ k M�Z�W�M�ObU F \Q^H^)W h U�M�O]N�Z�WSM�O � vQW�c�O�fST)Z�\8N�^)WSZ�W�M�O f1, . . . , fn��U�fSN�OQM h O�W h c�O�f�Z�M��Ý^(_�V xF i WÝT)Z�\8N�^)WSMafS^ k c�Z�fSN�g�WYOtT
x
\�^(^)W h U�M�O�N�Z�WÝU�c�OQf�Z�M F

m
� W�g�M h Z�MaV i WYprU�\JV�Z�N�Z�M � gQWÝTHU6P)Z�M�^ k O�N�N k ~�prN�Ur}�p�Ur_�Z�W�O k Z h F−1

��f�^ k Z �(UrfSN�Z�W�OQW
Z � N�Z�WSf�^ k \Q^)pr^)M�M�Z�W�M�ORU

F i W|prU�M]s i W�N@^)cdZ�WS^(Z�M h Zt�|O]N�N
xF = F−1x.

u�g k OQM � gQWÜOQprprN�f�g�\�^(^QW h UrM�O�N�Z�W�M�O xF

UGc�OQf�Z�M
F
P)Z�M�^ k O�N�N k ~�prN�U�}�prU�_�Z�W�O h ZP8O k p�Ob\Q^H^)W h U�M�O�N�Z�WSM�O k Z h F−1

m
ÉGÊ2Ë ¶�Ì Ë(Í�� � ��¦]§E¨]©���©�ªd¢

f1 =
(

1

2

) ¨�Þ�Ö
f2 =

(

2

1

) ÔQ©o�¬ª�§l��Ñ�¢Q©S¢Q£¬£���£¬£�¢b��Óz H�G¡(§�ÅHÄ]©
��ª « ¢]�0ÇtÄ]© R

2 ³�� ÔQ§�§
F =

(

f1 f2
)

=

(

1 2
2 1

)

.

À4ÓzÔQ©
F−1 =

1

1 − 4

(

1 −2
−2 1

)

= −1

3

(

1 −2
−2 1

)

.

� ¨�¨]©S Q�¬ªd¢Q§l��©�ªd¢YÇtÄ]©o��§°¢Qªd 8¢Q©S Q¤Q��¦]§l¨]©���©�ªd¢
e1

¨�Þ�Ö
e2

� « ¢]����ª (f1, f2)
ÅH���� 8Ó{¢Q¤

(e1)F = F−1

(

1
0

)

=

(

−1/3
2/3

)

¨�Þ�Ö
(e2)F = F−1

(

0
1

)

=

(

2/3
−1/3

)

.

L>MJN�OQP�MH~ k Z�WyOQp�p kzi M8N|O]N�NYTHUKV�OQWYN�T�gRP)^ h N��(_�\JprU�P8ORc�OQfSZ�W F = (f1 f2 . . . fn)
^H_�V

G = (g1 g2 . . .gn)
m 
 U2\]OQMa~�N�N�W��H_�\]O�c�OQfSTQZ�\8N�^)WSZ�WSM�OzU

F
U h Z�U G �











f1 = p11g1 + p21g2 + · · · + pn1gnmmm
fn = p1ng1 + p2ng2 + · · ·+ pnngn

� v)WYM�gQP)W�O[N�OQp
pij

m�nGZ�N�N�O�c�prU�W@}�g k O�N�W�U�f � ^)W k

F = (f1 f2 . . . fn) = (g1 g2 . . .gn)











p11 p12 · · · p1n

p21 p22 · · · p2nmmm mmm m m m mmm
pn1 pn2 · · · pnn











= GP.


 g�N
x
T�OQW�O$Z�MaP)^ h N��H_�\Jp�U�P[TQZ�\8N�^QW�mdnog i W

x = FxF

^(_�V
x = GxG,

h�i W xF i W|\Q^H^)W h UrM�O�N�Z�W�M�O � v)W x
U6c�OQf�Z�M

F
^H_�V

xG h Z�U6c�OQf�Z�M G
m 
 U � gQW

GxG = x = FxF = GPxF .

nGZ�N�N�O�P)Z�W|O�N�N
xG = PxF ,N���c�g h OzTQZ�\8N�^QW�Z�WSM�O i W x

\�^(^)W h U�M�O�N�Z�WGU&c�OQf�Z�M G
m 
 UAf�O k�k O�M � O�N�N�OQWyU � v)p s�OQM h Zf�O�N�f��
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F = (f1 f2 . . . fn)

¨�Þ�Ö
G = (g1 g2 . . .gn)

¤]¢Q©S¢È§�¤]Ó « ¢]����©|ÇtÄ]© R
n ³Û ª�§!¢�Åx¢Q§½§y H�[ÔQ©b©���£�¢Q§l��©S¢8 H� ÅH��ª�¨]­

F = GP ³ � ÓQ§ x ¤]¢Q©S¢È��ª�¤Q��¦]§l¨]©b­z�� q¦8¨�¨]©�±
 Q�¬ªd¢Q§l��©�ªd¢

xF

©����lÑ���¦]§��¬¤Q�
xG

� « ¢]����©�ªd¢ F
©����lÑ���¦]§½�¬¤Q�

G ³ À4Ó$Å8ÔQ£¬£���©
• xG = PxF ³
• xF = P−1xG.

• G = FP−1

• P = G−1F
ÉGÊ2Ë ¶�Ì Ë(Í�� � ÓQ§

f1 =
(

1

1

)

, f2 =
(

−1

1

) ¨�Þ�Ö
g1 =

(

−1

1

)

, g2 =
(

−1

−1

) ¤]¢Q©S¢�§�¤]Ó
« ¢]����©�ÇtÄ]© R

2 ³ À[������¢ÜÔQ© ©���£�¢Q§l��©�¢8 H�yÅH��ª�¨]­

F = (f1 f2) =

(

1 −1
1 1

)

=

(

−1 −1
1 −1

) (

0 1
−1 0

)

= G

(

0 1
−1 0

)

.

Û ª�§!¢�ÅÜ¢Q§�§
x
Ö�¢Q©G¦8¨�¨]©S Q�¬ªd¢Q§l��©�ªd¢

xF =
(

2

3

) � « ¢]����ª F �
 0¤6�

x = 2f1 + 3f2.À4ÓzÔQ©
xG = PxF =

(

0 1
−1 0

) (

2
3

)

=

(

3
−2

)

.

� ¨]ª�§�©�¨]£¬£2�&��§°¢Qªd 8¢Q©S  « ¢]����ªÜÅH��© �

2f1 + 3f2 = 2

(

1
1

)

+ 3

(

−1
1

)

=

(

−1
5

)

3g1 − 2g2 = 3

(

−1
1

)

− 2

(

−1
−1

)

=

(

−1
5

)

.

����� :<=�7H1�CE5(/21
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	 µ·¼¬�*¼��dµÁ��
Ýª¿£¥�¬ªtÙ�ÔQ©x¢Q¤ « �¬£� Qª��¬ªHÅ[Ç�©�ÓQª R

n
§��¬£¬£

R
n
ÔQ©R¼½����¶ Ë �tº�¼���» ¨]­  H��ª

« ��¤]¢Q©S¢Q© £�ÔQªHÅ8 H��© �  B¤K�4¨]­
|Ax| = |x|,ÇtÄ]©�¢Q£¬£�¢z¤Q��¦]§l¨]©���©

x ∈ R
n ³�� ¨]§¬��¤]¢Q©S¢Qªd H�w­�¢Q§½©����o��Ô�ÅH��� ¤]¢Q©�¢a��ª�������¶¹����º]¼�� ³

ÉGÊ2Ë ¶�Ì Ë(Í�� 
&Ò(��­GÑ���£·Ñ�Ó¹����¨]­z��§�©�����¦Q¢�¢Q¤ « �¬£� Qª��¬ªHÅ8¢Q©Ü� R
2
ÔQ©x©�¨]§°¢Q§��!¨]ª���©z¦]©��¬ªHÅ

¨]©���ÅH¨ ¨�Þ�Ö �lÑ��!ÅQ£¥�¬ªHÅ�ÅH��ª�¨]­ ¨]©���ÅH¨ ³�� Ó8 8¢  H������¢Ã§½Ð�Ñ���©�¢Q¤�¢Q¤ « �¬£� Qª��¬ªHÅ8¢Q© « ��¤]¢Q©S¢Q©¡�Ñ8Ñ���ª « ¢Q©�£¥��ÅH��ªÈ£�ÔQªHÅ8 H��ª�Ö�¨��[��ªÈ¤Q��¦]§E¨]© ³
� O�M�\]OQM THU�f�Ow��fSZ�cd^)\�Z�M�OtT(fSM�UrNSN���m `)�2O�N�N�� � jlk O�N�WSU�fSZ�W�UrM8N�ZBc�OQW�O@c�Z�T�OQW�OQW�p i M�P h Z�W~�N�OQMxf�\]OQp i W�}�WS^ h ~�\8N�Z�W|U6O�p�p kqi M�V�Z�Nte h T�f

Ax · Ay = x · y,
� v)WyOQprp
ObTQZ�\8N�^)WSZ�W

x
^H_�V

y
m�nGZ�N�N�O�P)Z�WyO�NSNy^ k A i W|Z�M!� � jlk O�N�WSU�fY^H_�V k OQMxN�OQWZ�M!�"� j c�OQf e1, . . . , en

f�gR\�^ k�k Z�WY^(_�\Jf�g Ae1, . . . , Aen

O�N�N|T�OQW�ORZ�M!�"� j c�OQf�e�N��OQprp
Ox\Q^ k�k Z�W � ^)WSN � OQW�OQM h Z�T�OQW�O OtT¹p i M�P h 1
^H_�VÃf�\]OQp i W�}�W�^ h ~�\8N�Z�M k Z�p�p�OQM�^Qp�U�\]OZ�p�Z k Z�M8N|\�^ kqk Z�W|O]N�NYT�OQW�O 0

m � Z�MaTHU2T)Z�NyfSZ h OQMaN�U h U�P8O�W�Z O�NSN
A =

(

Ae1 Ae2 · · · Aen

)

f�gRTHU � gQW��
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A
ÔQ©>��ª����o±l­�¢Q§�©����G¨]­ß¨�Þ�Öz��ªd 8¢]��§&¨]­  H�����

¦8¨]£�¨]ª�ª���©o¡H§�ÅHÄ]©R��ª����G± « ¢]� ³
ÉGÊ2Ë ¶�Ì Ë(Í�� � ��§�©�¢]¦]§!¢q­�¢Q§�©�������ª

A =





1/
√

3 1/
√

6 1/
√

2

1/
√

3 1/
√

6 −1/
√

2

1/
√

3 −2/
√

6 0



 .

� �Ý����©�¢Q§½§G¢Q£¬£�¢x¦8¨]£�¨]ª�ª���©4Ö�¢Q©R£�ÔQªHÅ8 
1
¨�Þ�Ö�¢Q§�§o H��ÔQ© Ñ�¢Q©�¤����q¨]©�§l¨�ÅH¨]ªd¢Q£�¢ ³ Û £¬£¥§¬��ÓÔQ©

A
��ª����o±l­�¢Q§�©���� ³

	 N�N�O�prN�Z�W�M�O]N�UrTJN$f i N�N�O]N�NR~�NSN�W��H_�\]O�O�N�NR\�^)p�^)M�M�Z�WSM�O�UÝZ�M k O�N�W�Urf A i W$^)W�N�^)M�^QW j
k Z�W�O h Z i W{O]N�Nxf i P8O O�N�N AtA = I

eÝN���M i W k OQM c�Z�W i \JM�O�W AtA
f�gÃN�OQW k OQMfS\�O�p i WS}�W�^ h ~�\8N k Z�prp
OQM�\Q^Qp�^)M�M�Z�W�M�ObU A m�nGZ�M�M�O[}�WS^ h ~�\JN@c�p�UrW�U h Z�M8N�U�N�Z�N�f k O�N�W�U�fSZ�M^ k ^H_�VÃZ�M h OQfSNb^ k f�\]OQp i W�}�WS^ h ~�\8N�Z�MÃO�T�Z�MÃ\Q^)pr^)M�M k Z h f�U�P�f�s i p�T¿� h T�f[p i M�P j
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