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A
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aij =
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1 0 0 0 0 0

1 1 0 0 0 0

1 1 0 1 0 0

0 1 0 0 0 0

0 1 1 0 1 1

0 1 0 0 0 0

0 0 1 0 0 0

0 0 1 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 1 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 0 0 1
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TUDG9/9g<}M�<A9�XHDF{/XHDFBHDF9�=^DGX^<AB�BaKNC nADFM�=^KAXa9

q =
(

0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
)t

D�Ö³=^DFXHBaKNC C'<>=aDFCQ<>=^YjMEVAX#KNXa;c9PO/CECQDGX��}K�q?� XaDFIZ<>=^YjKN9cVAX�KNXH;c9�OLCQCEDFX��]R
zUY�n�YZIjI�9PO�XaD�=^O/XH9/DFXa<�� XaDGIZDGn><A9�=^<���;/KNMPO/CEDF9�=SÔ�;�n|BcB^mA;/<A9g<�BaKAC IZYjbNbNDGX�� 9gVAX^<	�
nADFM�=^KNXH9

q
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�O/X#BaM�<}C'<>9 CQV>=^<���9gVAXH�/DG=��

� ,/.��f,g3+*��g7�d�8:9/MPIk<ABh=v=?VA9/MP@g<>X^<�i��$<>9 XaVAMP9g<AXv�/DGIj=5DF9LMADFI¯=J��OLXJCQmA9/bN<�<-nU;/DºBaÓNM�=^<
KNXH;/DF9}BHKNC � 9L9/BºYLXaDGBa{£DFM�=^Y¯nND�;/KNMPO/CEDF9�=SR��$<>=^DGC'<�=^YZBHM�=ºVAX ;/D�=a=^<(DGM�n]Y¯n><AIZDG9P=ºCEDF;<>=H=�=?<oBaM�<AIZVAXa{LXaK�;/O/M�=^DG9�CEDFIjIk<A9

q
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A
R
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q
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IjYZM�<lXaDGIZD�nA<>9P=^<LR
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A
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n�YZM>DFX =gD\[}<>=H= nNDGXaMPIZYjbA=:bNDG9/DFXHDFIjIk<U;/KAM�OLCQDG9P=�dfD�[�=^XHDFCED�[]DFCE{£DFIgVAX�DF9}KNXa;L@+KNM]i2�LDFIk<
=aYZ;/DG9QXHDG=^OLXa9/DGX^<ABÃ=^XaK>=^BÃ<>=a=Ã;/D�B^<>M�9/<AX¸DGbNDF9�=^IjYZb(XaDGIZD�nA<>9/BFR��$<A9En�YZIZIvdfÖfÓNXHCQK�;/IZYjbNDF9gi
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| ai || q | = cos θ,

;gV>X
θ
V>X�n]Yj9/MADGIZ9 CQDGIZIZ<A9
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0.5774 0 0 0 0 0

0.5774 0.4472 0 0 0 0

0.5774 0.4472 0 0.7071 0 0

0 0.4472 0 0 0 0

0 0.4472 0.5000 0 0.5000 0.5774

0 0.4472 0 0 0 0

0 0 0.5000 0 0 0

0 0 0.5000 0 0 0

0 0 0.5000 0 0 0

0 0 0 0.7071 0 0

0 0 0 0 0.5000 0

0 0 0 0 0.5000 0

0 0 0 0 0.5000 0

0 0 0 0 0 0.5774

0 0 0 0 0 0.5774
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0.4082
0.6325
0.3536
0.5000
0.3536
0.4082
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• zÃ<AXf�HD¨=^DFXHC Y�DG=H=�bNY¯nND�=�;/KNMPO/CEDF9�=�Ö�m>X�DG9%n]YjM�=�DGÖ³=aDFX��PO/X�n]YjM�=^YZbQ;/DF9%<A9/BaDGB
n><AXa<�ÖfÓNXW;LKNMPO/CQDG9�=^DG=FR��(<A9�=gD\[�n><AX^<�<>9P=^<AIZD�=Wb�m>9/bNDFX';/DG=WÖfÓAXaDFM>KNCECQDGXFÔ
KAC ;LDG=�ÖfÓNXHDFM>KNCQCEDFX¨Y|=aYj=aDFI���Y:@+ÓNX³�a<A9�<Sn�;/KNMPO/CEDF9�=^D�=oDFIjIZDFX¨DF9�BHO/@��HDGMP=aYjn
@£DF;LÓNCQ9LYZ9/b}<Sn�;/DGBaB�@+D�=�p�;/DFIjBaDAR
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CQ<>=aDFCQ<>=^YjM�@£Ó�q?MADFX�d�D�Ö³=^DFXHBaKNC ;/DG=�VAX�XaDGIZD�nA<>9P=¸ÖfÓNX�<AIjIk< K�q?��YZ9�=aDUn�YZM�=^YjbA=¸n�YZ;
BHÓNMP9/YZ9LbPi�ÔvCEDF;g<>9�;/D�=lM�<A9LBaMADEBaMPO/IjIZD}�g<c�/ÓNbcn�YZM�=lY:DG9e;g<�=?<A@g<>B¨CEDF;�<AIjIk<
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aij = b(i, j)c(i),;gV>X
b(i, j)

VAX�<-nc;LDF9�ÖfÓAXaBH=^<E=�p�{£DF9Õdf@+DGXaKNX#{gm}=^DFXHCQDG9�K�q?�$;LKNMPO/CQDG9�=^DG=?i�CEDF;g<>9
c(i)

VAX�<-nQ;/DG9c<A9/;/Xa< =�p�{+DG9 K�q?�c<AIjIj=^Bam¨@/<AX^<�@£DFXHKNX¸{gm¨=^DFXHCQDG9Ñd�;�n|B�X^<A;LDF9�Y
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n�YZM�=a9/YZ9/b}<SncCQ<>=^XHYZBHDF9 Ø
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0.3333 0 0 0 0 0

0.6667 0.6030 0 0 0 0

0.6667 0.6030 0 0.8944 0 0

0 0.3015 0 0 0 0

0 0.3015 0.3780 0 0.3780 0.5774

0 0.3015 0 0 0 0

0 0 0.3780 0 0 0

0 0 0.3780 0 0 0

0 0 0.7559 0 0 0

0 0 0 0.4472 0 0

0 0 0 0 0.7559 0

0 0 0 0 0.3780 0

0 0 0 0 0.3780 0

0 0 0 0 0 0.5774

0 0 0 0 0 0.5774
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0.4714
0.6396
0.2673
0.6325
0.2673
0.4082
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CQ<A9_MPO/9/9g<�=?V>9/M�<cBHYZbc<>=H=(Ikm>=^<'CQ<>=^DGC'<>=aYZM�Ö�m��/ÓNbNXHD�n�YZM�=�ÖfÓNX�<>=H=(OL=^DGBaIjOL=?<c<AIjIk<
<A9L;/X^<¨@+D�=�p];LDFIZBHDFX¸<-nEXHDFIk<�=^YZKA9 R���C~n�Y£=gD\[QbNDFXÃC'<�=^DFCQ<>=aYZMl;LO/@/@/IZ<(n�YZM�=aDF9WBam @/IjYZX
;/DG9�9LKNXaCEDFXa<A;/D�BaÓAMPnADFM�=^KAXa9

q =
(

0 0 0.8944 0 0.4472 0 0 0 0 0 0 0 0 0 0
)t

� DFBHO/Ij=^<>=^D�=�ÖfX^mA9cBaÓAM�9LYZ9/bNDG9�@LIZYZX¸;gm
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q =

















0.5963
0.6742
0.1690
0.8000
0.1690
0.2582
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	 w�u��Çw�w�u� ,���4 7W8:=H=:B^V�=a=º<>=H= ÖfÓNXH@gV>=a=aX^<UBHÓNMPXaDGBaO/I¯=?<>=aDG=ÃVAX
<>=H=ºIkm>=^<�;/DF9EBaKAC~BaÓNM>DFXºCQ<AXaM>DFX^<(DG=H=ºDFIjIZDFX��gDFXa<¨;/KAM�OLCQDG9P=ºÖfXamA9oÖfÓNXaBh=?<�BaÓNMP9/Yj9/bNDG9
BHKNC�M�<A9 <A9/BHDFB�XaDFIjDGn><A9�=?<oK�q?��BHDF;g<>9�CEK];LY � DGX^<�BaÓAMPnADFM�=^KAXa9 R��C

q
VAX(;/DG9�O/XHBa{/XHO/9/bNIjYZb�<WBHÓNM�nNDGMP=aKNXa9eK]q?�Ñ;/DF9ÑBaKAC BaÓNM>DFX¨C'<>XaMADGX^<AX�;LDG=¨;/K>`

MPO/CEDF9�=�BaKNC �g<AX�MAKAIZO/CE9
ai

B^mo=?<AX�CQ<A9�=gD�[�YZBH=^VAIZIjDG=

q̃ = q + ai.

� n>mAXH=vD\[]DFCE{+DGINC'<>XaMADGX^<AXvCQ<A9�ÖfÓNXHCQK�;/IjYZbNDG9�9PO/CECQDGX � K]q?��Ö�mAX6Y�<A9/;/Xa<�BaÓNMP9/Yj9/bNDG9
ÖfÓNI �a<A9/;/DUXaDFBHO/Ij=^<>=SØ

At
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0.7043
0.9054
0.2105
0.6471
0.2105
0.3216
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" m>=
A
n><AXa<�DF9

t × d
` C'<�=^XaYjBod³=gD�[_n>mAX�=^DFXHC}` ;/KNMPO/CEDF9�=H` C'<�=^XaYjB?i\R �$<>9ÑM�<A9_n�YZBa<

<>=H=(;/DG= � 9/9LB#� � ` C'<�=^XaYjBaDGX U
XaDGBa{£DFM�=^Y¯nND

V
<Sn_Bh=^KNXHIZDFM

t × t
XHDFBa{£DFM�=aYjnND

d × dBa<ACl=#DF9 ��;LYk<AbNKA9g<AI ��CQ<>=aXaYZB

S =
;/YZ<Ab

(σ1, σ2, . . . , σk),



�

;gV>X
σ1 ≥ σ2 ≥ · · ·σr > σr+1 = · · · = σk = 0

K]q?�
k = min{t, d} B^mA;g<>9g<Q<�=a=

A = USV t.

��@/BHDFXHnADFXa<$<>=H=
A
VAX(<Sn%=�p�{

t × d
K�q?�e<>IZIj=aB^mWYj9P=aDo@+DG�/Ó-nNDGX¨n><AXa<cDG9�M�n><A;/Xa<>=^YjBaM

CQ<>=^XHYZBGR
� n>mAXH=WD�[]DFCE{+DGI�Ö�mAX'C'<A9ÒÖfÓNI �a<A9L;/D$CQ<>=^XHYZBHDFXEKNC CQ<A9�@£DFXaVAMP9g<AX � z�T <Sn�;/DG9
n�YZM�=^<A;/D(C'<�=^XaYjBaDG9 Ø

U =



















−0.1304 0.0427 −0.0000 −0.0071 −0.1610 · · ·
−0.4977 0.0618 −0.0000 0.0161 −0.6719 · · ·
−0.7990 0.1855 0.0000 −0.0369 0.3935 · · ·
−0.1185 −0.0118 −0.0000 0.0152 −0.1750 · · ·
−0.1964 −0.6522 −0.0000 0.1375 −0.0468 · · ·��� ��� ��� ��� ��� � � �
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1.5237 0 0 0 0 0

0 1.1829 0 0 0 0

0 0 0.9258 0 0 0

0 0 0 0.8696 0 0

0 0 0 0 0.7039 0

0 0 0 0 0 0.4124

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0























































V =

















−0.5959 0.1514 0 −0.0186 −0.3399 −0.7114

−0.5989 −0.0462 −0.0000 0.0439 −0.4085 0.6858

−0.0772 −0.5378 −0.7071 −0.4479 0.0344 −0.0545

−0.5132 0.1637 0.0000 −0.0515 0.8384 0.0654

−0.0772 −0.5378 0.7071 −0.4479 0.0344 −0.0545

−0.1044 −0.6080 −0.0000 0.7706 0.1111 −0.1152


















�VAX#VAX
U
DG9

15 × 15
` C'<>=aXaYjBFÔ

S
DF9

15 × 6
`�CQ<>=^XHYZB¸K�q?�

V
DG9

6 × 6
`�CQ<>=aXaYZBGR

Ð n�;/YZ<AbNKN9g<>IZDFIjDFCEDF9�=^DG9�Y
S
VAXo;/D

r
ÖfÓAXaBH=^<Ñ{£KNBHYj=^Y¯n><LR TUD�=a=^<	=^<AI

r
VAX}IZYjM�<%CQDG;

<A9�=^<AIZD�=#IZYZ9©�aVAXH=¸KN@+DGXaK�DF9/;LD¨M>KNIZOLCQ9/DGX�Y
A
dfn�YZIjMAD�=#M><>IZIk<>B¸ÖfÓNX�X^<>9/bNDF9�<Sn

A
i�R

" m>= {ui}
n><AX^<QMAKNIjO/CQ9LDFXa9/<QY

U
K�q?� {vi}

MAKNIjO/CQ9LDFXa9/<QY
V
R � XHK];/OLMP=aDF9_CEDFIjIk<A9

;/D�=aXaD(C'<�=^XaYjBaDGXa9g<�M�<A9c;gm}BaMPXaY¯n><AB�BaKNC

A = USV t =
r

∑

i=1

σiuiv
t
i.

��@/BHDFXHnADFXa<�<>=a=
uiv

t
i

VAXEDF9
t × d

`�CQ<>=aXaYZBoBam�CQ<A9ÕÖ�mAX
A
BHKNC DF9�BHO/CEC'<Ñ<Sn

rBh=�p]q?M>DF9%CQ<>=aXaYZBHDFXGR



�

8 Ö³=^DGXaBHKNC |ui| = |vi| = 1
ÖfÓNX'<>IZIk<

i
K]q?�

σi

<-nP=^<AXQCEDF;
i
Bame@/IZYjX}@/YZ;/Xa<AbNDG9�Y

BHO/CQCQ<A9�CEYZ9/;LXaD�K�q?��CEYZ9/;LXaDAR
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